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Preface

Our intention in writing this book is to give an elementary introduction to
number theory which does not demand a great deal of mathematical back-
ground or maturity from the reader, and which can be read and understood
with no extra assistance. Our first three chapters are based almost entirely
on A-level mathematics, while the next five require little else beyond some el-
ementary group theory. It is only in the last three chapters, where we treat
more advanced topics, including recent developments, that we require greater
mathematical background; here we use some basic ideas which students would
expect to meet in the first year or so of a typical undergraduate course in math-
ematics. Throughout the book, we have attempted to explain our arguments
as fully and as clearly as possible, with plenty of worked examples and with
outline solutions for all the exercises.

There are several good reasons for choosing number theory as a subject. It
has a long and interesting history, ranging from the earliest recorded times to
the present day (see Chapter 11, for instance, on Fermat’s Last Theorem), and
its problems have attracted many of the greatest mathematicians; consequently
the study of number theory is an excellent introduction to the development and
achievements of mathematics (and, indeed, some of its failures). In particular,
the explicit nature of many of its problems, concerning basic properties of inte-
gers, makes number theory a particularly suitable subject in which to present
modern mathematics in elementary terms.

A second reason is that many students nowadays are unfamiliar with the
notion of formal proof; this is best taught in a concrete setting, rather than as
an abstract exercise in logic, but earlier choices of context, such as geometry
and analysis, have suffered from the conceptual difficulty and abstract nature of
their subject-matter, whereas number theory is about very familiar and easily
manipulated objects, namely integers. We therefore see this book as a vehicle for
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explaining how mathematicians go about their business, finding experimental
evidence, making conjectures, creating proofs and counterexamples, and so on.

A third reason is that many students prefer computation to abstraction,
and number theory, with its discrete, precise nature, is an ideal topic in which
to perform numerical experiments and calculations. Many of these can be done
by hand, and throughout the book we have given examples and exercises of
an algorithmic nature. Nowadays, almost every student has access to comput-
ing facilities far in excess of anything the great calculator Gauss could have
imagined, and for a few of our exercises such electronic assistance is desirable
or even essential. We have not linked our approach to any particular machine,
programming language or computer algebra system, since even a fairly primi-
tive pocket calculator or personal computer can greatly enhance one’s ability
to do number theory (and part of the fun lies in persuading it to do so).

A final reason for learning number theory is that, despite Hardy’s (1940)
famous but now out-dated claim, it is useful. Its best-known modern applica-
tion is to the cryptographic systems which allow banks, commercial companies,
military establishments, and so on to exchange information in securely-encoded
form; many of these systems are based on such number-theoretic properties as
the apparent difficulty of factorising very large integers (see Chapters 2 and
5). Physicists, engineers and computer scientists are also finding that number-
theoretic concepts are playing an increasing role in their work. These applica-
tions were not the original motivation for the great developments in number
theory, but their emergence can only add to the importance of the subject.

The first three chapters of this book are intended to be accessible to anyone
with a little A-level mathematics. In particular, they are suitable for first-year
university students and for the more advanced sixth-formers. Equivalence re-
lations appear in Chapter 3, but otherwise no abstract mathematics is used.
Proof by induction is used several times, and three versions of this (including
strong induction and the well-ordering principle) are summarised in Appendix
A. Chapters 4-8 are a little more algebraic in flavour, and require slightly
greater mathematical maturity. Here, it is helpful if the reader has met some
elementary group theory (subgroups, cyclic groups, direct products, isomor-
phisms), and knows what rings and fields are; these topics are summarised
in Appendix B. Probabilities are also mentioned, though not in any essential
way. These chapters are therefore suitable for second- or third-year students,
and also for those first-year students sufficiently interested to want to read fur-
ther. The last three chapters are more advanced, relying on ideas from other
areas of mathematics such as analysis, calculus, geometry and algebra which
students will almost certainly have met early in their undergraduate studies;
these include convergence (summarised in Appendix C), power series, complex
numbers and vector spaces. These chapters should therefore be suitable for
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students at second- or third-year level. The final chapter, which traces Fer-
mat’s Last Theorem from its ancient roots to its recent proof, is rather more
descriptive and historical in style than the others, but we have tried to include
sufficient technical detail to give the reader a flavour of this exciting topic.

The early parts of the book could be used as a first-year introduction to
the concepts and methods of pure mathematics, while the rest could form the
basis for a more specialised second- or third-year course in number theory.
Indeed, many of the chapters are based on courses we have taught to first- and
third-year mathematics students at the University of Southampton. The book
is also suitable for other students, such as computer scientists and physicists,
who want an elementary introduction which brings them up to date with recent
developments in the subject.

The two essentials for starting number theory are confidence with tradi-
tional algebraic manipulation, and some conception of formal proof. Unfortu-
nately, the recent expansion of university education in the UK has coincided
with a decline in numbers taking Further Mathematics A-level, so mathemat-
ics students now arrive at university much less familiar with these topics than
their predecessors were. In our first few chapters we have therefore taken a more
leisurely approach than is traditional, using simple results in number theory
to illustrate methods of proof, and emphasising algorithmic and computational
aspects in parallel with theory. In later chapters, the pace is rather brisker,
but even here we have attempted to present our arguments in as simple terms
as possible in order to make them more widely accessible. In the case of some
advanced results, this has forced us to concentrate on special cases, or to give
only outline proofs, but we think this is a worthwhile sacrifice if it conveys to
our readers some feeling of what high-level mathematics is like and how it is
done — too many mathematics students graduate with only the vaguest idea of
the great problems and achievements of their subject.

We would like to thank Peter Neumann for showing us how to discover
and communicate mathematics, and many of our colleagues at Southampton,
especially Ann and Keith Hirst and David Singerman, for their sound advice on
teaching mathematics in general and number theory in particular. We are very
grateful to Susan Hezlet and her colleagues at Springer for their advice and
encouragement. It is also traditional to thank one’s partner for patience and
tolerance during the preparation of a book; instead, we shall simply thank our
children for not playing their music any louder than was absolutely necessary.
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Notes to the Reader

Mathematics is a difficult subject to read, and number theory is no exception,
even if its subject matter is less abstract than some other topics. Do not be
surprised, therefore, if it takes you several attempts before you completely
understand an argument. It is often useful when reading mathematics to make
notes and to do calculations as you go along; for instance, a general argument
can often be clarified by seeing how it works in some specific cases.

Exercises are an important part of the learning process, and you are en-
couraged to attempt them while reading each section; we have generally placed
them immediately after the topics on which they are based, to reinforce your
understanding of those topics. Supplementary exercises, which are generally
more demanding, are placed at the end of a chapter; they can refer to anything
in that chapter, and possibly also to topics covered in earlier chapters. Answers
or outline solutions for all the exercises are given at the end of the book; how-

xiii
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ever, there is a great deal more to be gained from trying the exercises first,
before reading the solutions!

The diagram on page xiii shows the interdependence of chapters, with con-
tinuous and broken lines indicating strong and weak links. Thus, to understand
Chapter 11 it is sufficient to have read Chapters 1-4, though it also helps to
know a little of the material in Chapter 9. The letters i and w indicate that
the principles of induction and well-ordering are used; these are summarised in
Appendix A. Similarly g and r refer to material on groups and rings (Appendix
B), and ¢ to convergence (Appendix C).



1

Divisibility

We start with a number of fairly elementary results and techniques, mainly
about greatest common divisors. You have probably met some of this material
already, though it may not have been treated as formally as here. There are
several good reasons for giving very precise definitions and proofs, even when
there is general agreement about the validity of the mathematics involved. The
first is that ‘general agreement’ is not the same as convincing proof: it is not
unknown for majority opinion to be seriously mistaken about some point. A
second reason is that, if we know exactly what assumptions are required in
order to deduce certain conclusions, then we may be able to deduce similar
conclusions in other areas where the same assumptions hold true. For example,
this chapter is entirely devoted to the divisibility properties of integers, but
it turns out that very similar definitions, methods and theorems are valid for
certain other objects which can be added, subtracted and multiplied; some
of these objects, such as polynomials, are very familiar, while others, such as
Gaussian integers and quaternions, will be introduced in later chapters. These
generalisations of the integers are also explored in algebra, under the heading
of ring theory.
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1.1 Divisors

Our starting-point is the division algorithm, which is as follows:

Theorem 1.1

If @ and b are integers with b > 0, then there is a unique pair of integers ¢ and
r such that

a=qgb+r and 0<r<b.

Example 1.1

Ifa=9and b=4then wehave 9 =2x4+1with0<1<4,s0q=2and
r=1;ifa=-9and b=4 theng= -3 and r =3.

In Theorem 1.1, we call q the quotient and r the remainder. By dividing by

b, so that

g+
b_q

we see that q is the integer part |a/b] of a/b, the greatest integer i < a/b. This
makes it easy to calculate ¢, and then to find r = a — gb.

and 0§%<1,

(ol B

Proof

First we prove existence. Let
S={a—nb|neZ}={a,atbax2b...}.

This set of integers contains non-negative elements (take n = —la|), so SNN
is a non-empty subset of N; by the well-ordering principle (see Appendix A),
S NN has a least element, which has the form r = a — gb > 0 for some integer
q. Thus @ = gb+ r with r > 0. If » > b then S contains a non-negative element
a— (g +1)b=r—b < r; this contradicts the minimality of r, so we must have
r<b.

To prove uniqueness, suppose that a = gb+r = ¢'b+r' with 0 <r < b and
0<r <bsor—r' =(¢ —q)b.Ifqg #qthenl|g —q| >1,s0|r—7'|>|b]=b,
which is impossible since 7 and 7’ lie between 0 and b—1 inclusive. Hence ¢’ = ¢
and so ' =r. O

We can now deal with the case b < 0: since —b > 0, Theorem 1.1 implies
that there exist integers ¢* and r such that @ = ¢*(—b) +r and 0 <r < —b, so
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putting g = —¢* we again have a = gb + r. Uniqueness is proved as before, so
combining this with Theorem 1.1 we have:

Corollary 1.2

If @ and b are integers with b # 0, then there is a unique pair of integers ¢ and
r such that
a=¢gb+r and O0<r<]|b.

(Note that when b < 0 we have

%=q+% and oz§>—1,
so that in this case q is [a/b], the least integer i > a/b.)

Example 1.2

As an application, we show that if n is a square then n leaves a remainder 0 or
1 when divided by 4. To prove this, let n = a?. Theorem 1.1 (with b = 4) gives
a = 4q + r where r =0,1,2 or 3, so that

n = (4q+r)? = 16¢* + 8gr + r°.

If r = 0 then n = 4(4q2 4+ 2g7) + 0, if » = 1 then n = 4(4¢> + 2¢r) + 1, if r =2
then n = 4(4¢% +2gr + 1)+ 0, and if r = 3 then n = 4(4¢> + 2gr +2) + 1. In
each case, the remainder is 0 or 1.

Exercise 1.1

Find a shorter proof for Example 1.2, based on putting b = 2 in Theorem
1.1.

Exercise 1.2

What are the possible remainders when a perfect square is divided by 3,
or by 5,or by 6 ?

Definition
If @ and b are any integers, and a = gb for some integer g, then we say that b
divides a, or b is a factor of a, or a is a multiple of b. For instance, the factors

of 6 are +1,42,43 and +6. When b divides a we write bla, and we use the
notation b/a when b does not divide a. To avoid common misconceptions, we
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note that every integer divides 0 (since 0 = 0.b for all b), 1 divides every integer,
and every integer divides itself. We now record some simple but useful facts
about divisibility, proving two of them, and leaving the rest for the reader.

Exercise 1.3

Prove that

(a) if a|b and b|c then alc;

(b) if a|b and c|d then ac|bd;

(c) if m # 0, then a|b if and only if ma|mb;
(d) if dla and a # 0 then |d| < |a|.

Theorem 1.3

(a) If ¢ divides ay,...,ak, then ¢ divides aju; + --- + axui for all integers
Ugy...,Uk-

(b) alb and bla if and only if a = +b.

Proof

(a) If ¢ divides a; then a; = g;c for some integers ¢; (¢ = 1,...,k). Then
ajug + -+ + agug = qieug + -+ + grcug = (qrus + -+ + gruk)c, and as
qi1u1 + - -+ + gxug is an integer (since g; and u; are) we see that c|(aju; +
-o e+ agug).

(b) If @ = +b then b = ga and a = ¢'b where ¢ = ¢’ = £1, so a|b and bla.
Conversely, let a|b and b|a, so b = ga and a = ¢'b for some integers ¢ and
q’. If b = 0 then the second equation gives a = 0, so a = *b as required.
We can therefore assume that b # 0. Eliminating a from the two equations,
we have b = ¢q’b; cancelling b (possible since b # 0) we have ¢¢' = 1, so
¢,q' = %1 (using Exercise 1.3(d)) and hence a = +b. ]

Exercise 1.4
If a divides b, and ¢ divides d, must a + ¢ divide b+ d ?

The most useful form of Theorem 1.3(a) is the case k = 2, which we record
in the following slightly simpler notation.
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Corollary 1.4

If ¢ divides a and b, then ¢ divides au + bv for all integers u and v.

Definition

If d|a and d|b we say that d is a common divisor (or common factor) of a and
b; for instance, 1 is a common divisor of any pair of integers a and b. If a and b
are not both 0, then Exercise 1.3(d) shows that no common divisor is greater
than max(|al, |b]), so that among all their common divisors there is a greatest
one. This is the greatest common divisor (or highest common factor) of a and
b; it is the unique integer d satisfying

(1) dla and d|b (so that d is a common divisor),

(2) if cla and c|b then ¢ < d (so that no common divisor exceeds d).

However, the case a = b = 0 has to be excluded: every integer divides 0 and is
therefore a common divisor of a and b, so there is no greatest common divisor
in this case. When it exists, we denote the greatest common divisor of @ and b
by gcd(a, b), or simply (a,b). This definition extends in the obvious way to the
greatest common divisor of any set of integers (not all 0).

One way of finding the greatest common divisor of a and b is simply to
list all the divisors of a and all the divisors of b, and to choose the largest
integer appearing in both lists. It is clearly sufficient to list positive divisors: if
a = 12 and b = —18, for example, then by writing the positive divisors of 12 as
1,2,3,4,6,12, and those of —18 as 1,2, 3,6,9, 18, we immediately see that the
greatest common divisor is 6. This method can be very tedious when a or b are
large, but fortunately there is a more efficient method of calculating greatest
common divisors, namely Euclid’s algorithm (published in Book VII of Euclid’s
Elements around 300 BC). This is based on the following simple observation.

Lemma 1.5

If a = gb + r then ged(a, b) = ged(b, 7).

Proof

By Corollary 1.4, any common divisor of b and r also divides ¢b + r = a;
similarly, since r = a — ¢b, it follows that any common divisor of a and b also
divides r. Thus the two pairs a,b and b, have the same common divisors, so
they have the same greatest common divisor. a
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Euclid’s algorithm uses this repeatedly to simplify the calculation of greatest
common divisors by reducing the size of the given integers without changing
their greatest common divisor. Suppose we are given two integers a and b (not
both 0), and we wish to find d = gcd(a,b). If a = 0 then d = |b|, and if b= 0
then d = |al, so ignoring these trivial cases we may assume that a and b are
both non-zero. Since

ged(a, b) = ged(—a, b) = ged(a, —b) = ged(—a, —b),

we may assume that a and b are both positive. Since ged(a,b) = ged(b,a) we
may assume that a > b, and by ignoring the trivial case gcd(a,a) = a we may
assume that a > b, so

a>b>0.

We now use the division algorithm (Theorem 1.1) to divide b into a, and write
a=qb+m with 0<r <b.

If r; = 0 then bla, so d = b and we halt. If r; # 0 then we divide r, into b and
write
b=gqor1+ 79 with 0<r;<m.

Now Lemma 1.5 gives gcd(a,b) = ged(b,71), so if 72 = 0 then d = 7, and we
halt. If r # 0 we write

TL=4q3T2+ T3 with 0<r3<ry,

and we continue in this way; since b > r; > r5 > ... > 0, we must eventually
get a remainder r, = 0 (after at most b steps) at which point we stop. The last
two steps will have the form

Th—3 = @n-1Tn-2 + Tnh-1 with  0<7p_y <7Tp_2,

Thn—2 =QnTn-1+Tn with rn = 0.

Theorem 1.6

In the above calculation we have d = r,,_; (the last non-zero remainder).

Proof
By applying Lemma 1.5 to the successive equations for a,b,r1,...,7,—3 We see
that

d = ged(a, b) = ged(b,r1) = ged(r1,72) =--- = ged(rn-2,Tn-1) -

The last equation r,_2 = gn7n—1 shows that r,_1|rn—2, so ged(rp—2,7n—1) =
Tn—1 and hence d = r,_;. 0
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Example 1.3
To calculate d = ged(1492,1066) we write
1492 = 1.1066 + 426
1066 = 2.426 + 214
426 = 1.214 4212

214 = 1.212+2
212 = 106.2+0.
The last non-zero remainder is 2, so d = 2.
In many cases, the value of d can be identified before a zero remainder is
reached: since d = ged(a,b) = ged(b, 1) = ged(ry,72) = ..., one can stop as
soon as one recognises the greatest common divisor of a pair of consecutive

terms in the sequence a,b,r1,79,.... In Example 1.3, for instance, the remain-
ders 214 and 212 clearly have greatest common divisor 2, so d = 2.

Exercise 1.5
Calculate ged(1485,1745).
Supplementary Exercises 1.17-1.24 consider the efficiency of Euclid’s algo-
rithm; see also Knuth (1968) for a detailed analysis. Stein’s (1967) algorithm
is similar, but more suitable for computer implementation: it avoids the time-

consuming operation of division, and by concentrating on powers of 2 it exploits
the binary arithmetic used in computers.

1.2 Bezout’s identity

The following result uses Euclid’s algorithm to give a simple expression for
d = gcd(a, b) in terms of a and b:

Theorem 1.7
If a and b are integers (not both 0), then there exist integers u and v such that
ged(a,b) = au + bv.

(This equation is sometimes known as Bezout’s identity. We will see later
that the values of u and v are not uniquely determined by a and b.)
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Proof

We use the equations which arise when we apply Euclid’s algorithm to calculate
d = gcd(a, b) as the last non-zero remainder r,_;. The penultimate equation,
in the form

Tn-1=Tn-3 —qn-1Tn-2,
expresses d as a multiple of r,,_3 plus a multiple of r,_5. We then use the
previous equation, in the form

Th-2 =Tn—-4 — qn-2Tn-3,

to eliminate r,, o and express d as a multiple of 7, _4 plus a multiple of r,,_3. We
gradually work backwards through the equations in the algorithm, eliminating
Tn—3,Tn—4, - .. il succession, until eventually we have expressed d as a multiple
of a plus a multiple of b, that is, d = au + bv for some integers u and v. ]

Example 1.4

In Example 1.3 we used Euclid’s algorithm to calculate d, where a = 1492 and
b = 1066. Using those equations again, we have

d = 2
214 — 1.212
= 214 -1.(426 — 1.214)
~1.426 +2.214
= —1.426 + 2.(1066 — 2.426)
2.1066 — 5.426

= 2.1066 — 5(1492 — 1.1066)
= —5.1492 + 7.1066

so we can take u = —5 and v = 7. The next exercise shows that the values we
have found for u and v are not unique. (Later, in Theorem 1.13, we will see
how to determine all possible values for u and v.)

Exercise 1.6

Find a pair of integers u’ # —5 and v’ # 7 such that ged(1492,1066) =
1492’ + 1066v’.

Exercise 1.7
Express gcd(1485,1745) in the form 1485u + 1745v.
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Exercise 1.8
Show that c|a and c|b if and only if c|ged(a, b).

Having seen how to calculate the greatest common divisor of two integers,
it is a straightforward matter to extend this to any finite set of integers (not
all 0). The method, which involves repeated use of Euclid’s algorithm, is based
on the following exercise.

Exercise 1.9

Prove that ged(ay, .. .,ax) = ged(ged(ay, az2),as, ... ,ak).

This reduces the problem of calculating the greatest common divisor d of
k integers to two smaller problems: we calculate d; = ged(ay,a2) and then
d = gcd(dg,as,...,ax), involving two and k — 1 integers respectively. This
second problem can be further reduced by calculating d3 = ged(ds,a3) and
then d = gecd(ds, aq, - . .,ax), involving two and k — 2 integers. Continuing, we
eventually reduce the problem to a sequence of k — 1 calculations involving
pairs of integers, each of which can be performed by Euclid’s algorithm: we
find d2 = ged(a,a2),d; = ged(di-1,a;) for i = 3,...,k, and put d = d.-

Example 1.5

To calculate d = gcd(36,24,54,27) we find d; = ged(36,24) = 12, then d3 =
ged(12,54) = 6, and finally d = d4 = ged(6,27) = 3.

Exercise 1.10

Calculate ged(1092,1155,2002) and ged(910, 780, 286, 195).

Exercise 1.11

Show that if a4, . . ., ax are non-zero integers, then their greatest common
divisor has the form a;u; + - - - + axuy for some integers uy,. .., ux. Find
such an expression where k = 3 and a; = 1092, a5 = 1155, az = 2002.

Theorem 1.7 states that gcd(a,b) can be written as a multiple of a plus a
multiple of b; using this we shall describe the set of all integers which can be
written in this form.
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Theorem 1.8

Let a and b be integers (not both 0) with greatest common divisor d. Then an
integer c has the form az + by for some z,y € Z if and only if c is a multiple of
d. In particular, d is the least positive integer of the form az + by (z,y € Z).

Proof

If ¢ = az + by where z,y € Z, then since d divides a and b, Corollary 1.4
implies that d divides c. Conversely, if ¢ = de for some integer e, then by
writing d = au + bv (as in Theorem 1.7) we get ¢ = aue + bve = az + by,
where £ = ue and y = ve are both integers. Thus the integers of the form
az + by (z,y € Z) are the multiples of d, and the least positive integer of this
form is the least positive multiple of d, namely d itself. a

Example 1.6

We saw in Example 1.3 that if a = 1492 and b = 1066 then d = 2, so the
integers of the form ¢ = 1492z + 1066y are the multiples of 2. Example 1.4 gives
2 = 1492.(-5) + 1066.7, so multiplying through by e we can express any even
integer 2e in the form 1492z + 1066y: for instance, —4 = 1492.10 + 1066.(—14).

Definition

Two integers a¢ and b are coprime (or relatively prime) if ged(a,b) = 1. For
‘example, 10 and 21 are coprime, but 10 and 12 are not. More generally, a set
a3, @z, ... of integers are coprime if gcd(ay,as,...) = 1, and they are mutually
coprime if gcd(a;,a;) = 1 whenever i # j. If they are mutually coprime then
they are coprime (since gcd(ai,az,...)|ged(ai,a;)), but the converse is false:
the integers 6,10 and 15 are coprime but are not mutually coprime.

Corollary 1.9

Two integers a and b are coprime if and only if there exist integers z and y
such that

az+by=1.

Proof

Let ged(a, b) = d. If we put ¢ =1 in Theorem 1.8, we see that ax + by = 1 for
some z,y € Z if and only if d|1, that is, d = 1. o
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For example, 10.(—2) + 21.1 = 1, confirming that 10 and 21 are coprime.

Corollary 1.10
If ged(a, b) = d then
ged(ma, mb) = md

for every integer m > 0, and

Proof

By Theorem 1.8, gcd(ma, mb) is the smallest positive value of max + mby =
m(azx + by), where x,y € Z, while d is the smallest positive value of az + by,
so ged(ma, mb) = md. Writing d = au + bv and then dividing by d, we have

2u + b v=1
d ' d 7
so Corollary 1.9 implies that the intergers a/d and b/d are coprime. 0

Corollary 1.11

Let a and b be coprime integers.
(a) If a|c and b|c then ab|c.

(b) If a|bc then alc.

Proof
(a) We have az + by = 1, ¢ = ae and ¢ = bf for some integers z,y,e and f.
Then ¢ = caz + cby = (bf)az + (ae)by = ab(fz + ey), so ablc.
(b) As in (a), ¢ = cazx + cby. Since a|bc and a|a, Corollary 1.4 implies that
al(caz + cby) = c. O
Exercise 1.12

Show that both parts of Corollary 1.11 can fail if a and b are not coprime.
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1.3 Least common multiples

Definition

If a and b are integers, then a common multiple of a and b is an integer ¢
such that alc and b|c. If a and b are both non-zero, then they have positive
common multiples (such as |ab|), so by the well-ordering principle they have
a least common multiple or, more precisely, a least positive common multiple;
this is the unique positive integer [ satisfying

(1) a|l and b}l (so ! is a common multiple), and

(2) if a|c and bjc, with ¢ > 0, then [ < ¢ (so no positive common multiple is
less than [).

We usually denote ! by lem(a,b), or simply [a,b]. For example lem(15,10) =
30, since the positive multiples of 15 are 15,30,45,... while those of 10 are
10,20, 30, .... The properties of the least common multiple can be deduced
from those of the greatest common divisor, by means of the following result.

Theorem 1.12
Let a and b be positive integers, with d = ged(a, b) and | = lcm(a, b). Then
dl=ab.

(Since ged(a,b) = ged(|al, |b]) and lem(a,b) = lem(|al, |b]), it is no great
restriction to assume a,b > 0.)

Proof
Let e = a/d and f = b/d, and consider
ab de.df

Clearly this is positive, so we can show that it is equal to [ by showing that it
satisfies conditions (1) and (2) of the definition of lcm(a, b). First,

def = (de)f =af and def = (df)e = be;

thus a|def and b|def, so (1) is satisfied. Second, suppose that a|c and b|c, with
¢ > 0; we need to show that def < c. By Theorem 1.7 there exist integers u
and v such that d = au + bv. Now

c __d od_c(au+lru)=(_g)u+(£)v

def ~ (de)(df) ab  ab
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is an integer, since a and b are factors of c; thus def|c and hence (by Exercise
1.3(d)) we have def < ¢, as required. 0

Example 1.7
If a =15 and b = 10, then d = 5 and | = 30; thus dl = 150 = ab, agreeing with
Theorem 1.12.

We can use Theorem 1.12 to find | = lcm(a,b) efficiently by first using
Euclid’s algorithm to find d = gcd(a, b), and then calculating | = ab/d.

Example 1.8
Since ged(1492, 1066) = 2 we have lem (1492, 1066) = (1492x1066)/2 = 795236.

Exercise 1.13
Calculate lcm(1485,1745).

Exercise 1.14

Show that ¢ is a common multiple of @ and b if and only if it is a multiple
of | =lem(a, b).

1.4 Linear Diophantine equations

In this book we will consider a number of Diophantine equations (named after
the 3rd-century mathematician Diophantos of Alexandria): these are equations
in one or more variables, for which we seek integer-valued solutions. One of the
simplest of these is the linear Diophantine equation ax + by = c¢; we can use
some of the preceding ideas to find all integer solutions x,y of this equation.
The following result was known to the Indian mathematician Brahmagupta,
around AD 628:

Theorem 1.13

Let a,b and c be integers, with a and b not both 0, and let d = gcd(a, b). Then
the equation

ar+by=c
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has an integer solution z,y if and only if ¢ is a multiple of d, in which case
there are infinitely many solutions. These are the pairs

bn an
z=x0+7, y=y0—7 (neZ),

where zg, yo is any particular solution.

Proof

The fact that there is a solution if and only if d|c is merely a restatement of
Theorem 1.8. For the second part of the theorem, let o,y be a particular
solution, so

azy + by =c.
If we put

x—x+bn _ an

where n is any integer, then
bn
az+by=a(xo+7) +b(yo—%) =azxg+ by =c,

so z,y is also a solution. (Note that z and y are integers since d divides b and
a respectively.) This gives us infinitely many solutions, for different integers n.
To show that these are the only solutions, let z,y be any integer solution, so
az + by = c. Since ax + by = ¢ = axy + byo we have

a(z — o) +b(y —v0) =0,
so dividing by d we get

%(z—xo) = —%(U“‘yo)- (1.1)

Now a and b are not both 0, and we can suppose that b # 0 (if not, interchange
the roles of a and b in what follows). Since b/d divides each side of (1.1), and is
coprime to a/d by Corollary 1.10, it divides z — zo by Corollary 1.11(b). Thus
z — zo = bn/d for some integer n, so

IT=x0+4+ —.
°+d

Substituting back for x — zo in (1.1) we get

b a a bn
—a(y %) = ‘—1(1‘ —Zo) = RV
so dividing by b/d (which is non-zero) we have

_ an
Y=Y ik
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Thus we can find the solutions of any linear Diophantine equation az+by =
¢ by the following method:

(1) Calculate d = ged(a, b), either directly or by Euclid’s algorithm.

(2) Check whether d divides c: if it does not, there are no solutions, so stop
here; if it does, write ¢ = de.

(3) If d|c, use the method of proof of Theorem 1.7 to find integers u and v
such that au + bv = d; then zo = ue,yp = ve is a particular solution of
az+by=c

(4) Now use Theorem 1.13 to find the general solution z,y of the equation.

Example 1.9
Let the equation be
1492z 4 1066y = —4,

so a = 1492, b = 1066 and ¢ = —4. In step (1), we use Example 1.3 to see
that d = 2. In step (2) we check that d divides c: in fact, ¢ = —2d, so e = —2.
In step (3) we use Example 1.4 to write d = —5.1492 + 7.1066; thus u = —5
and v = 7, so o = (—5).(—2) = 10 and yo = 7.(-2) = —14 give a particular
solution of the equation. By Theorem 1.13, the general solution has the form

1066 1492
- " 1045330, y=-14- . Do 14-T6n (nel).

=10+

Exercise 1.15

Find the general solution of the Diophantine equation 1485z + 1745y =
15.

It is sometimes useful to interpret the linear Diophantine equation az+by =
¢ geometrically. If we allow = and y to take any real values, then the graph of
this equation is a straight line L in the zy-plane. The points (z,y) in the plane
with integer coordinates  and y are the integer lattice-points, the vertices of
a tessellation (tiling) of the plane by unit squares. Pairs of integers z and y
satisfying the equation correspond to integer lattice-points (z,y) on L; thus
Theorem 1.13 asserts that L passes through such a lattice-point if and only
if d|c, in which case it passes through infinitely many of them, with the given
values of z and y.
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Exercise 1.16

If a1,...,ar and c are integers, when does the Diophantine equation
a1Z1 + - - - + ar T = c have integer solutions z,...,zx ?

1.5 Supplementary exercises

Exercise 1.17

Let us define the height h(a) of an integer a > 2 to be the greatest n
such that Euclid’s algorithm requires n steps to compute gecd(a,b) for
some positive b < a (that is, ged(a,b) = rp—1). Show that h(a) = 1 if
and only if a = 2, and find h(a) for all a < 8.

Exercise 1.18

The Fibonacci numbers f, =1,1,2,3,5,... are defined by f; = fo =1,
and fn42 = fny1 + fn for all n > 1. Show that 0 < f, < fn4q for
all n > 2. What happens if Euclid’s algorithm is applied when a and b
are a pair of consecutive Fibonacci numbers f,,2 and f,,,? Show that

h(fn+2) 2n.

Exercise 1.19

Suppose that a > b > 0, that Euclid’s algorithm computes ged(a,b) in
n steps, and that a is the smallest integer with this property (that is, if
a’ > b’ > 0and ged(a’, b') requires n steps, then a’ > a); show that a and
b are consecutive Fibonacci numbers @ = fo4+2 and b = fp41 (Lamé’s
Theorem, 1845).

Exercise 1.20

Show that h(f,+2) = n, and f,42 is the smallest integer of this height.
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Exercise 1.21

Show that f, = (¢" —¥")/V/5, where ¢, % are the positive and negative
roots of A2 = A + 1. Deduce that f, = {¢"/v/5}, where {x} denotes the
integer closest to . Hence obtain the approximate upper bound

log¢(a\/§) -2 =logy(a) + %logd,(S) — 2= 4.785log,((a) — 0.328

for the number of steps required to compute ged(a, b) by Euclid’s algo-
rithm, where a > b > 0.

Exercise 1.22

Show that if a and b are integers with b # 0, then there is a unique pair
of integers ¢ and 7 such that a = gb+r and —|b|/2 < r < |b|/2. Use
this result instead of Corollary 1.2 to devise an alternative algorithm to
Euclid’s for calculating greatest common divisors (the least remainders
algorithm).

Exercise 1.23

Use the least remainders algorithm to compute gcd(1066,1492) and
ged(1485,1745), and compare the numbers of steps required by this al-
gorithm with those required by Euclid’s.

Exercise 1.24

What happens if the least remainders algorithm is applied to a pair of
consecutive Fibonacci numbers?

Exercise 1.25

Show that if a and b are coprime positive integers, then every integer
¢ > ab has the form az + by where z and y are non-negative integers.
Show that the integer ab — a — b does not have this form.
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Prime Numbers

The first main result in this chapter is the Fundamental Theorem of Arith-
metic (Theorem 2.3), which asserts that each integer n > 1 can be written,
in an essentially unique way, as a product of prime-powers. This allows many
number-theoretic problems to be reduced to questions about prime numbers,
so we devote this chapter to the properties of this important class of integers.
The second major result is the theorem of Euclid (Theorem 2.6) that there
are infinitely many prime numbers; this result is so fundamental that, during
the course of this book, we will give several totally different proofs of it to
illustrate different techniques in number theory. Although there are infinitely
many prime numbers, they occur rather irregularly among the integers, and we
have included a number of results which enable us to predict where primes will
appear or how frequently they appear; some of these results, such as the Prime
Number Theorem, are quite difficult, and are therefore stated without proof.

2.1 Prime numbers and prime-power
factorisations

Definition

An integer p > 1 is said to be prime if the only positive divisors of p are 1 and
p itself.

19
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Note that 1 is not prime. The smallest prime is 2, and all the other primes
(such as 3,5,7,11,...) are odd. A list of the primes p < 1000 is given in
Appendix D. An integer n > 1 which is not prime (such as 4, 6,8,9,...) is said
to be composite; such an integer has the form n = ab where 1 < a < n and
1<b<n.

Lemma 2.1
Let p be prime, and let a and b be any integers. Then
(a) either p divides a, or @ and p are coprime;

(b) if p divides ab, then p divides a or p divides b.

Proof

(a) By its definition, ged(a,p) is a positive divisor of p, so it must be 1 or p
since p is prime. If gcd(a, p) = p, then since ged(a, p) divides a we have p|a;
if gcd(a,p) =1 then a and p are coprime.

(b) Let plab. If p does not divide a then part (a) implies that ged(a,p) = 1.
Now Bezout’s identity (Theorem 1.7) gives 1 = au + pv for some integers u
and v, so b = aub+ pvb. By our assumption, p divides ab and hence divides
aub; it clearly divides pub, so it also divides b, as required. m]

Both parts of this result can fail if p is not prime: take p = 4,a = 6 and
b = 10, for instance. Lemma 2.1(b) can be extended to products of any number
of factors:

Corollary 2.2

If p is prime and p divides a; ... ak, then p divides a; for some .

Proof

We use induction on k (see Appendix A). If £ = 1 then the assumption is that
pla1, so the conclusion is automatically true (with ¢ = 1). Now assume that
k > 1 and that the result is proved for all products of k — 1 factors a;. If we
put @ = a1...ak—1 and b = ag, then a;...ar = ab and so p|ab. By Lemma
2.1(b), it follows that pla or p|b. In the first case we have p|a; ...ak—1, so the
induction hypothesis implies that p|a; for some i = 1,...,k — 1; in the second
case we have p|ax. Thus in either case p|a; for some i, as required. O



2. Prime Numbers 21

Exercise 2.1

Prove that if p is prime and p|a*, then p|a, and hence p*|a¥; is this still
valid if p is composite?

As an application of Lemma 2.1(b) (which we will not require until Chapter
11), we consider polynomials with integer coefficients. Such a polynomial f(z) is
reducibleif f(z) = g(z)h(zx), where g(z) and h(z) are non-constant polynomials
with integer coefficients; otherwise, f(z) is irreducible. Eisenstein’s criterion
states that if f(z) = ao + a1z + -+ + anx™, where each a; € Z, if p is a
prime such that p divides ag,ay,...,a,_1 but not a,, and if p? does not divide
ao, then f(z) is irreducible. To prove this, suppose that f(z) is reducible, say
f(z) = g(z)h(x) with g(z) = bp+ byz +--- +bsz®, h(z) = co+c1z+ - + 12t
and s,t > 1. Since ag = bocy is divisible by p but not p?, precisely one of by, co
is divisible by p; transposing g(z) and h(z) if necessary, we may assume that
p divides by but not co. Now p cannot divide b,, for otherwise it would divide
an, = bscy; hence there exists i < s such that p divides bg, by,...,b;_; but not
b;. Now a; = boc; + bici—1 + -+ + bi~1¢1 + bico, with p dividing both a; (since
i <s=n-t<n)and byc; + -+ + bj_1¢c1, so p divides b;cy. Then Lemma
2.1(b) implies that p divides b; or ¢g, which is a contradiction, so f(z) must be
irreducible.

Example 2.1

The polynomial f(z) = z® — 4z + 2 is irreducible, since it satisfies Eisenstein’s
criterion with p = 2.

Example 2.2

Consider the p-th cyclotomic polynomial
Sp(x)=1+z+2%+ - 4 2P,

where p is prime. (For an application of this polynomial, and an explanation
of its name, see Chapter 11, Section 9.) To show that ®,(z) is irreducible, we
cannot apply Eisenstein’s criterion directly; however, it is sufficient to show
that the polynomial f(x) = @,(z + 1) is irreducible, since any factorisation
g(x)h(z) of &,(z) would imply a similar factorisation g(z + 1)h(z + 1) of f(z).
Now &@,(z) = (2P — 1)/(z — 1), so replacing x with x + 1 we get

fi = e (7 ot (D)o ()
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by the Binomial Theorem. Since p is prime, the binomial coefficients (’:) =
p!/il(p — 1)! are divisible by p for i = 1,...,p — 1; moreover, p does not divide
the leading coefficient (= 1) of f(z), and p? does not divide the constant term
(’1’) = p. Thus f(z) is irreducible by Eisenstein’s criterion, and hence so is

Py(z).

The next result, known as the Fundamental Theorem of Arithmetic, ex-
plains why prime numbers are so important: they are the basic building blocks
out of which all integers can be constructed.

Theorem 2.3

Each integer n > 1 has a prime-power factorisation
n=p'...p5,

where p;,...,pr are distinct primes and ey,...e, are positive integers; this
factorisation is unique, apart from permutations of the factors.

(For instance, 200 has prime-power factorisation 23.52, or alternatively 52.23
if we permute the factors, but it has no other prime-power factorisations.)

Proof

First we use the principle of strong induction (see Appendix A) to prove the
existence of prime-power factorisations. Since we are assuming that n > 1, the
induction starts with n = 2. As usual, this case is easy: the required factorisa-
tion is simply n = 2!. Now assume that n > 2 and that every integer strictly
between 1 and n has a prime-power factorisation. If n is prime then n = n!
is the required factorisation of n, so we can assume that n is composite, say
n = ab where 1 < a,b < n. By the induction hypothesis, both a and b have
prime-power factorisations, so by substituting these into the equation n = ab
and then collecting together powers of each prime p; we get a prime-power
factorisation of n.
Now we prove uniqueness. Suppose that n has prime-power factorisations

n=p3...pi =q{‘...qlf‘,

where p1,...,px and qy, . .., q; are two sets of distinct primes, and the exponents
e; and f; are all positive. The first factorisation shows that p;|n, so Corollary

2.2 (applied to the second factorisation) implies that p; |g; for some j =1,...,1.
By permuting (or renumbering) the prime-powers in the second factorisation
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we may assume that j = 1, so p;|¢;. Since ¢ is prime, it follows that p; = ¢,
so cancelling this prime from the two factorisations we get

- -1
P ptk = gl 1gf? ...q{‘ .

We keep repeating this argument, matching primes in the two factorisations
and then cancelling them, until we run out of primes in one of the factorisations.
If one factorisation runs out before the other, then at that stage our reduced
factorisations express 1 as a product of primes p; or g;, which is impossible since
pi,q; > 1. It follows that both factorisations run out of primes simultaneously,
so we must have cancelled the e; copies of each p; with the same number (f;)
of copies of ¢;; thus k = [, each p; = q; (after permuting factors), and each
e; = fi, so we have proved uniqueness. ]

Theorem 2.3 allows us to use prime-power factorisations to calculate prod-
ucts, quotients, powers, greatest common divisors and least common multiples.
Suppose that integers a and b have factorisations

a=pf...p* and b=pl.. . plt

(where we have e;, f; > 0 to allow for the possibility that some primes p; may
divide one but not both of a and b). Then we have

ab = pith | peetik
/b = pPh gt (if bla),
a™ = pyt..ppt,
ged(a,b) = ppn(end) | phintenfi)
lem(a,b) = pPxenfi) ...p;c“ax(e"’f"),

where min(e, f) and max(e, f) are the minimum and maximum of e and f.
Unfortunately, finding the factorisation of a large integer can take a very long
time!

The following notation is often useful: if p is prime, we write p® || n to
indicate that p® is the highest power of p dividing n, that is, p® divides n
but p®*! does not. For instance, 23 || 200, 52 || 200, and p° || 200 for all
primes p # 2,5. The preceding results show that if p® || a and pf || b then
p*/ || ab, p==7 || a/b (if bla), p™ || a™, etc.

The following result looks rather obvious and innocuous, but in later chap-
ters we shall see that it can be extremely useful, especially in the case m = 2:

Lemma 2.4

If aj,...,a, are mutually coprime positive integers, and a;...a, is an m-th
power for some integer m > 2, then each a; is an m-th power.
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Proof

It follows from the above formula for a™ that a positive integer is an m-th
power if and only if the exponent of each prime in its prime-power factorisation
is divisible by m. If a = a; ...a,, where the factors a; are mutually coprime,
then each prime power p® appearing in the factorisation of any a; also appears
as the full power of p in the factorisation of a; since a is an m-th power, e is
divisible by m, so a; is an m-th power. O

Of course, it is essential to assume that a;,...,a, are mutually coprime
here: for instance, neither 24 nor 54 are perfect squares, but their product
24 x 54 = 1296 = 362 is a perfect square. (A perfect square is an integer of the
form m = n?, where n is an integer.)

Exercise 2.2
Find the prime-power factorisations of 132, of 400, and of 1995. Hence
find ged(132,400), ged(132, 1995), ged(400, 1995) and ged(132,400, 1995)

Exercise 2.3

Are the following statements true or false, where a and b are positive
integers and p is prime? In each case, give a proof or a counterexample:

(a) If ged(a, p?) = p then ged(a?, p?) = p?.

(b) If ged(a, p®) = p and ged(b, p?) = p? then ged(ab, p?) = p°.
(c) If ged(a,p?) = p and ged(b, p?) = p then ged(ab, p?) = p?.
(d) If ged(a, p?) = p then ged(a + p, p?) = p.

We can use prime-power factorisations to generalise the classic result
(known to the Pythagoreans in the 5th century BC) that /2 is irrational.
A rational number is a real number of the form a/b, where a and b are integers
and b # 0; all other real numbers are irrational.

Corollary 2.5

If a positive integer m is not a perfect square, then /m is irrational.
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Proof

It is sufficient to prove the contrapositive, that if \/m is rational then m is a
perfect square. Suppose that \/m = a/b where a and b are positive integers.
Then

m = a?/b%.
If a and b have prime-power factorisations

a=pi...py" and b=p{l ...p{"
as above, then
2e; —2 2e—2
m =p1€1 f1 “'pkek Sk
must be the factorisation of m. Notice that every prime p; appears an even
number of times in this factorisation, and e; — f; > 0 for each i, so

m= (pf“f‘ ...p;"_'f")z

is a perfect square. O

Exercise 2.4

1/n

If m and n are positive integers, under what condition is m*/™ rational?

2.2 Distribution of primes

Euclid’s Theorem, that there are infinitely many primes, is one of the oldest
and most attractive in mathematics. In this book we will give several proofs
of this result, very different in style, to illustrate some important techniques
in number theory. (It is useful, rather than wasteful, to have several proofs of
the same result, since one may be able to adapt these proofs to give different
generalisations.) Our first proof (the earliest and simplest) is in Book IX of
Euclid’s Elements:

Theorem 2.6

There are infinitely many primes.
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Proof

The proof is by contradiction: we assume that there are only finitely many
primes, and then we obtain a contradiction from this, so it follows that there
must be infinitely many primes.

Suppose then that the only primes are p;,ps,...,px. Let

m=ppz...px+1.

Since m is an integer greater than 1, the Fundamental Theorem of Arithmetic
(Theorem 2.3) implies that it is divisible by some prime p (this includes the
possibility that m = p). By our assumption, this prime p must be one of the
primes py, ps, - . ., Dk, S0 p divides their product p;ps . .. px. Since p divides both
m and p1ps ... pk it divides m —pyps ... px = 1, which is impossible. We deduce
that our initial assumption was false, so there must be infinitely many primes.

O

We can use this proof to obtain a little more information about how fre-
quently prime numbers occur. Let p, denote the n-th prime (in increasing
order), so that p; =2, p» = 3, p3 = 5, and so on.

Corollary 2.7

The n-th prime p, satisfies p, < 22"~ for all n > 1.
(This estimate is very weak, since in general p,, is significantly smaller than
22"7"; for instance 22° = 256, whereas p4 is only 7. We will meet some better

estimates soon.)

Proof

We use strong induction on n. The result is true for n = 1, since p; =2 = 22°,
Now assume that the result is true for each n = 1,2,...,k. As in the proof
of Theorem 2.6, p1ps...pxr + 1 must be divisible by some prime p; this prime
cannot be one of py,ps, ..., pk, for then it would divide 1, which is impossible.
Now this new prime p must be at least as large as the (k + 1)-th prime pg41,
S0

Dk+1 < P < p1p2 ... Pk + 1< 220'221 . 22"_1 41 = 21+2+4+...+2k_1 +1

= 2214

- %.22* +1<2%.
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(Here we have used the induction hypothesis, that p; < 227" fori < k, together
with the sum of the finite geometric series 1+2+4+---+2F~1 = 2% —1.) This
proves the inequality for n = k + 1, so by induction it is true for alln > 1. O

For any real number z > 0, let 7(z) denote the number of primes p < z;
thus 7(1) = 0, m(2) = 7(23) = 1, and m(10) = 4, for example. Let lgz = log, =
denote the logarithm of z to the base 2, defined by y = lgz if z = 2¥ (so
lg8 = 3 and Ig(3) = —1, for instance).

Corollary 2.8
m(z) > |lg(lgz)] + 1.

Proof

|lg(lgz)] +1 is the largest integer n such that 22" < 1. By Corollary 2.7 there
are at least n primes p1,p2,...,Pn < 227" These primes are all less than or
equal to z, so 7(z) > n = |lg(lgz)| + 1. O

As before, this result is very weak, and 7(z) is generally much larger than
llg(lgz)| + 1; for instance, if = 10° then |lg(lgz)| + 1 = 5, whereas the
number of primes p < 10° is not 5 but approximately 5 x 107. By compiling
extensive lists of primes, Gauss conjectured in 1793 that w(x) is approximated

by the function
liz = / "t
- 2 Int ’

or equivalently by =/Inz (see Exercise 2.5), in the sense that

m(x)
z/Inz

—1 as x—> 00.

(Here Inz = log, z is the natural logarithm flz t=1dt of z.) This result, known
as the Prime Number Theorem, was eventually proved by Hadamard and de la
Vallée Poussin in 1896. Its proof is beyond the scope of this book; see Hardy
and Wright (1979) or Rose (1988), for example. One can interpret the Prime
Number Theorem as showing that the proportion 7(z)/|z| of primes among the
positive integers ¢ < x is approximately 1/Inz for large z. Since 1/Inz — 0 as
z — 00, this shows that the primes occur less frequently among larger integers
than among smaller integers. For instance there are 168 primes between 1 and
1000, then 135 primes between 1001 and 2000, then 127 between 2001 and 3000,
and so on.
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Exercise 2.5

One version of I'Hopital’s rule states that if f'(z)/g¢'(x) — | as z — oo,
then f(x)/g(z) —  also. Use this to show that

lim —E(i)— =1,

z—ooz/Inz

so that the two approximations for 7(z) given above are equivalent to
each other.

One can use the method of proof of Theorem 2.6 to show that certain sets
of integers contain infinitely many primes, as in the next theorem. Every odd
integer n must have a remainder 1 or 3 when divided by 4, so it must have the
form 4q+1 or 4¢g+3 for some integer q. Since (4s+1)(4t+1) = 4(4st+s+t)+1,
the product of two integers of the form 4¢ + 1 also has this form, and hence
(by induction) so has the product of any number of integers of this form.

Theorem 2.9

There are infinitely many primes of the form 4q + 3.

Proof

The proof is by contradiction. Suppose that there are only finitely many primes
of this form, say pi,...,px- Let m = 4p; ... px —1, so m also has the form 4¢g+3
(with ¢ = py...px — 1). Since m is odd, so is each prime p dividing m, so p
has the form 4q + 1 or 4q + 3 for some q. If each such p has the form 4q + 1,
then m (being a product of such integers) must also have this form, which is
false. Hence m must be divisible by at least one prime p of the form 4q + 3.
By our assumption, p = p; for some 4, so p divides 4p; ...px —m =1, which is
impossible. This contradiction proves the result. O

There are also infinitely many primes of the form 4q + 1; however, the proof
is a little more subtle, so we will return to this result later, in Corollary 7.8.
(Where does the method of proof of Theorem 2.9 break down in this case?)

Exercise 2.6

Prove that every prime p # 3 has the form 3¢ + 1 or 3¢ + 2 for some
integer ¢; prove that there are infinitely many primes of the form 3q + 2.
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These results are all special cases of a general theorem proved by Dirichlet
in 1837, concerning primes in arithmetic progressions:

Theorem 2.10

If a and b are coprime integers then there are infinitely many primes of the
form aq + b.

The proof uses rather advanced techniques, so we will omit it; it is given in
several books, such as Apostol (1976). Notice that the theorem fails if a and b
have greatest common divisor d > 1, since then every integer of the form agq+b
is divisible by d and so at most one of them can be prime.

Despite the above results proving the existence of infinite sets of primes, it
is difficult to give explicit examples of such infinite sets, since primes seem to
occur so irregularly among the integers. For instance, Exercise 2.7 shows that
the gaps between successive primes can be arbitrarily large. At the opposite
extreme, apart from the gap 1 between the primes 2 and 3, the smallest possible
gap is 2 between pairs of so-called twin primes p and p + 2. There are enough
examples of twin primes, such as 3 and 5, or 41 and 43, and so on, to give
rise to the conjecture that infinitely many such pairs exist, but nobody has yet
been able to prove this.

Exercise 2.7

Find five consecutive composite integers. Show that for each integer k >
1, there is a sequence of k consecutive composite integers.

Another open question concerning prime numbers is Goldbach’s Conjecture,
that every even integer n > 4 is the sum of two primes: thus 4 =2+ 2,6 =
3+3,8=3+5, and so on. The evidence for this is quite strong, but the best
general result we have in this direction is a theorem of Chen Jing-Run (1973)
that every sufficiently large even integer has the form n = p+¢ where p is prime
and q is the product of at most two primes. Similarly, Vinogradov proved in
1937 that every sufficiently large odd integer is the sum of three primes, so it
immediately follows that every sufficiently large even integer is the sum of at
most four primes.
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2.3 Fermat and Mersenne primes

In order to find specific examples of primes, it seems reasonable to look at
integers of the form 2™ + 1, since many small primes, such as 3,5,7,17,31,.. .,
have this form.

Lemma 2.11

If 2™ + 1 is prime then m = 2" for some integer n > 0.

Proof

We prove the contrapositive, that if m is not a power of 2 then 2™ + 1 is not
prime. If m is not a power of 2, then m has the form 2"q for some odd ¢ > 1.
Now the polynomial f(t) = t? + 1 has a root t = —1, so it is divisible by
t + 1; this is a proper factor since ¢ > 1, so putting ¢t = 22~ we see that the
polynomial g(z) = f(z2") = 2™ + 1 has a proper factor z2" + 1. Taking z = 2
we see that 22" 41 is a proper factor of the integer g(2) = 2™ + 1, which cannot
therefore be prime. 0

Numbers of the form F, = 22" + 1 are called Fermat numbers, and those
which are prime are called Fermat primes. Fermat conjectured that F,, is prime
for every n > 0. For n = 0,...,4 the numbers F,, = 3, 5, 17, 257, 65537 are
indeed prime, but in 1732 Euler showed that the next Fermat number

Fs = 2% +1 = 4294967297 = 641 x 6700417

is composite. The Fermat numbers have been studied intensively, often with
the aid of computers, but no further Fermat primes have been found. It is
conceivable that there are further Fermat primes (perhaps infinitely many)
which we have not yet found, but the evidence is not very convincing. These
primes are important in geometry: in 1801 Gauss showed that a regular polygon
with k sides can be constructed by ruler-and-compass methods if and only if
k = 2%p; ...p, where py,...,p, are distinct Fermat primes.

Exercise 2.8
Use the equation 641 = 24 + 54 = 5 x 27 + 1 to show that 232 = 641q — 1
for some integer ¢, so that Fs is divisible by 641.

Even if not many of the Fermat numbers F,, turn out to be prime, the
following result shows that their factors include an infinite set of primes:
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Lemma 2.12

Distinct Fermat numbers F,, are mutually coprime.

Proof
Let d = gcd(Fy, Fntk) be the greatest common divisor of two Fermat numbers
F,, and Fy 4k, where k > 0. The polynomial 22" — 1 has a root z = -1, s0 it

is divisible by z + 1. Putting z = 22" we see that F,, divides Foir—2,s0d
divides 2 and hence d is 1 or 2. Since all Fermat numbers are odd, d=1. O

This provides another proof of Theorem 2.6, since it follows from Lemma
2.12 that any infinite set of Fermat numbers must have infinitely many distinct
prime factors.

Exercise 2.9

Show that if @ > 2 and a™ + 1 is prime (for instance 37 = 62 4+ 1), then
a is even and m is a power of 2.

Theorem 2.13

If m > 1 and a™ — 1 is prime, then a = 2 and m is prime.

Exercise 2.10
Prove Theorem 2.13.

Integers of the form 2P — 1, where p is prime, are called Mersenne numbers,
after Mersenne who studied them in 1644; those which are prime are called
Mersenne primes. For the primes p = 2,3,5,7, the Mersenne numbers

M, =3,7,31,127

are indeed prime, but M;; = 2047 = 23x 89, so M, is not prime for every prime
p. At the time of writing, 35 Mersenne primes have been found, the latest two
being Mi257787 and Mi3ggeeg (discovered in 1996 by David Slowinski and Joel
Armengaud respectively, with the aid of powerful computers)*. As in the case
of the Fermat primes, it is not known whether there are finitely or infinitely
many Mersenne primes. There is a result similar to Lemma 2.12, that distinct
Mersenne numbers are mutually coprime, but it is more convenient to prove
this in Chapter 6, as an application of groups (Corollary 6.3). We will meet the
Mersenne primes again in Section 8.2, in connection with perfect numbers.

* Gordon Spence and Roland Clarkson have since discovered Magr6221 and Msp21377.
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2.4 Primality-testing and factorisation

There are two practical problems which arise from the theory we have consid-
ered in this chapter:

(1) How do we determine whether a given integer n is prime?

(2) How do we find the prime-power factorisation of a given integer n?

In relation to the first problem, known as primality-testing, we have:

Lemma 2.14

An integer n > 1 is composite if and only if it is divisible by some prime

p<y/n

Proof

If n is divisible by such a prime p, then since 1 < p < y/n < n it follows that
n is composite. Conversely, if n is composite then n = ab where 1 < a < n and
1 < b < n; at least one of a and b is less than or equal to \/n (if not, ab > n),
and this factor will be divisible by a prime p < y/n, which then divides n. O

For example, we can see that 97 is prime by checking that it is divisible by
none of the primes p < /97, namely 2, 3, 5 and 7. This method requires us
to test whether an integer n is divisible by various primes p. For certain small
primes p there are simple ways of doing this, based on properties of the decimal
number system. In decimal notation we write a positive integer n in the form
@K1 - - - a1a9, meaning that

n = ax10* + ax_1105" 1 + ... + a;10 + ag

where ay,...,ar are integers with 0 < a; < 9 for all 4, and a; # 0. From
this, we see that n is divisible by 2 if and only if ag is divisible by 2, that is,
ap =0,2,4,6 or 8; similarly, n is divisible by 5 if and only if ag = 0 or 5. With
a little more ingenuity, we can also get tests for divisibility by 3 and 11. If we
expand 10° = (9 + 1)* by the Binomial Theorem we get an integer of the form

9q + 1; by doing this for each i = 1,...,k we see that
n=9m+ar+ax-1+---+a+ag
for some integer m, so n is divisible by 3 if and only if the sum

n =ar+ak-1+---+a1+ao
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of its digits is divisible by 3. For instance, if n = 21497 thenn' =2+1+4+
9 4+ 7 = 23; this is not divisible by 3, so neither is n. (In general, if it is not
obvious whether n’ is divisible by 3 we can consider its digit-sum n” = (n’)’, and
repeat this process as often as required.) Similarly, by putting 10¢ = (11-1)* =
11q + (—1)* we see that

n=11m+ (—l)kak + (—-l)k‘lak_l +---—a;+ag
for some integer m, so n is divisible by 11 if and only if the alternating sum
n* = (-1)Far + (-1)¥ lag_1 +--- —a1 + ao

of its digits is divisible by 11. Thus n = 21497 has n* =2-14+4-9+4+7=3,
so it is not divisible by 11. For primes p # 2, 3, 5 and 11, one simply has to
divide p into n and see whether or not the remainder is 0.

Exercise 2.11
Is 8703585473 divisible by 3? Is it divisible by 117

Exercise 2.12
Are 157, 221, 641 or 1103 prime?

This method of primality-testing is effective for fairly small integers n, since
there are not too many primes p to consider, but when n becomes large it is
very time-consuming: by the Prime Number Theorem, the number of primes
p < 4/ is given by

n(VA) Y = 2
In(v/n) Inn

In cryptography (the study of secret codes), one regularly uses integers with
several hundred decimal digits; if n ~ 109, for example, then this method
would involve testing about 8 x 10%” primes p, and even the fastest available
supercomputers would take far longer than the current estimate for the age of
the universe (about 15 billion years) to complete this task! Fortunately there
are alternative algorithms (using some very sophisticated number theory) which
will determine primality for very large integers much more efficiently. Some of
the fastest of these are probabilistic algorithms, such as the Solovay—Strassen
test, which will always detect a prime integer n, but which may incorrectly de-
clare a composite number n as being prime; this may appear to be a disastrous
fault, but in fact the probability of such an incorrect outcome is so low (far
lower than the probability of a computational error due to a machine fault)
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that for most practical purposes these tests are very reliable. For detailed ac-
counts of primality-testing and cryptography, see Koblitz (1994) and Kranakis
(1986).

The Sieve of Eratosthenes is a systematic way of compiling a list of all
the primes up to a given integer N. First we list the integers 2, 3, ..., N in
increasing order. Then we underline 2 (which is prime) and cross out all the
proper multiples 4, 6, 8, ... of 2 in the list (since these are composite). The
first integer which is neither underlined nor crossed out is 3: this is prime, so
we underline it and then cross out all its proper multiples 6, 9, 12, .... At the
next stage we underline 5 and cross out 10, 15, 20, .... We continue like this
until every integer in the list is either underlined or crossed out. At each stage,
the first integer which is neither underlined nor crossed out must be prime, for
otherwise it would have been crossed out, as a proper multiple of an earlier
prime; thus only primes are underlined, and conversely, each prime in the list
is eventually underlined at some stage, so when the process terminates the
underlined numbers are precisely the primes p < N. (We can actually stop
earlier, when the proper multiples of all the primes p < v/N have been crossed
out, since Lemma 2.14 implies that every remaining integer in the list must be
prime.)

Exercise 2.13

Use the Sieve of Eratosthenes to find all the primes p < 100.

Exercise 2.14

Evaluate the Mersenne number M;3 = 212 — 1. Is it prime?

Our second practical problem, factorisation, is apparently much harder than
primality-testing. (It cannot be any easier, since the prime-power factorisation
of an integer immediately tells us whether or not it is prime.) In theory we could
factorise any integer n by testing it for divisibility by the primes 2, 3, 5, ... until
a prime factor p is found; we then replace n with n/p and continue this process
until a prime factor of n/p is found; eventually, we obtain all the prime factors
of n, with their multiplicities. This algorithm is quite effective for small integers,
but when 7 is large we meet the same problem as in primality-testing, that there
are just too many possible prime factors to consider. There are, of course, more
subtle approaches to factorisation, but at present the fastest known algorithms
and computers cannot, in practice, factorise integers several hundred digits
long (though nobody has yet proved that an efficient factorisation algorithm
will never be found). A very effective cryptographic system (known as the RSA



2. Prime Numbers 35

public key system, after its inventors Rivest, Shamir and Adleman, 1978) is
based on the fact that it is relatively easy to calculate the product n = pgq of
two very large primes p and ¢, while it is extremely difficult to reverse this
process and obtain the factors p and ¢ from n. We will examine this system in
more detail in Chapter 5.

Exercise 2.15

Factorise 247 and 6887.

Exercise 2.16

Use a computer or a programmable calculator to factorise 3992003. (By
hand, this could take several years!)

2.5 Supplementary exercises

Exercise 2.17

For which primes p is p? + 2 also prime?

Exercise 2.18

Show that if p > 1 and p divides (p — 1)! + 1, then p is prime.

Exercise 2.19

Extend Theorem 2.3 so that it describes the factorisations of all positive
rational numbers.

Exercise 2.20

Show that if n,q > 1 then the number of multiples of g among 1,2,...,n
is |n/q|. Hence show that if p is prime and p¢||n!, then e = |n/p] +
ln/p?] + |n/p?] +---.
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Exercise 2.21

What is the relationship between the number of 0s at the end of the
decimal expansion of an integer n, and the prime-power factorisation of
n? Find the corresponding result for the base b expansion of n (where
we write n. = Yo a;b* with 0 < a; < b).

Exercise 2.22
Show that FoF;...F,_1=F,—2foralln > 1.

Exercise 2.23

Evaluate the Mersenne number M;7, and determine whether it is prime.

Exercise 2.24

Show that if p is prime and n < p < 2n, then p| (2:) Deduce that
nM-m(") < 92 and hence (m(2n) — 7(n))/n < 2/lgn. (Since
2/lgn — 0 as n — o0, this shows that the density of primes between n
and 2n decreases towards 0, a weak form of the Prime Number Theorem.)
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Congruences

In this chapter, we will study modular arithmetic, that is, the arithmetic of
congruence classes, where we simplify number-theoretic problems by replacing
each integer with its remainder when divided by some fixed positive integer n.
This has the effect of replacing the infinite number system Z with a number
system Z, which contains only n elements. We find that we can add, subtract
and multiply the elements of Z,, (just as in Z), though there are some difficulties
with division. Thus Z,, inherits many of the properties of Z, but being finite it
is often easier to work with. After a thorough study of linear congruences (the
analogues in Z, of the equation ax = b), we will consider simultaneous linear
congruences, where the Chinese Remainder Theorem and its generalisations
play a major role.

3.1 Modular arithmetic

Many problems involving large integers (such as some of those in the last chap-
ter) can be simplified by a technique called modular arithmetic, where we use
congruences in place of equations. The basic idea is to choose a particular in-
teger n (depending on the problem), called the modulus, and replace every
integer with its remainder when divided by n. In general, this remainder is
smaller, and hence easier to deal with. Before going into the general theory, let
us look at two simple examples.

37
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Example 3.1

What day of the week will it be 100 days from now? We could solve this by
getting out a diary and counting 100 days ahead, but a simpler method is
to use the fact that the days of the week recur in cycles of length 7. Now
100 = 14 x 7 + 2, so the day will be the same as it is two days ahead, and this
is easy to determine. Here we chose n = 7, and replaced 100 with its remainder
on division by 7, namely 2.

Example 3.2

Is 22051946 a perfect square? We could solve this by computing /22051946
and determining whether it is an integer, or alternatively by squaring various
integers and seeing whether 22051946 occurs, but there is a much simpler way
of seeing that this number cannot be a perfect square. In Chapter 1 (Example
1.2) we showed that a perfect square must leave a remainder 0 or 1 when
divided by 4. By looking at its last two digits, we see that

22051946 = 220519 x 100 + 46 = 220519 x 25 x 4 + 46

leaves the same remainder as 46, and since 46 = 11 x 4 + 2 this remainder is
2. It follows that 22051946 is not a perfect square. (Of course, if the remainder
had been 0 or 1, it would not follow that the number was a square: we would
have to use some other method to find out.) In this case we chose n = 4, and
replaced 22051946 first with 46, and then with 2.

Exercise 3.1

Show that the last decimal digit of a perfect square cannot be 2, 3,7 or
8. Is 3190491 a perfect square?

Definition

Let n be a positive integer, and let a and b be any integers. We say that a is
congruent to b mod (n), or a is a residue of b mod (n), written

a=b mod (n),

if @ and b leave the same remainder when divided by n. (Other notations for
this include a = b (mod n) and a =, b; we will often use simply a = b if the
value of n is understood.) To be more precise, we use the division algorithm
(Theorem 1.1) to put @ = gn + 7 with 0 < r < n, and b = ¢'n + ' with
0 < 7' < n, and then we say that a = b mod (n) if and only if » = 7. For
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instance, 100 = 2 mod (7) in Example 3.1, and 22051946 = 46 = 2 mod (4) in
Example 3.2. We will use the notation a # b mod (n) to denote that a and b
are not congruent mod (n), that is, that they leave different remainders when

divided by n. Our first result gives a useful alternative definition of congruence
mod (n):

Lemma 3.1

For any fixed n > 1 we have a = b mod (n) if and only if n| (a — b).

Proof

Putting @ = gn+r and b = ¢'n+7’ as above, we have a—b = (g—¢')n+(r—7')
with —-n < r — 7' < n.If a = b mod (n) then r = v/, so r — ' = 0 and
a — b= (g — ¢')n, which is divisible by n. Conversely, if n divides a — b then it
divides (a — b) — (¢ — ¢')n = r — r’; now the only integer strictly between —n
and n which is divisible by n is 0, so r — ' = 0, giving »r = 7’ and hence a = b
mod (n). o

Our next result records some trivial but useful observations about congru-
ences:

Lemma 3.2

For any fixed n > 1 we have
(a) a = a for all integers a;
(b) if a = b then b = g;

(c) fa=band b=cthena=c.

Proof

(a) We have n|(a — a) for all a.

(b) If n|(a — b) then n|(b — a).

(c) If n|(a — b) and n|(b—c) then nj(a—b)+ (b—c)=a—c. m]
These three properties are the reflexivity, symmetry and transitivity axioms

for an equivalence relation, so Lemma 3.2 proves that for each fixed n, congru-
ence mod (n) is an equivalence relation on Z. It follows that Z is partitioned
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into disjoint equivalence classes; these are the congruence classes

[ = {b€Z|a=b mod (n)}

= {...,a—2n,a —n,a,a+n,a+2n,...}

for a € Z. (If we want to emphasise the particular value of n being used,
we can use the notation [a], here.) Each class corresponds to one of the n
possible remainders r = 0,1,...,n —1 on division by n, so there are n different
congruence classes. They are

0 = {...,2n,-n,0,n,2n,...},
n = {...,1-2n,1-n,1,14n,1+2n,...},
m-1 = {...,~n-1,-1,n-1,2n-1,3n—1,...}.

There are no further classes distinct from these: for example
[nl={...,-n,0,n,2n,3n,...} =[0].
More generally, we have
[a] = [b] ifand only if a =b mod (n).

When n = 1 all integers are congruent to each other, so there is a single
congruence class, coinciding with Z. When n = 2 the two classes [0] = [0];
and (1] = [1]2 consist of the even and odd integers respectively. We can regard
Theorem 2.9 as asserting that there are infinitely many primes p = 3 mod (4),
that is, the class [3]4 contains infinitely many primes.

For a given n > 1, we denote the set of n equivalence classes mod (n) by
Z,,, known as the set of integers mod (n). Our next aim is to show how to do
arithmetic with these congruence classes, so that Z,, becomes a number system
with properties very similar to those of Z. We do this by using the operations
of addition, subtraction and multiplication in Z to define the corresponding
operations on the congruence classes in Z,. If [a] and [b] are elements of Z,, (that
is, congruence classes mod (n)), we define their sum, difference and product to
be the classes

o] + (8] = [a+8],
[a] -[6] = [a-10],
[a]lt] = [ad]

containing the integers a + b,a — b and ab respectively. (We will leave the
question of division of congruence classes until later; the difficulty is that if a
and b are integers then a/b need not be an integer, in which case there is no
congruence class [a/b] for us to use.)
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Before going further, we need to show that these three operations are well-
defined, in the sense that the right-hand sides of the three equations defining
them depend only on the classes [a] and [b], and not on the particular elements
a and b we have chosen from those classes. More specifically, we must show
that if [a] = [a'] and [b] = [b'], then [a + b] = [a’ + V'], [@a — b] = [a' — V'] and
[ab] = [aV']. These follow immediately from the following result:

Lemma 3.3

Foragivenn > 1,ifa’=aand b’ =bthena’+b =a+b, o’ — b =a—band
a't! = ab.

Proof

If ' = a then a’ = a + kn for some integer k, and similarly we have ' = b+ In
for some integer /; then o' £ % = (a+bd)+ (kx!)n = a £ b, and o'V =
ab + (al + bk + kin)n = ab. m]

It follows that addition, subtraction and multiplication of pairs of classes
in Z,, are all well-defined. In particular, by repeated use of the addition and
multiplication parts of this lemma we can define arbitrary finite sums, products
and powers of classes in Z,, by

[a1] + [a2] + - - - + [ax] (a1 +a1 +---+ax],
[a1][az] - - - [ak] @101 - ax],
[aff = [a¥]

for any integer k > 2.

To emphasise why we have to be so careful about checking that the opera-
tions of arithmetic in Z,, are well-defined, let us look at what happens if we try
to define exponentiation of classes in Z, in the obvious way. We could define

= o],

restricting b to non-negative values to ensure that a® is an integer. If we take
n = 3, for instance, this gives

2" = [2'] = [2];
unfortunately, (1] = [4] in Z3, and our definition also gives
2" = (2] = [16] = [1] # [2];

thus we can get different congruence classes for [a]l®! by choosing different
elements b and b’ in the same class [b], namely b = 1 and b’ = 4. This is because
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@’ =aand b’ = b do not imply (a’)? = a®, so exponentiation of congruence
classes is not well-defined. We therefore confine arithmetic in Z,, to operations
which are well-defined, like addition, subtraction, multiplication and powers;
we shall see later that a restricted form of division can also be defined.

A set of n integers, containing one representative from each of the n con-
gruence classes in Z,, is called a complete set of residues mod (n). A sensible
choice of such a set can ease calculations considerably. One obvious choice is
provided by the division algorithm (Theorem 1.1): we can divide any integer
a by n to give a = gn + r for some unique r satisfying 0 < r < n; thus each
class [a] € Z, contains a unique 7 = 0,1,...,n — 1, so these n integers form
a complete set of residues, called the least non-negative residues mod (n). For
many purposes these are the most convenient residues to use, but sometimes it
is better to replace Theorem 1.1 with Exercise 1.22 of Chapter 1, which gives
a remainder r satisfying —n/2 < r < n/2. These remainders are the least ab-
solute residues mod (n), those with least absolute value; when n is odd they
are 0,+1,+2,...,+(n — 1)/2, and when n is even they are 0, +1, £+2, ...,
+(n — 2)/2, n/2. The following calculations illustrate these complete sets of
residues.

Example 3.3

Let us calculate the least non-negative residue of 28 x 33 mod 35. Using least
absolute residues mod (35), we have 28 = —7 and 33 = -2, so Lemma 3.3
implies that 28 x 33 = (—7) x (—2) = 14. Since 0 < 14 < 35 it follows that 14
is the required least non-negative residue.

Example 3.4

Let us calculate the least absolute residue of 15 x 59 mod 75. We have 15 x 59 =
15 x (—16), and a simple way to evaluate this is to do the multiplication in
several stages, reducing the product mod (75) each time. Thus

15 x (—16) =15 x (—4) x 4 = (-60) x 4 =15 x 4 = 60 = —15,

and since —75/2 < —15 < 75/2 the required residue is —15.

Example 3.5

Let us calculate the least non-negative residue of 3% mod (13). Again, we do
this in several stages, reducing mod (13) whenever possible:
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so that
3 =(3)t=(-4)%=16=3,
and hence
=312 =3"=09;

the required residue is therefore 9.

Exercise 3.2

Without using a calculator, find:

(a) the least non-negative residue of 34 x 17 mod (29);
(b) the least absolute residue of 19 x 14 mod (23);
(c) the remainder when 5!° is divided by 19;

(d) the final decimal digit of 1! + 2! + 3! + - -- + 10.

Since n divides m if and only if m = 0 mod (n), it follows that problems
about divisibility are equivalent to problems about congruences, and these can
sometimes be easier to solve. Here is a typical illustration of this:

Example 3.6

Let us prove that a(a + 1)(2a + 1) is divisible by 6 for every integer a. By
taking least absolute residues mod (6), we see that a =0,+1,+2 or 3. Ifa =0
then a(a+1)(2a+1) =0.1.1 =0, ifa = 1 then a(a + 1)(2a + 1) = 1.2.3 =
6 = 0, and similar calculations (which you should try for yourself) show that
a(a + 1)(2a + 1) = 0 in the other four cases, so 6|a(a + 1)(2a + 1) for all a.

Exercise 3.3

Find a quicker proof of this, based on the observation that 6|m if and
only if 2|m and 3|m.

Exercise 3.3 uses the following more general principle, in which a single
congruence mod (n) is replaced with a set of simultaneous congruences mod (p®)
for the various prime powers p® dividing n (and these are often easier to deal
with than the original congruence):
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Theorem 3.4

Let n have prime-power factorisation
(4 €
n =p11 . “pkk7

where py,...,px are distinct primes. Then for any integers a and b we have
a =b mod (n) if and only if a = b mod (p{*) for each i =1,...,k.

This is quite easy to prove directly (try it for yourself, using Corollary
1.11), but we will deduce it later in this chapter as a corollary of the Chinese
Remainder Theorem, which deals with simultaneous congruences in a more
general setting.

Having seen how to add, subtract and multiply congruence classes, we can
now combine these operations to form polynomials.

Lemma 3.5

Let f(z) be a polynomial with integer coefficients, and let n > 1. If a = b
mod (n) then f(a) = f(b) mod (n).

Proof

Write f(z) = co + c1Z + - - - + cxx*, where each ¢; € Z. If a = b mod (n), then
repeated use of Lemma 3.3 implies that a* = b* for all i > 0, so c;a* = ¢;b* for

all i, and hence f(a) = }_cia* = Y ¢;b* = f(b). m]

For an illustration of this, look at Example 3.6, where we took f(z) =
z(z +1)(2r + 1) = 223 + 322 + z and n = 6; we then used the fact that if
a = 0,%1,+2 or 3 then f(a) = f(0), f(£1), f(£2) or f(3) respectively, all of
which are easily seen to be congruent to 0 mod (6).

Suppose that a polynomial f(z), with integer coefficients, has an integer
root = a € Z, so that f(a) = 0. It follows then that f(a) = 0 mod (n) for all
integers n > 1. We can often use the contrapositive of this to show that certain
polynomials f(z) have no integer roots: if there exists an integer n > 1 such that
the congruence f(z) = 0 mod (n) has no solutions z, then the equation f(z) =0
can have no solutions z. If n is small we can check whether f(z) =0 mod (n)
has any solutions simply by evaluating f(z,),..., f(z,) where z;, ..., z, form
a complete set of residues mod (n): each x € Z is congruent to some z;, so
Lemma 3.5 implies that f(z) = f(z;), and we simply determine whether any
of f(z1),..., f(zs) is divisible by n.
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Example 3.7

Let us prove that the polynomial f(z) = 2° — 2% + x — 3 has no integer roots.
To do this, we take n = 4 (a choice which we will explain later), and consider
the congruence

f(z)=2° -2+ 2-3=0 mod (4).
Using the least absolute residues 0,+1,2 as a complete set of residues mod (4),
we find that

f(0)=-3, fQ)=-2, f(-1)=—-6 and f(2)=2T.

None of these values is divisible by 4, so the congruence f(z) =0 mod (4) has
no solutions and hence the polynomial f(z) has no integer roots.

You may be wondering why we took n = 4 in this example; the reason,
which you can easily check, is that for each n < 4 the congruence f(z) =0
mod (n) does have a solution = € Z, even though the equation f(z) = 0 does
not; thus 4 is the smallest value of n for which this method works. In general,
the correct choice of n is often a matter of insight, experience, or simply trial
and error: if one value of n fails to prove that a polynomial has no integer roots,
do not give up (or even worse, do not assume that there must be a root); try
a few more values, and if they also fail, this suggests that perhaps there really
is an integer root.

Exercise 3.4

Prove that the following polynomials have no integer roots:
(a) 23 —x 4 1;

(b) 23+ 2% -z +1;

(c) 23+ 2%2 -2 +3.

Example 3.8

Unfortunately, the method used in Example 3.7 is not always strong enough to
prove the non-existence of integer roots. For instance, the polynomial

f(z) = (% - 13)(z® — 17)(z? - 221)

clearly has no integer roots: indeed, since 13,17 and 221 (= 13 x 17) are not
perfect squares, the roots :t\/ﬁ, +4/17 and +v/221 of f(z) are all irrational
by Corollary 2.5. However, in Chapter 7 (Example 7.16) we will show that for
every integer n > 1 there is a solution of f(z) = 0 mod (n), so in this case
there is no suitable choice of n for our method of congruences.
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As a second application of Lemma 3.5, let us consider prime values of poly-
nomials. The polynomial
flx)=2z*+z+41

has the remarkable property that f(z) is prime for each integer x = —40, —39,
...,38,39 (though not for z = —41 or £ = 40). Motivated by this, one might
ask whether there is a polynomial f(z), with integer coefficients, such that
f(x) is prime for every integer z. Apart from the trivial examples of constant
polynomials f(z) = p (p prime), there are none:

Theorem 3.6

There is no non-constant polynomial f(z), with integer coefficients, such that
f(z) is prime for all integers x.

Proof

Suppose that f(z) is prime for all integers z, and is not constant. If we choose
any integer a, then f(a) is a prime p. For each b = a mod (p), Lemma 3.5
implies that f(b) = f(a) mod (p), so f(b) = 0 mod (p) and hence p divides
f(b). By our hypothesis, f(b) is prime, so f(b) = p. There are infinitely many
integers b = a mod (p), so the polynomial g(z) = f(z) — p has infinitely many
roots. However, this is impossible: having degree d > 1, g(z) can have at most
d roots, so such a polynomial f(z) cannot exist. 0

Theorem 2.10 shows that if a and b are coprime then the linear polynomial
f(z) = ax + b has infinitely many prime values, but it is not known whether
any polynomial f(z) of degree d > 2, such as z2 + 1, can have this property.
There are polynomials f(zy,...,Z.) of several variables, whose positive values
coincide with the set of primes as z,,...,z,, range over the positive integers,
but unfortunately the known examples are rather complicated.

3.2 Linear congruences

We now return to the question of division of congruence classes, postponed
from earlier in this chapter. In order to assign a meaning to a quotient [b]/[a]
of two congruence classes [a], [b] € Z,,, we need to consider the solutions of the
linear congruence axz = b mod (n). Note that if z is a solution, and if ' = z,
then az’ = ax = b and so 2’ is also a solution; thus the solutions (if they exist)
form a union of congruence classes. Now az = b mod (n) if and only if ax — b
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is a multiple of n, so z is a solution of this linear congruence if and only if
there is integer y such that x and y satisfy the linear Diophantine equation
az + ny = b. We studied this equation (with slightly different notation) in
Chapter 1, so translating Theorem 1.13 into the language of congruences we
have

Theorem 3.7

If d = ged(a, n), then the linear congruence
ax =b mod (n)

has a solution if and only if d divides b. If d does divide b, and if ¢ is any
solution, then the general solution is given by

T=x+ nt
where t € Z; in particular, the solutions form exactly d congruence classes
mod (n), with representatives

n 2n (d-1)n
r=xy, Txo+=,To+—, ..., To + ———.
d d
(In fact, the equation x = z¢+t(n/d) shows that the solutions form a single
congruence class [zo] mod (n/d), but since the problem is phrased in terms of
congruences mod (n), it is traditional (and often more useful) to phrase the
answer in the same way.)

Proof

Apart from a slight change of notation (n and b replacing b and c), the only
part of this which is not a direct translation of Theorem 1.13 is the statement
about congruence classes. To prove this, note that

t nt’
xo+n—5zo+— mod (n)

d d

if and only if n divides n(t —t')/d, that is, if and only if d divides t — t/, so the
congruence classes of solutions mod (n) are obtained by letting ¢ range over a
complete set of residues mod (d), such as 0,1,...,d — 1. ]

Example 3.9

Consider the congruence
10z = 3 mod (12).
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Here a = 10, b = 3 and n = 12, so d = ged(10,12) = 2; this does not divide
3, so there are no solutions. (This can be seen directly: the elements of the
congruence class [3] in Z;; are all odd, whereas any elements of [10][z] must be
even.)

Example 3.10

Now consider the congruence
10z =6 mod (12).

As before we have d = 2, and now this does divide b = 6, so there are two
classes of solutions. We can take zo = 3 as a particular solution, so the general
solution has the form

nt 12t
T =I+ P + 2 +
where t € Z. These solutions form two congruence classes [3] and [9] mod (12),
with representatives o = 3 and z¢ +(n/d) = 9; equivalently, they form a single
congruence class [3] mod (6).

Exercise 3.5

Find the general solution of the congruence 12z = 9 mod (15).

Corollary 3.8

If ged(a,n) = 1 then the solutions z of the linear congruence az = b mod (n)
form a single congruence class mod (n).

Proof

Put d =1 in Theorem 3.7. 0

This means that if a and n are coprime then for each b there is a unique
class [z] such that [a]{z] = [b] in Z,; we can regard this class [z] as the quotient
class [b]/[a] obtained by dividing [b] by [a] in Z,. If d = gcd(a,n) > 1, however,
there is either more than one such class [z] (when d divides b), or there is no
such class (when d does not divide b), so we cannot define a quotient class
[b]/[a] in this case.
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Example 3.11

Consider the congruence

7z =3 mod (12).

Here a = 7 and n = 12, and since these are coprime there is a single congruence
class of solutions; this is the class [z] = [9], since 7 x 9 = 63 = 3 mod (12).

In Examples 3.9, 3.10 and 3.11, we had n = 12. When n is as small as this, it
is feasible to find all solutions of a congruence az = b mod (n) by inspection: one
can simply calculate azx for each of the n elements z of a complete set of residues
mod (n), and see which of these products are congruent to b. When n is larger,
however, a more efficient method is needed for solving linear congruences. We
shall give an algorithm for this, based on Theorem 3.7, but first we need some
preliminary results which help to simplify the problem.

Lemma 3.9
(a) Let m divide a,b and n, and let &’ = a/m, b’ = b/m and n’ = n/m; then

az =b mod (n) ifandonly if o’z =0t mod (n').

(b) Let a and n be coprime, let m divide a and b, and let ' = a/m and
b’ = b/m; then

az =b mod (n) ifand only if a'z =b mod (n).

Proof

(a) We have ax = b mod (n) if and only if az — b = gn for some integer g;
dividing by m, we see that this is equivalent to a’z — b’ = qn’, that is, to
a’z =V mod (n').

(b) If az = b mod (n), then as in (a) we have ax —b = ¢gn and hence a'z — b’ =
gn/m; in particular, m divides gn. Now m divides a, which is coprime
to n, so m is also coprime to n and hence m must divide q by Corollary
1.11(b). Thus a’z — b’ = (g/m)n is a multiple of n, so a’c = b’ mod (n).
For the converse, if a’z = b’ mod (n) then a’z — b’ = ¢'n for some integer
q’, so multiplying through by m we have ax — b = mq'n and hence az = b
mod (n). m
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Note that in (a), where m divides a,b and n, we divide all three of these
integers by m, whereas in (b), where m divides a and b, we divide just these
two integers by m, leaving n unchanged.

Exercise 3.6

Show, by means of a counterexample, that Lemma 3.9(b) can fail if a
and n are not coprime.

We now give an algorithm to solve the linear congruence az = b mod (n).
To help you understand each step, it may be useful to try this algorithm out
on the congruence 10z = 6 mod (14); when you have finished, look at Example
3.12 to see if your working agrees with ours.

Step 1. We calculate d = ged(a,n) (as in Chapter 1), and see whether d
divides b. If it does not, there are no solutions, so we stop. If it does, we go on
to step 2.

Theorem 3.7 gives us the general solution, provided we can find a particular
solution zg, so from now on we concentrate on a method for finding . The
general strategy is to reduce |a| until @ = +1, since in this case the solution
Ty = +b is obvious.

Step 2. Since d divides a, b and n, Lemma 3.9(a) implies that we can replace
the original congruence with

d'z=b mod (n'),
where o’ = a/d, b' = b/d and n’ = n/d. By Corollary 1.10, o’ and n’ are
coprime.
Step 3. We can therefore use Lemma 3.9(b) to divide this new congruence
through by m = ged(a’,b’), giving a congruence

a"z =b" mod (n')
where a” (= a’/m) is coprime to both b (= b'/m) and n’. If a” = %1 then
o = £b” is the required solution. Otherwise, we go on to step 4.
Step 4. Noting that

V' =b"+n'=b"+2n =... mod (n'),
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we may be able to replace b” with some congruent number b’ = b” + kn’ such
that gcd(a”,b") > 1; by applying step 3 to the congruence a’’z = b"" mod (n')
we can again reduce [a”|. An alternative at this stage is to multiply through
by some suitably chosen constant c, giving ca”z = ¢b” mod (n'); if ¢ is chosen
so that the least absolute residue a’” of ca” satisfies |a’”’| < |a”|, then we have
reduced |a”| to give a linear congruence o'z = "' mod (n') with b = cb”.

A combination of the methods in step 4 will eventually reduce a to +1, in
which case the solution zy can be read off; then Theorem 3.7 gives the general
solution.

Example 3.12

Consider the congruence
10z = 6 mod (14).

Step 1 gives gcd(10, 14) = 2, which divides 6, so solutions do exist. If zp is any
solution, then the general solution is x = zy + (14/2)t = zo + 7t, where t € Z;
these form the congruence classes [zo] and [zg + 7] in Zy4. To find zo we use
step 2: we divide the original congruence through by ged(10,14) = 2 to give

52 =3 mod (7).

Since ged(5,3) = 1, step 3 has no effect, so we move on to step 4. Noting that
3 =10 mod (7), with 10 divisible by 5, we replace the congruence with

5z =10 mod (7)
and then divide by 5 (which is coprime to 7) to give
=2 mod (7).
Thus zo = 2 is a solution, so the general solution has the form

T=2+Tt (teZ).

Example 3.13

Consider the congruence
4z =13 mod (47).

Step 1 gives ged(4,47) = 1, which divides 13, so the congruence has solutions.
If zy is any solution, then the general solution is x = z¢ + 47t where t € Z,
forming a single congruence class [zo] in Z47. Since ged(4,47) = 1, step 2 has no
effect, so we move on to step 3. Since ged(4,13) = 1, step 3 also has no effect,
so we go to step 4. We could now employ the method used in the previous
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example, but as an alternative we will illustrate the other technique described
in step 4: noting that 4 x 12 = 48 = 1 mod (47), we multiply by 12 to give

48z = 12 x 13 mod (47),

that is,
=3%x4x%x13=3%x52=3x5=15 mod (47).

Thus we can take o = 15, so the general solution is x = 15 + 4T7t.

Exercise 3.7

For each of the following congruences, decide whether a solution exists,
and if it does exist, find the general solution:

(a) 3z =5 mod (7);

(b) 12z =15 mod (22);

(c) 19z = 42 mod (50);

(d) 18z =42 mod (50).

3.3 Simultaneous linear congruences

We will now consider the solutions of simultaneous congruences. In the 1st
century AD, the Chinese mathematician Sun-Tsu considered problems like ‘find
a number which leaves remainders 2, 3,2 when divided by 3,5, 7 respectively’.
Equivalently, he wanted to find x such that the congruences

z=2 mod (3), =3 mod (5), =2 mod (7)

are simultaneously true. Note that if z is any solution, then so is zo+(3x5x7)t
for any integer t, so the solutions form a union of congruence classes mod (105).
We shall show that in this particular case the solutions form a single congruence
class, but in other cases we may find that there are several classes or none: as
an example, the simultaneous congruences

z=3 mod (9), z=2 mod (6)

have no solutions, for if £ = 3 mod (9) then 3 divides z, whereas if £ = 2
mod (6) then 3 does not divide z. The difficulty here is that the moduli 9 and
6 have a factor 3 in common, so both congruences have implications about the
congruence class of £ mod (3), and in this particular case these implications are
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mutually inconsistent. To avoid this type of difficulty, we will initially restrict
our attention to cases like our first example, where the moduli are mutually
coprime. Fortunately, the following result, known as the Chinese Remainder
Theorem, gives a very satisfactory solution to this type of problem.

Theorem 3.10

Let ny,ng,...,ni be positive integers, with ged(n;,n;) = 1 whenever i # j,
and let aj,as,...,a; be any integers. Then the solutions of the simultaneous
congruences

z=a; mod (n1), z=az mod (nz), ... =a,r mod (ng)

form a single congruence class mod (n), where n = nin, ... ng.

(This result has applications in many areas, including astronomy: if k events
occur regularly, with periods ny,...,ng, and with the i-th event happening at
times ¢ = a;,a; + ni,a; + 2n,;,..., then the k events occur simultaneously at
time z where z = a; mod (n;) for all 7; the theorem shows that if the periods n;
are mutually coprime then such a coincidence occurs with period n. Planetary
conjunctions and eclipses are obvious examples of such regular events, and
predicting these may have been the original motivation for the theorem.)

Proof

Let ¢; = n/n; =ny...n;_1niy1...ng for each ¢ = 1,..., k. Since each of its
factors n; (j # 4) is coprime to n;, so is ¢;. Corollary 3.8 therefore implies that
for each i, the congruence c;x = 1 mod (n;) has a single congruence class [d;]
of solutions mod (n;). We now claim that the integer

To = alcldl + a2czd2 +---+ akckdk

simultaneously satisfies the given congruences, that is, zo = a; mod (n;) for
each i. To see this, note that each c; (other than ¢;) is divisible by n;, so
ajcid; = 0 and hence o = a;c;d; mod (n;); now ¢;d; = 1, by choice of d;, so
zo = a; as required. Thus zq is a solution of the simultaneous congruences,
and it immediately follows that the entire congruence class [zo] of o mod (n)
consists of solutions.

To see that this class is unique, suppose that z is any solution; then z =
a; = xo mod (n;) for all i, so each n; divides x — zo. Since ny,...,n; are
mutually coprime, repeated use of Corollary 1.11(a) shows that their product
n also divides x — xg, so £ = zp mod (n). a
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Comments

1 The proof of Theorem 3.4, which we postponed until later, now follows
immediately: given n = p§'...pi*, we put n; = p{* for i = 1,...,k, so
7y, ...,Nng are mutually coprime with product n; the Chinese Remainder
Theorem therefore implies that the solutions of the simultaneous congru-
ences £ = b mod (n;) form a single congruence class mod (n); clearly b is
a solution, so these congruences are equivalent to £ = b mod (n).

2 Note that the proof of the Chinese Remainder Theorem does not merely
show that there is a solution for the simultaneous congruences; it also gives
us a formula for a particular solution zo, and hence for the general solution
z=2x0+nt(t€Z).

Example 3.14

In our original problem
2=2 mod (3), z=3 mod (5), =2 mod (7),

we have ny = 3,np =5and n3 = 7, so n = 105,¢; = 35,c2 = 21 and c3 = 15.
We first need to find a solution z = d; of c;z = 1 mod (n;), that is, 35z = 1
mod (3); this is equivalent to —z = 1 mod (3), so we can take z = d; = —1
for example. Similarly, coz = 1 mod (n3) gives 21z = 1 mod (5), that is, z = 1
mod (5), so we can take £ = dy = 1, while c3z = 1 mod (n3) gives 15z = 1
mod (7), that is, z = 1 mod (7), so we can also take z = d3 = 1. Of course,
different choices of d; are possible here, leading to different values of zo, but
they will all give the same congruence class of solutions mod (105). We now
have

T = ajcidy + agxcads + azeszds = 2.35.(—1) + 3.21.1 + 2.15.1 = 23,

so the solutions form the congruence class [23] mod (105), that is, the general
solution is z = 23 + 105t (t € Z).

We can also use the Chinese Remainder Theorem as the basis for a second
method for solving simultaneous linear congruences, which is less direct but
often more efficient. We start by finding a solution z = x; of one of the con-
gruences. It is usually best to start with the congruence involving the largest
modulus, so in Example 3.14 we could start with z = 2 mod (7), which has
3 = 2 as an obvious solution. The remaining solutions of this congruence
are found by adding or subtracting multiples of 7, and among these we can
find an integer x2 = x; + 7t which also satisfies the second congruence z = 3
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mod (5): trying 1,2, £ 7,21 £ 14,... in turn, we soon find z2 = 2—-14 = —12.
This satisfies z = 2 mod (7) and z = 3 mod (5), and by the Chinese Re-
mainder Theorem the general solution of this pair of congruences has the form
To + 35t = —12 + 35t (t € Z). Trying z2,x2 & 35,22 £ 70,... in turn, we soon
find a solution £3 = —12 + 35t which also satisfies the third congruence z = 2
mod (3), namely 3 = —12 + 35 = 23. This satisfies all three congruences,
so by the Chinese Remainder Theorem their general solution consists of the
congruence class [23] mod (105).

Exercise 3.8
Solve the simultaneous congruences

z=1 mod (4), =2 mod (3), z=3 mod (5).

Exercise 3.9

Solve the simultaneous congruences

z=2mod (7), z=7 mod (9), z=3 mod (4).

The linear congruences in the Chinese Remainder Theorem are all of the
form = = a; mod (n;). If we are given a set of simultaneous linear congruences,
with one (or more) of them in the more general form az = b mod (n;), then we
will first need to use the earlier algorithm to solve this congruence, expressing
its general solution as a congruence class modulo some divisor of n;; it will then
be possible to apply the techniques based on the Chinese Remainder Theorem
to solve the resulting simultaneous congruences.

Example 3.15

Consider the simultaneous congruences
7r =3 mod (12), 10z =6 mod (14).

We saw in Examples 3.11 and 3.12 that the first of these congruences has the
general solution £ = 9 + 12¢, and that the second has the general solution
z =24 Tt. It follows that we can replace the original pair of congruences with
the pair
z=9 mod (12), z=2 mod (7).

Clearly, zo = 9 is a particular solution; since the moduli 12 and 7 are coprime,
with product 84, the Chinese Remainder Theorem implies that the general
solution has the form 9 + 84¢.
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Exercise 3.10
Solve the simultaneous congruences

3z =6 mod (12), 2r =5 mod (7), 3z =1 mod (5).

The Chinese Remainder Theorem can be used to convert a single congru-
ence, with a large modulus, into several simultaneous congruences with smaller
moduli, which may be easier to solve.

Example 3.16

Consider the linear congruence
13z = 71 mod (380).

Instead of using the algorithm described earlier for solving a single linear con-
gruence, we can use the factorisation 380 = 22 x 5 x 19, together with Theorem
3.4, to replace this congruence with the three simultaneous congruences

13z =71 mod (4), 13z =71 mod (5), 13z =71 mod (19).
These immediately reduce to
z=3 mod (4), 3z =1 mod (5), 13z =14 mod (19).

The first of these needs no further simplification, but we can apply the single
congruence algorithm to simplify each of the other two. We write the second
congruence as 3z = 6 mod (5), so dividing by 3 (which is coprime to 5) we get
z = 2 mod (5). Similarly, the third congruence can be written as —6z = 14
mod (19), so dividing by —2 we get 3z = —7 = 12 mod (19), and now dividing
by 3 we have £ = 4 mod (19). Our original congruence is therefore equivalent
to the simultaneous congruences

z=3 mod (4), z=2 mod (5), z=4 mod (19).

Now these have mutually coprime moduli, so the Chinese Remainder Theo-
rem applies, and we can use either of our two methods to find the general
solution. Using the second method, we start with a solution z; = 4 of the
third congruence; adding and subtracting multiples of 19, we find that zo = 42
also satisfies the second congruence, and then adding and subtracting multiples
of 19 x 5 = 95 we find that 327 (or equivalently —53) also satisfies the first
congruence. Thus the general solution has the form z = 327 + 380t (¢t € Z).

Exercise 3.11
Solve the congruence 91z = 419 mod (440).
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3.4 Simultaneous non-linear congruences

It is sometimes possible to solve simultaneous congruences by the Chinese Re-
mainder Theorem, even when the congruences are not all linear.

Example 3.17

Consider the simultaneous congruences
z2=1 mod (3) and z =2 mod (4).

By inspection of the three congruence classes mod (3), we see that the first of
these (which is not linear) is equivalent to £ = 1 or 2 mod (3), so the pair of
congruences are equivalent to

z=1or =2 mod (3), and z=2 mod (4).

We have to be careful how we read the logical connectives ‘and’ and ‘or’ here:
precisely one of the two congruences mod (3) is true, and the single congruence
mod (4) is also true. Now (p V q) A r (meaning ‘p or g, and r’) is logically
equivalent to (p A7) V (¢ Ar) (meaning ‘p and r, or ¢ and 7’), so either

z=1 mod (3) and z =2 mod (4),
or
=2 mod (3) and =2 mod (4).

We now have two pairs of simultaneous linear congruences, and each pair can
be solved by using the Chinese Remainder Theorem. The first pair has general
solution z = —2 mod (12), while the second pair has general solution z = 2
mod (12), so our original pair of congruences has general solution z = +2
mod (12).

Exercise 3.12
Solve the simultaneous congruences
22 4+22+2=0 mod (5) and 7z =3 mod (11).

The Chinese Remainder Theorem is useful for solving polynomial congru-
ences when the modulus is composite.
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Theorem 3.11

Let n = n; ...n, where the integers n; are mutually coprime, and let f(z) be
a polynomial with integer coefficients. Suppose that for each i = 1,...,k there
are N; congruence classes z € Z,, such that f(z) = 0 mod (n;). Then there
are N = Nj ... Ny classes z € Z, such that f(z) =0 mod (n).

Proof

Since the moduli n; are mutually coprime, we have f(z) = 0 mod (n) if and
only if f(z) = 0 mod (n;) for all 5. Thus each class of solutions z € Z, of
f(z) = 0 mod (n) determines a class of solutions z = z; € Zj, of f(z;) =0
mod (n;) for each i. Conversely, if for each ¢ we have a class of solutions z; € Z,,
of f(x;) = 0 mod (n;), then by the Chinese Remainder Theorem there is a
unique class = € Z, satisfying £ = z; mod (n;) for all 4, and this class satisfies
f(z) =0 mod (n). Thus there is a one-to-one correspondence between classes
z € Z,, satisfying f(z) = 0 mod (n), and k-tuples of classes z; € Z,, satisfying
f(z;) = 0 mod (n;) for all <. For each i there are N; choices for the class
Z; € Ly, so there are Ny ... N such k-tuples and hence this is the number of
classes z € Z, satisfying f(z) = 0 mod (n). 0

Example 3.18

Putting f(z) = 2 — 1, let us find the number N of classes € Z, satisfying
z?2 = 1 mod (n). We first count solutions of z2 = 1 mod (p®), where p is
prime. If p is odd, then there are just two classes of solutions: clearly the
classes £ = %1 both satisfy 2 = 1, and conversely if 2 = 1 then p® divides
z2—~1= (z —1)(z + 1) and hence (since p > 2) it divides z — 1 or z + 1, giving
z = 1. If p* = 2 or 4 then there are easily seen to be one or two classes of
solutions, but if p® = 2¢ > 8 then a similar argument shows that there are four,
given by = +1 and z = 2°~! £ 1: for any solution z, one of the factors z + 1
must be congruent to 2 mod (4), so the other factor must be divisible by 2¢~1.
Now in general let n have prime-power factorisation n; ...ng, where n; = pg*
and each e; > 1. We have just seen that for each odd p; there are N; = 2 classes
in Zy,, of solutions of 2 = 1 mod (n;), whereas if p; = 2 we may have N; = 1,2
or 4, depending on e;. By Theorem 3.11 there are N = N; ... N classes in Z,,
of solutions of 22 = 1 mod (n), found by solving the simultaneous congruences
z? = 1 mod (n;). Substituting the values we have obtained for N;, we therefore
have

2K+l if n = 0 mod (8),

N={ 21 ifn=2mod (4),
ok otherwise,
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where k is the number of distinct primes dividing n. For instance, if n =
60 = 22.3.5 then k = 3 and there are 2 = 8 classes of solutions, namely
z = +1,411,+19,4+29 mod (60).

Exercise 3.13

How many classes of solutions are there for each of the following congru-
ences?

(a) 2 —1 =0 mod (168).
(b) z2 +1 =0 mod (70).

(c) z24+z+1=0 mod (91).
(d) 2%+ 1 = 0 mod (140).

3.5 An extension of the Chinese Remainder
Theorem

Our final result, known to Yih-Hing in the 7th century AD, generalises the
Chinese Remainder Theorem to the case where the moduli are not necessarily
coprime. First we consider a simple illustration:

Example 3.19

We saw, in the comments preceding Theorem 3.10, that the simultaneous con-

gruences
z=3 mod (9) and z =2 mod (6)

have no solution, so let us consider under what circumstances any pair of si-
multaneous congruences

z=a; mod (9) and =z =a; mod (6)

have a solution. The greatest common divisor of the moduli 9 and 6 is 3, and
the two congruences imply that

z=a; mod (3) and =z =a2 mod (3),

so if a solution exists then a; = a; mod (3), that is, 3 divides a; —az. Conversely,
suppose that 3 divides a; — ag, so a; = a + 3c for some integer c. Then the
general solution of the first congruence z = a; mod (9) has the form

z=a1+9s=a2+3c+9s=az+3(c+3s) where s€Z,
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while the general solution of the second congruence = = az mod (6) is
r=ay+6t where teZ.

This means that an integer z = a; + 9s will satisfy both congruences provided
c + 3s = 2t for some t, that is, provided s = ¢ mod (2). Thus the pair of
congruences have a solution if and only if 3|(a; — a3), in which case the general
solution is

z=a;+9(c+2u)=a;+9c+18u where u€Z,

forming a single congruence class [a; + 9¢| mod (18).

The final modulus, 18, is the least common multiple [9, 6] = lem(9, 6) of the
moduli 9 and 6. A similar argument (which you should try for yourself) shows
that in general, a pair of simultaneous congruences

z=a; mod (n;) and z =a2 mod (ng)

have a solution if and only if ged(n;,ng) divides a; — az, in which case the
general solution is a single congruence class mod lem(n;,ns). Yih-Hing’s result
extends this to any finite set of linear congruences, showing that they have a
solution if and only if each pair of them have a solution:

Theorem 3.12

Let ny,...,ni be positive integers, and let aq, ..., ax be any integers. Then the
simultaneous congruences

z=a; mod (n), ..., £ = ax mod (ng)

have a solution z if and only if ged(n;,n;) divides a; — a; whenever i # j.
When this condition is satisfied, the general solution forms a single congruence
class mod (n), where n is the least common multiple of ny,...,nk.

(Note that if the moduli n; are mutually coprime then ged(ni,n;) =1 for
all i # j, so the condition ged(n;i,n;) | (a; — a;) is always satisfied; moreover,
the least common multiple n of ny, ..., nk is then their product n; ...nx, so we
obtain the Chinese Remainder Theorem as a special case of Theorem 3.12.)

Proof

If a solution z exists, then £ = a; mod (n;) and hence n; | (z — a;) for each
i. For each pair i # j let n;; = ged(ni, n;), so ni; divides both n; and nj; it
therefore divides  — a; and z — aj, so it divides (z — a;) — (z — a;) = a; — aj,
as required.
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Let xo be any solution; then an integer z is a solution if and only if z = ¢
mod (n;) for each i, that is, z — x¢ is divisible by each n;, or equivalently by
their least common multiple n = lem(ny,...,ng). Thus the general solution
consists of a single congruence class [zo] mod (n).

To complete the proof, we have to show that if n;; divides a; — a; for each
pair i # j, then a solution exists. The strategy is to replace the given set of
congruences with an equivalent set of congruences having mutually coprime
moduli, and then to apply the Chinese Remainder Theorem to show that this
new set has a solution. First we use Theorem 3.4 to replace each congruence
z = a; mod (n;) with an equivalent finite set of congruences ¢ = a; mod (p®),
where p® ranges over all the prime powers in the factorisation of n;. This gives
us a set of congruences, equivalent to the first set, in which all the moduli are
prime powers. These moduli are not necessarily coprime, since some primes p
may divide n; for several i. For a given prime p, let us choose ¢ so that n; is
divisible by the highest power of p, and let this power be p°. If p/ | n;, so that
f < e, then p/ divides ni; and hence (by our hypothesis) divides a; — a;; thus
a; = a; mod (p/), so the congruence z = a; mod (p®), if true, will imply z = a;
mod (pf) and hence = = a; mod (pf). This means that we can discard all the
congruences z = a; mod (p/) for this prime p from our set, with the exception
of the single congruence z = a; mod (p¢) involving the highest power of p, since
this last congruence implies the others. If we do this for each prime p, we are
then left with a finite set of congruences of the form z = a; mod (p®) involving
distinct primes p; since these moduli p® are mutually coprime, the Chinese
Remainder Theorem implies that the congruences have a common solution,
which is automatically a solution of the original set of congruences. |

Example 3.20

Consider the congruences
=11 mod (36), = =7 mod (40), z =32 mod (75).
Here n; = 36,n2 = 40 and n3 = 75, so we have
nyz = ged(36,40) =4, ny3 =ged(36,75) =3 and ng3 = ged(40,75) =5.
Since
a1—az=11-7=4, a;—-a3=11-32=-21 and as—a3=7-32=-25,

the conditions n;; | (a; — a;) are all satisfied, so there are solutions, forming a
single congruence class mod (n) where n = lem(36, 40, 75) = 1800. To find the
general solution, we follow the procedure described in the last paragraph of
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the proof of Theorem 3.12. Factorising each n;, we replace the first congruence
with
z=11 mod (2?) and z =11 mod (3%),

the second with
=7 mod (2)) and z=7 mod (5),
and the third with
r=32 mod (3) and z =32 mod (5%).

This gives us a set of six congruences, in which the moduli are powers of the
primes p = 2,3 and 5. From these, we select one congruence involving the
highest power of each prime: for p = 2 we must choose £ = 7 mod (2%) (which
implies z = 11 mod (2%)), for p = 3 we must choose £ = 11 mod (3%) (which
implies = 32 mod (3)), and for p = 5 we must choose z = 32 mod (52) (which
implies z = 7 mod (5)). These three congruences, which can be simplified to

z=7 mod (8), =2 mod (9), z=7 mod (25),

have mutually coprime moduli, and you can check that our earlier methods,
based on the Chinese Remainder Theorem, now give the general solution z =
407 mod (1800).

Exercise 3.14

Determine which of the following sets of simultaneous congruences have
solutions, and when they do, find the general solution:

(a) =1 mod (6), =5 mod (14), z =4 mod (21).

(b) =1 mod (6), z=5 mod (14), z = -2 mod (21).

(c) £ =13 mod (40), z =5 mod (44), = 38 mod (275).
(d) z2 =9 mod (10), 7z =19 mod (24), 2z = -1 mod (45).

3.6 Supplementary exercises

Exercise 3.15

As a party trick, you ask a friend to choose an integer from 1 to 100,
and to tell you its remainders on division by 3,5 and 7. How can you
instantly identify the chosen number?
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Exercise 3.16

Solve the following sets of simultaneous congruences:

(a) z=1mod (4), z=2mod (3), z=3mod (5).

(b) 3z =6 mod (12), 2z =5 mod (7), 3z =1 mod (5).
(c) z2 =3 mod (6), z®=3 mod (5).

Exercise 3.17
Find all the solutions of 3 + 3z — 8 = 0 mod (33).

Exercise 3.18

Seven thieves try to share a hoard of gold bars equally between them-
selves. Unfortunately, six bars are left over, and in the fight over them,
one thief is killed. The remaining six thieves, still unable to share the
bars equally since two are left over, again fight, and another is killed.
When the remaining five share the bars, one bar is left over, and it is
only after yet another thief is killed that an equal sharing is possible.
What is the minimum number of bars which allows this to happen?

Exercise 3.19

An integer is square-free if it is a product of distinct primes. Show that
for each integer k > 1 there is a set of k£ consecutive integers, none of
which is square-free.

Exercise 3.20

Find complete sets of residues mod (7), all of whose elements are (a)
odd, (b) even, (c) prime. Is there a complete set of residues mod (7)
consisting of perfect squares?

Exercise 3.21

Show that if n = n;...n, where ny,...,n, are mutually coprime inte-
gers, and R; is a complete set of residues mod (n;) for each 7, then the
integers r = 1y + rong +r3ning + - + rENing ... Ng—1 (1; € R;) form a
complete set of residues mod (n).
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Congruences with a Prime-power Modulus

As we saw in the last chapter, a single congruence mod (n) is equivalent to a
set of simultaneous congruences modulo the prime powers p® appearing in the
factorisation of n. In this chapter we will therefore study congruences mod (p®),
where p is prime. We will first deal with the simplest case e = 1, and then, after
a digression concerning primality-testing, we will consider the case e > 1. A
good reason for starting with the prime case is that whereas modular addition,
subtraction and multiplication behave much the same whether the modulus is
prime or composite, division works much more smoothly when it is prime.

4.1 The arithmetic of Z,

We saw in Corollary 3.8 that a linear congruence az = b mod (n) has a unique
solution mod (n) if ged(a,n) = 1. Now if n is a prime p, then ged(a,n) =
ged(a, p) is either 1 or p; in the first case, we have a unique solution mod (p),
while in the second case (where p|a), either every z is a solution (when p|b)
or no z is a solution (when p /b).

One can view this elementary result as saying that if the polynomial az — b
has degree d = 1 over Z, (that is, if a #Z 0 mod (p)), then it has at most one
root in Z,. Now in algebra we learn that a non-trivial polynomial of degree
d, with real or complex coefficients, has at most d distinct roots in R or C; it
is reasonable to ask whether this is also true for the number system Z,, since
we have just seen that it is true when d = 1. Our first main theorem, due to
Lagrange, states that this is indeed the case.

65
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Theorem 4.1

Let p be prime, and let f(z) = aqz® + --- 4+ a1z + ao be a polynomial with
integer coefficients, where a; # 0 mod (p) for some i. Then the congruence
f(z) = 0 mod (p) is satisfied by at most d congruence classes [z] € Z,.

Comments

1 Note that this theorem allows the possibility that ag = 0, so that f(z) has
degree less than d; if so, then by deleting agz? we see that there are strictly
fewer than d classes [z] satisfying f(z) = 0. The same argument applies if
we merely have ag = 0 mod (p).

2 Even if ag # 0, f(z) may still have fewer than d roots in Z,: for instance
f(z) = 2% + 1 has only one root in Zy, namely the class [1], and it has no
roots in Zs.

3 The condition that a; Z 0 for some ¢ ensures that f(z) yields a non-trivial
polynomial when we reduce it mod (p). If a; = 0 for all i then all p classes
[z] € Z, satisty f(x) =0, so the result will fail if d < p.

4 In the theorem, it is essential to assume that the modulus is prime: for
example, the polynomial f(z) = z% — 1, of degree d = 2, has four roots in
Zg, namely the classes [1], (3], (5] and [7]. Indeed, Example 3.18, together
with Theorem 2.6, shows that this polynomial can have an arbitrarily large
number of roots in Z,, for composite n.

Proof

We use induction on d. If d = 0 then f(z) = ao with p not dividing ao, so
there are no solutions of f(z) = 0, as required. For the inductive step, we now
assume that d > 1, and that all polynomials g(z) = bg_12%4 1 + ... + by with
some b; # 0 have at most d — 1 roots [z] € Zj,.

If the congruence f(z) = 0 has no solutions, there is nothing left to prove,
so suppose that [a] is a solution; thus f(a) =0, so p divides f(a). Now

d d d d
f@) - fla) =) a' =) ad' =) ailz' —a') =Y _ai(a* —a).
i=0 i=0 i=0 i=1
For each i =1,...,d we can put

g-at=(r-a)(z"  +arT 4+ 40"+ 7Y),
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so that by taking out the common factor z — a we have

f(z) - f(a) = (z - a)g(z)
for some polynomial g(z) with integer coefficients, of degree at most d —1. Now
p cannot divide all the coefficients of g(z): if it did, then since it also divides
f(a), it would have to divide all the coefficients of f(z) = f(a) + (z — a)g(z),
against our assumption. We may therefore apply the induction hypothesis to
g(z), so that at most d —1 classes [z] satisfy g(z) = 0. We now count classes [z]
satisfying f(z) = 0: if any class [z] = [b] satisfies f(b) = 0, then p divides both
f(a) and f(b), so it divides f(b) — f(a) = (b — a)g(b); since p is prime, Lemma
2.1(b) implies that p divides b — a or g(b), so either [b] = [a] or g(b) = 0. There
are at most d—1 classes [b] satisfying g(b) = 0, and hence at most 1+(d—1) =d
satisfying f(b) = 0, as required. O

Exercise 4.1

Find the roots of the polynomial f(z) = z2 + 1 in Z,, for each prime
p < 17. Make a conjecture about how many roots f(z) has in Z, for
each prime p.

A useful equivalent version of Lagrange’s Theorem is the contrapositive:

Corollary 4.2

Let f(z) = agz® + - -+ a1z + ap be a polynomial with integer coefficients, and
let p be prime. If f(z) has more than d roots in Z,, then p divides each of its
coefficients a;.

Lagrange’s Theorem tells us nothing new about polynomials f(x) of degree
d > p: there are only p classes in Z,, so it is trivial that at most d classes satisfy
f(z) = 0. The following result, useful in studying polynomials of high degree,
is known as Fermat’s Little Theorem (not to be confused with Fermat’s Last
Theorem, the subject of Chapter 11), though it was also known to Leibniz, and
the first published proof was given by Euler.

Theorem 4.3
If p is prime and a # 0 mod (p), then a?~! = 1 mod (p).

Proof

We give two proofs. Proof A is very short, relying on a little group theory
(summarised in Appendix B), while Proof B is purely number-theoretic.
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Proof A. Since p is prime, the classes [a] # [0] in Z, are closed under taking
products and inverses, so they form a group under multiplication, with identity
element [1]. (This is the group U, of units mod (p), which we will study more
closely in Chapter 6.) The only non-trivial fact to check here is the existence of
inverses: if [a] # [0] then the congruence az = 1 has a unique solution [z] # [0]
in Zy, and this class is the inverse of [a]. This group of non-zero classes has
order p—1, that is, it contains p — 1 elements. Now a theorem of Lagrange (see
Appendix B) implies that if g is any element of a group of finite order n, then
g™ is the identity element in that group. Applying this result here, we see that
each class [a] # [0] satisfies [a]P~! = [1], so that aP~! = 1.

Proof B. The integers 1,2,...,p— 1 form a complete set of non-zero residues
mod (p). If a # 0 mod (p) then za = ya implies z = y, by Corollary 3.8, so
that the integers a, 2a, ..., (p—1)a lie in distinct classes mod (p). None of these
integers is divisible by p, so they also form a complete set of non-zero residues.
It follows that a, 2a,...,(p —1)a are congruent to 1,2,...,p — 1 in some order.
(For instance, if p = 5 and a = 3 then multiplying the residues 1,2,3,4 by 3
we get 3,6,9,12, which are respectively congruent to 3,1,4,2.) The products
of these two sets of integers must therefore lie in the same class, that is,

1x2x---x(p—1)=ax2ax---x(p—1)a mod (p),

or equivalently

(p=1)!'=(p—-1)'a®! mod (p).
Since (p — 1)! is coprime to p, Corollary 3.8 allows us to divide through by
(p — 1)! and deduce that a?~! =1 mod (p). ]

Theorem 4.3 states that all the classes in Z, except [0] are roots of the
polynomial zP~! — 1. For a polynomial satisfied by all the classes in Z,, we
simply multiply by z, to get z? — x:

Corollary 4.4

If p is prime then a? = a mod (p) for every integer a.

Proof
If @ # 0 then Theorem 4.3 gives a?~! = 1, so multiplying each side by a gives
the result. If a = 0 then a? = 0 also, so the result is again true. a

These two results are very useful in dealing with large powers of integers.
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Example 4.1

Let us find the least non-negative residue of 268 mod (19). Since 19 is prime
and 2 is not divisible by 19, we can apply Theorem 4.3 with p = 19 and a = 2,
so that 2'® =1 mod (19). Now 68 = 18 x 3 + 14, so

288 — (218)3 x 214 = 13 x 21 = 21 mod (19).
Since 2% = 16 = —3 mod (19), we can write 14 = 4 x 3 + 2 and deduce that
2M = (203 x 22 =(-3)3x22=-2Tx4=-8x4=-32=6 mod (19),

so that 268 = 6 mod (19).

Example 4.2

We will show that a2 — a is divisible by 30 for every integer a. Here Corollary
4.4 is more appropriate, since it refers to all integers a, rather than just those
coprime to p. By factorising 30, we see that it is sufficient to prove that a?> —a
is divisible by each of the primes p = 2,3 and 5. Let us deal with p = 5 first.
Applying Corollary 4.4 twice, we have

a®® = (a®)® =¢® = a mod (5),
so 5 divides a®® — a for all a. Similarly a® = a mod (3), so
a® = (a®)Ba=aPa =0 = (0®*)*=a® = a mod (3),

as required. For p = 2 a direct argument easily shows that a?® — a is always
even, but we can also continue with this method and use a? = a mod (2) to
deduce (rather laboriously) that

a®® = (a2)120 = al2a — (a2)6a =abq = (a2)3a

ala = a* = (a?)?

1l

= a’=a mod (2).

Exercise 4.2

Find the least non-negative residue of 3°! mod (23).

Corollary 4.4 shows that if f(z) is any polynomial of degree d > p, then
by repeatedly replacing any occurrence of z? with = we can find a polynomial
g(z) of degree less than p with the property that f(z) = g(z) for all integers
z. In other words, when considering polynomials mod (p), it is sufficient to
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restrict attention to those of degree d < p. Similarly, the coefficients can also
be simplified by reducing them mod (p).

Example 4.3

Let us find all the roots of the congruence

f(z) = z'7 + 6214 + 225+ 1 =0 mod (5).

Here p = 5, so by replacing z° with = we can replace the leading term z!7 =

(x°)322 with 2322 = z5 and hence with z. Similarly z'4 is replaced with
z?, and z° with z, so giving the polynomial z + 6z% + 2z + 1. Reducing the
coefficients mod (5) gives z2 + 3z + 1. Thus f(x) = 0 is equivalent to the much
simpler congruence

9(z) =2 +3z+1=0 mod (5).

We will see later how to solve quadratic congruences, but here we can simply
try all five classes [z] € Zs, or else note that g(z) = (z — 1)?; either way, we
find that [z] = [1] is the only root of g(z) = 0, so this class is the only root of
f(z)=0.

As another application of Fermat’s Little Theorem, we prove a result known
as Wilson’s Theorem, though it was first proved by Lagrange in 1770:

Corollary 4.5

An integer n is prime if and only if (n — 1)! = —1 mod (n).

Proof

Suppose that n is a prime p. If p = 2 then (p —1)! = 1 = -1 mod (p), as
required, so we may assume that p is odd. Define

f@)=1-2)2-2)...0-1-2)+1-2"",

a polynomial with integer coefficients. This has degree d < p — 1, since when
the product is expanded, the two terms in f(z) involving zP~! cancel. If a =
1,2,...,p—1 then f(a) =0 mod (p): the product (1 —a)(2-a)...(p—1-a)
vanishes since it has a factor equal to 0, and 1 — a?~! = 0 by Fermat’s Little
Theorem. Thus f(z) has more than d roots mod (p), so by Corollary 4.2 its
coefficients are all divisible by p. In particular, p divides the constant term
P-1'+1,s0(p—1)!=-1.
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For the converse, suppose that (n — 1)! = —1 mod (n). We then have
(n —1)! = —1 mod (m) for any factor m of n. If m < n then m appears as
a factor of (n — 1), so (n — 1)! = 0 mod (m) and hence —1 = 0 mod (m).
This implies that m = 1, so we conclude that n has no proper factors and is
therefore prime. ]

Exercise 4.3
Prove that if p is an odd prime then the numerator of the rational number

r=1+ ! + . +- -
273 p—1
(in reduced form) is divisible by p; prove that if p > 3 then it is divisible
by p? (Wolstenholme’s Theorem).

We solved a quadratic congruence in Example 4.3, and we will deal with
this subject thoroughly in Chapter 7; here we consider a simple but important
example as an application of the theorems we have just proved.

Theorem 4.6

Let p be an odd prime. Then the quadratic congruence z%+1 = 0 mod (p) has
a solution if and only if p = 1. mod (4).

Proof

Suppose that p is an odd prime, and let k¥ = (p — 1)/2. In the product
pP-1)!=1x2%x---xkx(k+1)x---x(p—2)x(p—-1),

wehave p—1=-1,p—-2=-2,...,k+1 =p—k = —k mod (p), so by
replacing each of the k factors p — i with —i for i = 1,...,k we see that

(p—1)! = (-1)*.(k)? mod (p).

Now Wilson’s Theorem gives (p — 1)! = —1, so (—1)k(k!)?
(k1? = (=1)¥*1. If p = 1 mod (4) then k is even, so (k!)?
z = k! is a solution of z2 + 1 = 0 mod (p).

On the other hand, suppose that p = 3 mod (4), so that £ = (p—1)/2 is odd.
If = is any solution of 22 + 1 = 0 mod (p), then z is coprime to p, so Fermat’s
Little Theorem gives zP~! = 1 mod (p). Thus 1 = (z2)* = (-1)* = ~1 mod (p),
which is impossible since p is odd, so there can be no solution. a

—1 and hence
—1 and hence

Hewm
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Example 4.4

Let p =13, s0 p = 1 mod (4). Then k = 6, and 6! = 720 = 5 mod (13),s0z =5
is a solution of z2 + 1 = 0 mod (13), as is easily verified. The other solution is
-5 = 8 mod (13).

Lagrange’s Theorem implies that if p is any prime then there are at most
two classes [z] € Z,, of solutions of z2 + 1 = 0 mod (p). When p = 1 mod (4)
these are the two classes + [k!], when p = 3 mod (4) there are no solutions, and
when p = 2 there is a unique class [1] of solutions.

4.2 Pseudoprimes and Carmichael numbers

In theory, Wilson’s Theorem solves the primality-testing problem considered
in Chapter 2. However, the difficulty of computing factorials makes it a very
inefficient test, even for fairly small integers. In many cases we can do better by
using Corollary 4.4, or rather its contrapositive, which asserts that if there is
an integer a satisfying a™ # a mod (n), then n is composite. This test is much
easier to apply, since in modular arithmetic, large powers can be calculated
much more easily than factorials, as we shall soon show. This is particularly
true if a computer, or even a calculator, is available. Although we will restrict
attention to examples which are small enough to deal with by hand, it is a good
exercise to write programs to extend the techniques to much larger integers.

The method is as follows. If we are given an integer n to test for primality,
we choose an integer a and compute a™ mod (n), reducing the numbers mod (n)
whenever possible to simplify the calculations. Let us say that n passes the base
a test if a® = a mod (n), and fails the test if a™ # a mod (n); thus if n fails the
test for any a then Corollary 4.4 implies that n must be composite, whereas
if n passes the test then it might be prime or composite. For computational
simplicity, it is sensible to start with a = 2 (clearly a = 1 is useless). If we find
that 2" # 2 mod (n), then n has failed the base 2 test and must therefore be
composite, so we can stop. For instance, 26 = 64 # 2 mod (6), so 6 fails the test
and is therefore composite. The Chinese knew this test, and they conjectured
25 centuries ago that the converse was also true, that if n passes the base 2
test then n is prime. This turns out to be false, but it took until 1819 for
a counterexample to be discovered: there are composite integers n satisfying
2" = 2 mod (n), so they pass the base 2 test and yet they are not prime. We
call such integers pseudoprimes: they look as if they are prime numbers, but
they are in fact composite.
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Example 4.5

Let us apply the base 2 test to the integer n = 341. Computing 234! mod (341)
is greatly simplified by noting that 21 = 1024 = 1 mod (341), so

2341 = (210)34 2 = 2 mod (341),

and 341 has passed the test. However 341 = 11.31, so it is not a prime but a
pseudo-prime. (In fact, knowing this factorisation in advance, one could ‘cheat’
in the base 2 test to avoid large computations: since 11 and 31 are primes,
Theorem 4.3 gives 2! = 1 mod (11) and 23° = 1 mod (31), which easily imply
that 2341 — 2 is divisible by both 11 and 31, and hence by 341.) By checking
that all composite numbers n < 341 fail the base 2 test, one can show that 341
is the smallest pseudo-prime.

Exercise 4.4

Apply the base 2 test to the integers n = 511 and 509. What do you
deduce about them? (Hint: 2° = 512.)

Exercise 4.5

Show that the integer n = 161038, which has prime-power factorisation
2.73.1103, is a pseudo-prime. (It is, in fact, the smallest even pseudo-
prime.)

Fortunately, pseudo-primes are quite rare, but nevertheless, there are in-
finitely many of them.

Theorem 4.7

There are infinitely many pseudo-primes.

Proof

We will show that if n is a pseudo-prime then so is 2" — 1. Since 2" —1 > n
one can iterate this, starting with n = 341, to generate an infinite sequence of
pseudo-primes.

If n is a pseudo-prime then n is composite, so Theorem 2.13 implies that
2™ — 1 is composite. The proof of Theorem 2.13 was set as an exercise, so if
you haven’t done it, then here it is. We have n = ab, where 1 < a < n and
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1 < b < n. In the polynomial identity
™ —1=(z-1)(@™ 1 4+z™24...4+1), (4.1)
which is valid for all m > 1, we put z = 2* and m = b, giving
o —1=2%_1=(2°—1)(200"D 4 200-2 4 ... 47y,

Since 1 < 2% — 1 < 2™ — 1, this shows that 2™ — 1 is composite.

Now we need to prove that 22" ~! = 2 mod (2" — 1). Since n is a pseudo-
prime we have 2" = 2 mod (n), so 2" = nk +2 for some integer k > 1. If we put
z=2" and m = k in (4.1), we see that 2" — 1 divides (2")* — 1; thus 2"% = 1
mod (2" — 1), so 22"~ = 27k+1 = 27k 2 = 2 mod (2™ — 1), as required. ]

Exercise 4.6

Show that the Mersenne numbers M, = 2P —1 (p prime) and the Fermat
numbers F,, = 22" +1 (n > 0) all pass the base 2 test.

Let us return to our primality-testing method. If n fails the base 2 test then
we can stop, knowing that n is composite; however, if n passes then it could
be prime or pseudo-prime, and we do not know which. We therefore repeat the
test with a different value of a. As with a = 2, failing the test shows that n is
composite, whereas passing tells us nothing. In general, we test n repeatedly,
each time using a different value of a. Note that if n has passed the tests for
bases a and b (possibly equal), so that a® = a and b" = b mod (n), then
(ab)® = a™d™ = ab mod (n), so n must also pass the base ab test; there is
therefore no point in applying this test, and it is sensible to restrict the values
of a to successive prime numbers. We call n a pseudo-prime to the base a if n
is composite and satisfies a™ = a mod (n); thus a pseudo-prime to the base 2
is just a pseudo-prime, as defined earlier.

Example 4.6

Let us take n = 341 again. This passed the base 2 test, so let us try base 3 next.
We will compute 334! mod(341) by first computing it mod (11) and mod (31).
Since 3% = 243 = 1 mod (11) and 341 = 1 mod (5), we have 334! = 3 mod (11).
Theorem 4.3 gives 33° = 1 mod (31), and since 341 = 11 mod (30), we therefore
have 334! = 3! mod (31); now 3° = —5 mod (31), s0 334! =3.(-5)2 =75 # 3
mod (31). Thus 334! # 3 mod (341), so 341 fails the base 3 test.

Exercise 4.7

Does 341 pass the base 5 or base 7 tests?
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In our implementations of base a tests, we have so far avoided the prob-
lem of computing a”™ mod (n) directly, either by using our knowledge of some
smaller power of a (such as 2!° = 1 mod (341) in Example 4.5), or by using
a factorisation of n to replace the modulus n with smaller moduli (such as 11
and 31 in Example 4.6). In general, neither of these short-cuts may be available
to us, so how can we calculate a™ mod (n) efficiently when n is large? Simply
calculating a,a?,a3,...,a™ mod (n) in turn will be very time-consuming, and
a much better method is to use repeated squaring and multiplying, a technique
which is also effective for computing n-th powers of other objects such as inte-
gers or matrices. The basic idea is that if n = 2m is even then z” = (z™)?, and
if n = 2m + 1 is odd then z™ = (z™)2z, so repeated use of this rule reduces
the computation of n-th powers to a fairly small number of application of the
functions

fi:Zy,—Z,, =z z° and g:Zy — 2y, x> zla,

both of which are easy to evaluate.

Example 4.7

Let n = 91. This is odd, so a®! = (a%®)%a = g(a%®). Similarly, 45 is odd, so
a® = g(a??), giving a®! = g(g(a??)) = (g o g)(a??). Since 22 is even, we have
a?? = (a'')? = f(a'), so a® = g(9(f(a'))) = (g0 g o f)(a''). You should
check that by continuing we eventually reach

a®' =(gogofogogofog)(l), (4.2)

which can be evaluated by starting with 1, and applying f twice and g five
times, in the appropriate order. Since f involves one multiplication, and g
involves two, the total number of multiplications required is 12, which is sig-
nificantly less than the 90 required if we successively evaluate a,a2,a3,...,a%.
(In fact, by halting the iteration a step earlier, with a®! = (gogo fogogo f)(a),
one can reduce the number of multiplications to 10.) Since each multiplication
is performed in Zg;, the numbers involved never become excessively large: if
we use least absolute moduli then we cannot meet any number larger than
452 = 2025.

Exercise 4.8

Use this method to apply the base 2 test to 91. What does the test tell
you about 917
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Given any integer n, we can easily construct the appropriate sequence of
applications of f and g from the binary representation of n: this is a finite
sequence of symbols 0 and 1, which we read from left to right, applying f or g
whenever we meet 0 or 1 respectively. For instance,

91 =1.254+0.2%+1.2¢ +1.2% + 0.22 + 1.2! +1.2° = 1011011

in binary notation, so starting with the integer 1, we apply the functions
9,f,9,9,f,9,9 in that order; since we are writing functions on the left, we
write this sequence in reverse to obtain (4.2). This argument implies that, for
any n, the number of multiplications required to compute a™ is at most twice
the number of digits in the binary expansion of n, that is, at most 2(1 + |lgn]).

Exercise 4.9

Write the integer 133 in binary notation, and use this to apply the base
2 test to it; what do you deduce from this?

Returning to primality testing, if we eventually find a base a test which
n fails, then we have proved that n is composite. If, on the other hand, n
continues to pass successive tests, then we have proved nothing definite about
n; however, it can be shown that the probability of n being prime rapidly
approaches 1 as it passes more and more independent tests, so after a sufficient
number of tests we can assert that n has a very high probability of being
prime. While this is not definite enough for a rigorous proof of primality, for
many practical purposes (such as cryptography) a high level of probability is
quite adequate: the chance of n being composite, after passing sufficiently many
tests, is significantly smaller than the chance of a machine or human error in
computing with n. This is a typical example of a probabilistic algorithm, where
we accept a slight degree of uncertainty about the outcome in order to obtain
an answer in a reasonable amount of time. By contrast, the primality test
based on Wilson's Theorem gives absolute certainty (if we can ensure accurate
computation), at the cost of unreasonable computing time.

It is tempting to conjecture that if n is composite, then it will fail the base
a test for some a, so the above algorithm will eventually detect this (possibly
after a very large number of tests have been passed). Unfortunately, this is not
the case: there are composite integers n which pass the base a test for every
a, so they cannot be detected by this algorithm. These are the Carmichael
numbers, composite integers n with the property that ™ = a mod (n) for all
integers a, so they satisfy the conclusion of Corollary 4.4 without being prime.

The smallest example of a Carmichael number is n = 561 = 3.11.17. This is
clearly composite, so to show that it is a Carmichael number we need to show
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that a®®! = a mod (561) for all integers a, and to do this it is sufficient to
show that the congruence a%6! = a is satisfied modulo 3,11 and 17 for all a.
Consider a%6! = a mod (17) first. This is obvious if a = 0 mod (17), so assume
that a 0 mod (17). Since 17 is prime, Theorem 4.3 gives a'® = 1 mod (17);
since 561 = 1 mod (16), we therefore have a%! = a! = a mod (17). Similar
calculations show that a%¢! = a mod (3) and a%6! = a mod (11), so a%¢! = a
mod (561) as required. As with pseudo-primes, showing that this is the smallest
Carmichael number depends on the tedious but routine task of verifying that
every smaller composite number fails the base a test for some a.

Exercise 4.10

Show that a%! = a mod (3) and a®®! = a mod (11) for all integers a.
Carmichael numbers occur much less frequently than primes, and they are
quite difficult to construct. In 1912, Carmichael conjectured that there are
infinitely many of them, and this was proved in 1992 by Alford, Granville and

Pomerance. The proof is difficult, but a crucial step is the following elementary
and useful result:

Lemma 4.8

If n is square-free (a product of distinct primes) and if p — 1 divides n — 1 for
each prime p dividing n, then n is either a prime or a Carmichael number.

Exercise 4.11

Prove Lemma 4.8.

In fact, the converse of Lemma 4.8 is also true, but we will postpone the
proof of this until Theorem 6.15, since it needs ideas we have not yet considered.

Example 4.8

The number n = 561 = 3.11.17 is square-free and composite; since n — 1 = 560
is divisible by p—1 = 2,10 and 16, Lemma 4.8 implies that 561 is a Carmichael
number.

Exercise 4.12

Show that 1729 and 2821 are Carmichael numbers.
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Exercise 4.13

Find a Carmichael number of the form 7.23.p, where p is prime.

4.3 Solving congruences mod (p°®)

Suppose that p is prime and e > 1. If z is a solution of a congruence f(r) =0
mod (p°), then z satisfies f(z) = 0 mod (p), so one way of finding all solutions
of f(z) = 0 mod (p°) is first to solve the simpler congruence f(z) = 0 mod (p),
and then to see which solutions of this are also solutions of the more restrictive
congruence f(z) = 0 mod (p®). In many cases an effective strategy is to increase
the exponent of p one step at a time, solving f(z) = 0 mod (p), then f(z) =0
mod (p?), and so on until we reach the modulus p®. Before considering the
general theory, we will first study some simple examples.

Example 4.9

To solve the congruence
2z = 3 mod (5°%),

we take p = 5 and f(z) = 2z — 3. By inspection, the only solution of 2z = 3
mod (5) is z = 4 mod (5). Any solution of 2z = 3 mod (52) must satisfy
2z = 3 mod (5), and must therefore have the form z = 4 + 5k; mod (52) for
some integer k. Then 3 = 2z = 8 + 10k; mod (52), so 10k; = —5 mod (52)
and hence 2k; = —1 mod (5). This has solution k; = 2 mod (5), so we obtain
z = 4 + 5k; = 14 mod (52) as the general solution of 2z = 3 mod (52). We
can now repeat this process to solve 2z = 3 mod (52). Putting x = 14 + 5%k,
mod (5%) we see that 28 + 50k, = 3 mod (53), so 50k; = —25 mod (5%) and
hence 2k; = —1 mod (5), with solution k2 = 2 mod (5); thus z = 14+5%k, = 64
mod (53) is the general solution of 2z = 3 mod (5%).

We can iterate this as often as we like, a typical step being as follows.
Suppose that, for some i, the general solution of 2z = 3 mod (5°) is = = ;
mod (5') for some z;, so 2z; — 3 = 5'q; for some integer ¢;. (We took z; = 4
and q; = 1 in the above calculation, for instance.) We put z = z; + 5%;
mod (5**1) for some unknown integer k;, so 3 = 2z = 2z; + 2.5%; mod (5:+1),
or equivalently 2k; = —¢; mod (5), with solution k; = 2¢; mod (5). Thus
T = Tiy1 = T; +2.5'¢; mod (5**1) is the general solution of 2z = 3 mod (5:*1).

Exercise 4.14
Show that k; = 2 mod (5) for all ¢ in Example 4.9.
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We could have solved the congruence in Example 4.9 more directly by writ-
ing it as 2z = 3 + 5° mod (5¢); since 3 + 5¢ is even, and 2 is coprime to 5¢,
we get the general solution z = (3 + 5%)/2 mod (5¢). Instead, we used the
longer iterative method to give a simple illustration of how this method works.
In the next example, where the congruence is non-linear, no such short-cut is
available.

Example 4.10

Let us solve

f(z) =2% - 22+ 42+ 1 =0 mod (5°)
for e = 1,2 and 3. By inspection, the only solutions of f(z) = 0 mod (5) are
z = %1 mod (5). Let us take z; = —1 as our starting point, so f(z;) = 5¢;

with g1 = —1. To find a corresponding solution of f(z) = 0 mod (52), we put
Ty = x1 + 5k; = —1 + 5k; mod (52). Then

(z1 + 5’61)3 - (21 + 5k1)2 + 4(2:1 +5k1) +1
(23 — 22 + 4z + 1) 4 (322 - 22, + 4)5k,
5¢; +9.5k; mod (5%),

f(z2)

where we have used the Binomial Theorem to expand each power of x; + 5k;;
we have included only the first two terms in each binomial expansion, since any
subsequent terms are multiples of 52 and hence congruent to 0. Thus f(z2) =0
mod (52) if and only if ¢; +9k; = 0 mod (5); since q; = —1, this is equivalent to
ki1 = —1 mod (5), so £ = z3 = z; + 5k; = —6 mod (52) is the unique solution
of f(z) =0 mod (52) satisfying z = —1 mod (5).

Repeating this process, we have f(z3) = —275 = 52q, where ¢z = —11. If
we put T3 = x5 + 52ky = —6 + 5%k, mod (5%) then

f(z3) (z2 + 5%k2)° — (22 + 5%k2)? + 4(z2 + 5%k2) + 1

(z3 — 22 + 4z + 1) + (322 — 2x5 + 4)5%k,
= 5% +124.5%; mod (5%,

1l

so we require gz + 124k2 = 0 mod (5), that is, k2 = —1 mod (5). This gives
T = 23 = 72+5%k2 = —31 mod (5%) as the unique solution of f(z) = 0 mod (53)
satisfying £ = —1 mod (5).

Notice that in both steps of this iteration, the expression in the second line
of the displayed congruences has the form f(z;) + f'(x;).5%:;, where i = 1,2
and f'(z) = 3z% — 2z + 4 is the derivative of f(x). The same thing happens in
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Example 4.9, where f(z) = 2z — 3 has derivative f'(z) = 2, and we can write
the i-th step of the iteration as

flz:) + f’(:l:i).Siki =(2z; - 3) + 2-5iki =0 mod (51+1) ‘

In each example, we divide through by 5° (which divides f(z;)) to obtain a
linear congruence for k; mod (5), in which the coefficient of k; is f'(z;). We
can solve this (uniquely) provided f/(z;) # 0 mod (5). To see what can happen
when this condition fails, let us return to Example 4.10, but now taking the
solution z; = 1 of f(z) = 0 mod (5) as our starting point. We now have
f(z1) = 5, with q; = 1. Putting 2 = z; + 5k; = 1 + 5k; mod (5%) we find
that
f(z2) = f(z1) + f'(z1).5k1 = 5q1 + 5°k1 mod (5%),

so we need to solve 5k; = —q; = —1 mod (5), which is impossible. Thus the
solution 2 = 1 mod (5) does not give rise to any solution of f(z) =0 mod (5?),
and consequently for each e > 2 there is no solution of f(z) =0 mod (5¢) such
that = 1 mod (5). This difficulty arises because f'(z) = 32> —2r + 4 has a
root in Zs at £ = 1 mod (5). To summarise, we have shown that the roots of
f(z) = 0 mod (5¢) are z = +1 for e = 1, whereas for e = 2 and 3 the only
roots are £ = —6 and r = —31 respectively.

We now consider the general situation. Let f(z) = 3_; a; 2/ bea polynomial
with integer coefficients, and let the congruence f(z) = 0 mod (p') have a
solution z = z; mod (p*). If z;1; = z; + p*k; then the Binomial Theorem gives

f(xip1) = Z aj(zi + p'ki)’

J
= Y a2l +) jajel 'k
J J
= f(z:) + f'(z:)p'k;i mod (p*),

where we ignore multiples of pit!. Putting f(z;) = p'¢q; and dividing through
by p, we see that f(z;41) = 0 mod (p'*!) if and only if

g + f'(zi)ki = 0 mod (p) - (4.3)
There are now three possibilities:

(a) if f'(z:) # 0 mod (p), then (4.3) has a unique solution k; mod (p), so z;
gives rise to a unique solution z;41 € Zy+1 of f(z) =0 mod (p*t?);

(b) if f'(x;) = 0 # ¢; mod (p), then (4.3) has no solution k;, and z; gives no
solution x;11 € Zyi+1;

(c) if f'(z;) = 0 = ¢; mod (p), then every k; € Z, satisfies (4.3), so z; gives
rise to p solutions x4y € Zpi+1.
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This principle is part of a much more general result known as Hensel’s
Lemma. Cases (a) and (b) are illustrated by Example 4.10 (with z; = —1 and
1 respectively), and the following exercise illustrates case (c):

Exercise 4.15
Find the solutions of f(z) = z3 + 422 + 19z + 1 = 0 mod (52).

Exercise 4.16
Solve f(z) =23 —z — 1 = 0 mod (5°) for e = 1,2 and 3.

There is a close analogy with Newton’s method in Calculus, where a solution
z € R of an equation f(z) = 0 is found as the limit of a convergent sequence
of approximations z; given by the recurrence relation

_ f(=zi)

fi(zi)
In our case, we have ;4 = z; + p'k;, where ¢; + f'(z;)k; = 0 mod (p) and
f(z;) = p'q;, so writing k; = —g;/f'(z;) and substituting for k; we get the same
recurrence relation (though the arithmetic used is modular, rather than real).
In Newton’s method, convergence means that terms z; and z; become close
together, in the sense that |z; — z;| — 0 as 4,5 — oo; in our case, however,
we regard z; and z; as close (in modular arithmetic) if z; = z; mod (p®)
where e is large. Just as the real numbers can be constructed as the limits
of convergent sequences of rational numbers, this new concept of convergence
gives rise to a new number system, namely the field Q, of p-adic numbers
(one field for each prime p). The importance of this number system is that it
allows algebraic, analytic and topological methods to be applied to the study
of congruences mod (p?). For the details, which are beyond the scope of this
book, see Ebbinghaus et al. (1991) and Serre (1973).

We will use this method again in Chapter 7, when we consider congruences
of the form 2 —a = 0.

Ti+1 = T4
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4.4 Supplementary exercises

Exercise 4.17

A function f from Z, to Z, is a polynomial function if there is a poly-
nomial g(z), with integer coefficients, such that f(z) = g(z) in Z, for
all z € Z,. Two distinct polynomials can define the same function on
Z,: for instance, the polynomials x and z?, by Corollary 4.4. Show that
there are exactly p? polynomial functions Z, — Z,, and deduce that
every function Z, — Z, is a polynomial function.

Exercise 4.18

Show that if p and ¢ are primes, then the cyclotomic polynomial &,(z) =
1+z+---+29 ! has ¢—1 roots in Z, if p = 1 mod (g), has one if p = g,
and has none otherwise.

Exercise 4.19
Find all the roots of z!8 + 4z + 3z + 10 = 0 mod (21).

Exercise 4.20

Prove that if p is prime then (p — 1)! = —1 mod (p) (as in Wilson’s
Theorem, Corollary 4.5) by pairing off non-zero classes a,b € Z, such
that ab =1 in Z,.

Exercise 4.21
Show that if p > 5, then p is prime if and only if 6(p — 4)! = 1 mod (p).

Exercise 4.22
Show that 10585 is a Carmichael number.

Exercise 4.23

Find two Carmichael numbers of the form 13.61.p, where p is prime.
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Euler’s Function

One of the most important functions in number theory is Euler’s function ¢(n),
which gives the number of congruence classes [a] € Z,, which have an inverse
under multiplication. We shall see how to evaluate this function, study its
basic properties, and see how it can be applied to various problems such as the
calculation of large powers and the encoding of secret messages.

5.1 Units

Many of the results in Chapter 4 depended on the simple but important fact
that if p is prime, and ab = 0 mod (p), then @ = 0 or b = 0 mod (p). This makes
the arithmetic of Z, similar to that of Z, in which the equation ab = 0 implies
that @ = 0 or b = 0. Unfortunately, this property fails when the modulus is
composite: if n = ab with 1 <a <n and 1 < b < n, then ab =0 mod (n) but
a,b # 0 mod (n). Because of technical problems like this, we have to work a
little harder to extend results from prime to composite moduli.

As an example, an important result in Chapter 4 was Fermat’s Little The-
orem, that if p is prime then a?~! = 1 mod (p) for all integers a % 0 mod (p).
We would like a similar result for composite moduli, but if we simply replace
p with a composite integer n, then the resulting congruence a®~! = 1 mod (n)
is not generally true: if ged(a,n) = d > 1 then any positive power of a is di-
visible by d, so it cannot be congruent to 1 mod (n). This suggests that we
should restrict attention to those integers a coprime to n, but even then the

83
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congruence can fail: if n = 4 and a = 3 then @™ ! = 27 # 1 mod (4), for
example. We need a different exponent e(n) such that a*™ = 1 mod (n) for
all a coprime to n. The simplest function with this property turns out to be
Euler’s function ¢(n), the main subject of this chapter, and one of the most
important functions in number theory. In order to define this function, we first
need to consider division in Z,,.

We saw in Chapter 3 how to do arithmetic with congruence classes: Z,, has
addition, subtraction and multiplication, but if n is composite then division by
non-zero classes is not always possible. (Algebraists would say here that Z,, is
a ring, but not a field.) In Z4, for instance, the class [1]/[2] cannot be defined,
since no class [b] satisfies [2][b] = [1]. The following definition picks out those
classes [a] € Z,, for which there is a class [1]/[a].

Definition

A multiplicative inverse for a class [a] € Z, is a class [b] € Z, such that
[a][b] = [1]. A class [a] € Z, is a unit if it has a multiplicative inverse in Z,.
(In this case, we sometimes say that the integer a is a unit mod (n), meaning
that ab = 1 mod (n) for some integer b.)

Lemma 5.1

[a] is a unit in Z,, if and only if ged(a,n) = 1.

Proof

If [a] is a unit then ab = 1+ gn for some integers b and ¢; any common factor of
a and n would therefore divide 1, so ged(a,n) = 1. Conversely, if ged(a,n) =1
then 1 = au + nv for some u and v by Theorem 1.7, so [u] is a multiplicative
inverse of [a]. u}

Example 5.1

The units in Zg are [1], [3], [5] and [7]: in fact [1][1] = [3](3] = [5](5] = [7][7] = 1],
so each of these units is its own multiplicative inverse. In Zg, the units are
(1], 2], (4], [5],[7] and [8]: for instance [2][5] = (1], so [2] and [5] are inverses of
each other.

Exercise 5.1

List the units in Z;2 and in Z;5; in each case, find the inverse of each
unit.
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We let Uy, denote the set of units in Z,,. Thus Ug = {[1], (3], [5], [7]} and Uy =
{(1],12], 4], [5],[7], [8]}- The next result allows us to study units algebraically.

Theorem 5.2

For each integer n > 1, the set U, forms a group under multiplcation mod (n),
with identity element [1].

Proof

We have to show that U, satisfies the group axioms (listed in Appendix B),
namely closure, associativity, existence of an identity and of inverses. To prove
closure, we have to show that the product [a][b] = [ab] of two units [a] and [b]
is also a unit. If [a] and [b] are units, they have inverses [u] and [v] such that
la][u] = [au] = (1] and [b][v] = [bv] = [1]; then [ab][uv] = [abuv] = [aubv] =
[au][bv] = [1]2 = [1], so [ab] has inverse [uv], and is therefore a unit. This
proves closure. Associativity asserts that [a]([b][c]) = ([a][b])[c] for all units
[a], [b] and [c]; the left- and right-hand sides are the classes [a(bc)] and [(ab)c],
so this follows from the associativity property a(bc) = (ab)c in Z. The identity
element of U, is [1], since [a][1] = [a] = [1][a] for all [a] € U,. Finally, if [a] € U,
then by definition there exists [u] € Z, such that [a][u] = [1]; now [u] € U,
(because the class [a] satisfies [u][a] = [1]), so [u] is the inverse of [a] in U,,. O

Exercise 5.2

Show that the group U, is abelian.

5.2 Euler’s function

Definition

We define ¢(n) = |Uy|, the number of units in Z,,; by Lemma 5.1 this is the
number of integers a = 1,2,...,n such that gcd(a,n) = 1. This function ¢ is
called Euler’s function. For small n, its values are as follows:

n = 1,2,3,4,5,6,7,8,9,10,11,12,...
¢(n) = 1,1,2,2,4,2,6,4,6, 4, 10, 4,...

We define a subset R of Z to be a reduced set of residues mod (n) if
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it contains one element from each of the ¢(n) congruence classes in U,. For
instance, {1,3,5,7} and {£1,+3} are both reduced sets of residues mod (8).

Exercise 5.3

Show that if R is a reduced set of residues mod (n), and if an integer a
is a unit mod (n), then the set aR = {ar | r € R} is also a reduced set
of residues mod (n).

In 1760, Euler proved the following generalisation of Fermat’s Little Theo-
rem, often called Euler’s Theorem:

Theorem 5.3

If ged(a,n) = 1 then a®™ =1 mod (n).

Proof

Both Proof A and Proof B of Theorem 4.3 can easily be adapted to this
situation; we will merely outline the arguments, and leave the details as an
exercise. In Proof A we use the fact that U, is a group under multiplica-
tion (Theorem 5.2). Since this group has order ¢(n), Lagrange’s Theorem
(see Appendix B) implies that [a]*™ = [1] for all [a] € U,. In Proof B,
we replace the integers 1,2,...,p — 1 of Theorem 4.3 with a reduced set
R = {ry.73,...,7¢n)} of residues mod (n); if gcd(a,n) = 1 then aR is also
a reduced set of residues mod (n) (see Exercise 5.3), so the product of all the
elements of aR must be congruent to the product of all the elements of R. This

gives a®™riry .. T4m) = TiT2...Tyn), and since the factors r; are all units
they can be cancelled to give a®(™) = 1. O
Example 5.2

Fermat’s Little Theorem is a special case of this result: if n is a prime p, then
by Lemma 5.1 the units in Z, are the classes [1],(2],...,[p—1], 50 ¢(p) =p—1
and hence a?~! = 1 mod (p).

Example 5.3

If we take n = 12 then Uyp = {£[1], £[5]}, and ¢(12) = 4; we have (£1)* =1
and (£5)* = 625 = 1 mod (12), so a* = 1 mod (12) for each a coprime to 12.
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Exercise 5.4

Find ¢(14), and verify that a®(*¥) = 1 mod (14) for each a coprime to
14.

We aim now to find a general formula for ¢(n). We have just seen that
¢(p) = p—1 for all primes p, and a simple extension of this deals with the case
where n is a prime-power:

Lemma 5.4

If n = p® where p is prime, then

¢(n)=p*—p* P =pp-1)= n(l - %) .

Proof

#(p®) is the number of integers in {1,...,p®} which are coprime to p¢, that is,
not divisible by p; this set has p® members, of which p¢/p = p®~! are multiples

of p, so ¢(p®) =p* —p*~ L =p*~(p-1). o

One can interpret this result in terms of probabilities. An integer a is a unit
mod (p¢) if and only if it is not divisible by p. If we choose a randomly, then
it will be divisible by p with probability 1/p, and hence it will be coprime to
p® with probability 1 —1/p. Thus the proportion ¢(n)/n of classes in Z,, which
are units must be 1 — 1/p, so ¢(n) = n(1 — 1/p) for n = p°.

We need a result which combines the information given in Lemma 5.4 for
different prime-powers, to give a statement about ¢(n) valid for all natural
numbers n. Theorem 5.6 will do this, but to prove it we first need the following
technical result about complete sets of residues (introduced in Chapter 3):

Lemma 5.5

If A is a complete set of residues mod (n), and if m and c are integers with m
coprime to n, then the set Am +c = {am +c| a € A} is also a complete set of
residues mod (n).

Proof

If am + ¢ = a’'m + ¢ mod (n), where a,a’ € A, then by subtracting ¢ and then
cancelling the unit m, we see that @ = a’ mod (n), and hence a = a’. Thus the
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n elements am + ¢ (a € A) all lie in different congruence classes, so they form
a complete set of residues mod (n). o

Theorem 5.6

If m and n are coprime, then ¢(mn) = ¢(m)g(n).

Proof
We may assume that m,n > 1, for otherwise the result is trivial since ¢(1) = 1.
Let us arrange the mn integers 1,2,...,mn into an array with n rows and m

columns, as follows:

1 2 3 .o m
m+1 m+ 2 m+3 ... 2m
n-1ym+1 (n-1)m+2 (n-1)m+3 ... nm

These integers ¢ form a complete set of residues mod (mn), so #(mn) is the num-
ber of them coprime to mn, or equivalently satisfying ged (i, m) = ged(i,n) = 1.
The integers in a given column are all congruent mod (m), and the m columns
correspond to the m congruence classes mod (m); thus exactly ¢(m) of the
columns consist of integers i coprime to m, and the other columns consist of
integers with ged(¢,m) > 1. Now each column of integers coprime to m has
the form ¢,m + ¢,2m +¢,...,(n — 1)m + ¢ for some ¢; by Lemma 5.5 this is
a complete set of residues mod (n), since A = {0,1,2,...,n — 1} is and since
ged(m,n) = 1. Such a column therefore contains ¢(n) integers coprime to n, so
these ¢(m) columns yield ¢(m)¢(n) integers i coprime to both m and n. Thus
¢(mn) = ¢(m)p(n), as required. m

Example 5.4

The integers m = 3 and n = 4 are coprime, with ¢(3) = ¢(4) = 2; here mn = 12
and ¢(12) = 2.2 =4.

Exercise 5.5

Form the array in the above proof with m = 5 and n = 4; by finding the
entries coprime to 20, verify that ¢(20) = ¢(5)¢(4).

The result in Theorem 5.6 fails if gcd(m,n) > 1: for instance 22 = 4, but

$(2)* # ¢(4)-
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Corollary 5.7

If n has prime-power factorisation n = p$! ...p:* then
1 k

k k k
o =5 -~ = [T e -0 =] (1- ).
i=1 i=1 *

i=1

Proof

We prove the first expression by induction on k (the other expressions follow
easily). Lemma 5.4 deals with the case k = 1, so assume that k > 1 and that
the result is true for all integers divisible by fewer than k primes. We have
n=p'...p) P, where pf'...p;*7' and p}* are coprime, so Theorem 5.6
gives

¢(n) = d(p7' ... P )S(BF) -
The induction hypothesis gives

k-1
o7 - pit) = [T (ot - 287,
i=1

and Lemma 5.4 gives
$(ri*) = (b —p2*7"),
so by combining these two results we get
k
¢(n) =15 - p5 ).
i=1

0

We can write this result more concisely as ¢(n) = n[]
len denotes the product over all primes p dividing n.

pin(l — %), where

Example 5.5

The primes dividing 60 are 2,3 and 5, so
1 1 1 124
#(60) = 60(1 - 5) (1 - §) (1 . g) = 60.5.%.= = 16.

We can confirm this by writing down the integers ¢ = 1,2,...,60, and then
deleting those with ged(4,60) > 1. Initially there are 60 terms; deleting the
multiples of 2 removes half of them, then deleting the multiples of 3 removes a
third of the remaining terms, and finally deleting the multiples of 5 removes a
fifth of those left. The remaining 16 terms, namely 1, 7, 11, 13, 17, 19, 23, 29,
31, 37, 41, 43, 47, 49, 53, 59, form a reduced set of residues mod (60).
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Exercise 5.6

Calculate ¢(42), and confirm it by finding a reduced set of residues
mod (42).

Exercise 5.7

For which values of n is ¢(n) odd? Show that there are integers n with
¢(n) = 2,4,6,8,10 and 12, but not 14.

Exercise 5.8
Show that for each integer m, there are only finitely many integers n

such that ¢(n) = m.

Exercise 5.9

Find the smallest integer n such that ¢(n)/n < 1/4.

Exercise 5.10

The Inclusion-Exclusion Principle states that if A,,...,A,, are finite
sets, then
A U Udm] = Y14 =YJAin 451+ Y JAin 450 A

i i<j i<j<k

—---+(—1)’"+1!Aln---nAm|,

where ). <j denotes summation over all pairs 7,57 with ¢ < j, a_nd
similarly for ), <j<k €tc. Use this to find an alternative proof that
¢(n) = n[],.(1 —1/p), by considering the multiples of p in Z, for
each prime p|n.

The final expression for ¢(n) in Corollary 5.7 has a probabilistic interpreta-

tion similar to that for Lemma 5.4. An integer a is a unit mod (n) if and only if
it is coprime to each of the primes p; dividing n. If we choose a randomly, then
a is coprime to p; with probability 1 — 1/p;. For distinct primes p; these events
are independent, so we multiply their probabilities, giving [](1 — 1/p;) for the
probability that a is coprime to n. This must equal the proportion ¢(n)/n of
congruence classes [a] which are units in Z,, so ¢(n)/n =[[(1-1/p;). If n > 1
then 0 < ¢(n)/n < 1; the next exercise shows that one can choose n so that
this probability is arbitrarily close to 1.
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Exercise 5.11
Show that if € > 0, then there exists an integer n > 1 such that ¢(n)/n >

1—e.

Exercise 9.3 will show that, with a different choice of n, the probability
@(n)/n can also be made arbitrarily close to 0.
The following result will prove very useful in later chapters.

Theorem 5.8

If n > 1 then

> é(d)=n.

din

(Here, as always, ) djn denotes the sum over all positive divisors d of n.)

Proof

Let S = {1,2,...,n}, and for each d dividing n let Sg = {a € S | ged(a,n) =
n/d}. These sets Sy partition S into disjoint subsets, since if @ € S then
ged(a,n) = n/d for some unique divisor d of n. Thus 3, |S4| = |S| = n,
so it is sufficient to prove that |Sg| = ¢(d) for each d. Now

a€Sy &< a€Z with 1<a<n and ged(a,n)=n/d.
If we define a’ = ad/n for each integer a, then a’ is an integer since n/d =
ged(a,n) divides a. Dividing on the right-hand side by n/d, we can therefore

rewrite the above condition as

a€8Sy < a=-.a" where d’ €Z with 1<a’'<d and gcd(a’,d) =1.

als

Thus |S(d)| is the number of integers a’, between 1 and d inclusive, which are
coprime to d; this is the definition of ¢(d), so |S(d)| = ¢(d) as required. O

Example 5.6

If n = 10, then the divisors are d = 1,2, 5 and 10. We find that S; = {10}, S, =
{5},Ss = {2,4,6,8} and Syp = {1,3,7,9}, containing ¢(d) = 1,1,4 and 4
elements respectively. These four sets form a partition of S = {1,2,...,10}, so

6(1) + ¢(2) + ¢(5) + ¢(10) = 10.
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Exercise 5.12

Verify the equation Zdln #(d) = n in the case n = 12, and find the
corresponding sets Sg.

Exercise 5.13

What form does the equation }_, ., ¢(d) = n take if n is a prime-power
p°?

5.3 Applications of Euler’s function

Having seen how to calculate Euler’s function ¢(n), we now look for some
applications of it. We saw in Chapter 4 how to use Fermat’s Little Theorem
aP~! = 1 to simplify congruences mod (p), where p is prime, and we can now
make similar use of Euler’s Theorem a®(™ = 1 to simplify congruences mod (n)
when n is composite.

Example 5.7

Let us find the last two decimal digits of 3492, This is equivalent to finding
the least non-negative residue of 3492 mod (100). Now 3 is coprime to 100, so
Theorem 5.3 (with a = 3 and n = 100) gives 3%(:%®) = 1 mod (100). The primes
dividing 100 are 2 and 5, so Corollary 5.7 gives ¢(100) = 100.(1/2).(4/5) = 40,
and hence we have 3% = 1 mod (100). Since 1492 = 12 mod (40), it follows
that 31492 = 312 mod (100). Now 3* = 81 = —19 mod (100), so 38 = (-19)? =
361 = —39 and hence 3!?2 = —19. — 39 = 741 = 41. The last two digits are
therefore 41.

Exercise 5.14

Show that if a positive integer a is coprime to 10, then the last three
decimal digits of a2%°! are the same as those of a.

We close this chapter with some applications of number theory to cryp-
tography. Secret codes have been used since ancient times to send messages
securely, for instance in times of war or diplomatic tension. Nowadays sensitive
information of a medical or financial nature is often stored in computers, and
it is important to keep it secret.
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Many codes are based on number theory. A simple one is to replace each
letter of the alphabet with its successor. Mathematically, we can do this by
representing the letters as integers, say A =0, B =1,..., Z = 25, and then
adding 1 to each. In order to encode Z as A, we must add mod (26), so that
25 + 1 = 0. Similar codes are obtained by adding some fixed integer k (known
as the key), rather than 1: Julius Caesar used the key k = 3. To decode, we
simply apply the reverse transformation, subtracting k¥ mod (26).

These codes are easy to break. We could either try all possible values of
k in turn until we get a comprehensible message, or we could compare the
most frequent letter in the message with the known most frequent letters in
the original language (E, and then T, in English), to find k.

Exercise 5.15

Which mathematician is encoded in the above way as LBSLY, and what
is the value of k?

A slightly more secure class of codes uses affine transformations of the form
z — az + b mod (26), for various integers a and b. To decode successfully, we
need to be able to recover the value of z uniquely from az + b; this is possible
if and only if a is a unit mod (26), so by counting the pairs a,b we see that
there are ¢(26).26 = 12.26 = 312 such codes. Breaking such a code by trying
all the possibilities for a and b would be tedious by hand (though simple with
a computer), but again frequency searches can make the task much easier.

Exercise 5.16

If the encoding transformation is  — 7z + 3 mod (26), encode GAUSS
and decode MFSJDG.

We can do rather better with codes based on Fermat’s Little Theorem.
The idea is as follows. We choose a large prime p, and an integer e coprime
to p — 1. For encoding, we use the transformation Z, — Z, given by z — z°
mod (p). (We saw in Chapter 4 how to calculate large powers efficiently in Z,.)
If 0 < z < p then x will be coprime to p, so zP~! = 1 mod (p). To decode,
we first find the multiplicative inverse f of e mod (p — 1), that is, we solve the
congruence ef =1 mod (p — 1), using the method described in Chapter 3; this
is possible since e is a unit mod (p—1). Then ef = (p—1)k +1 for some integer
k, so (z¢)f = z(P-Dk+l = (zP-1)k 3 = 7 mod (p). Thus we can determine z
from z¢, simply by raising it to the f-th power, so the message can be decoded
efficiently.
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Example 5.8

Suppose that p = 29 (unrealistically small, but useful for a simple illustration).
We must choose e coprime to p — 1 = 28, and then find f such that ef =1
mod (28). If we take e = 5, for example, so that encoding is given by x + x5
mod (29), then f = 17 and decoding is given by x — z!7 mod (29). Note that
(%)Y = 2% = (228)3.2 = 2 mod (29) since 2% = 1 mod (29) for all z coprime
to 29, so decoding is the inverse of encoding.

Exercise 5.17

In Example 5.8, encode 9 and decode 11.

Representing individual letters as numbers tends to be insecure, since an
eavesdropper could use known frequencies of letters. A better method is to
group the letters into blocks of length k, and to represent each block as an
integer . (If the length of the message is not divisible by k, one can always
add extra meaningless letters at the end.) We choose p sufficiently large that the
distinct blocks of length k can be represented by different congruence classes
z # 0 mod (p), and then the encoding and decoding are given as before by
z — z° and z — zf mod (p).

Breaking this code seems to be very difficult. Suppose, for instance, that
an eavesdropper has discovered the value of p being used, and also knows one
pair z and y = z° mod (p). To break the code, he needs to know the value
of f (or equivalently €), but if p is sufficiently large (say a hundred or more
decimal digits) then there is no known efficient algorithm for calculating e from
the congruence y = z° mod (p), where z,y and p are known. This is sometimes
called the discrete logarithm problem, since we can regard this congruence as
a modular version of the equation e = log_(y). The whole point of this code is
that, while exponentials are easy to calculate in modular arithmetic, logarithms
are apparently difficult.

Exercise 5.18

Find a value of e coprime to 28 such that 27 = 10° mod (29).

The one weakness of this type of code is that the sender and receiver must
first agree on the values of p and e (called the key of the code) before they can
use it. How can they do this secretly, bearing in mind that they will probably
need to change the key from time to time for security? They could, of course
exchange this information in encoded form, but then they would have to agree
about the details of the code used for discussing the key, so they are no nearer
solving the problem.
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One can avoid this difficulty by using a public-key cryptographic system.
Each person using the system publishes numerical information which enables
any other user to encode messages, without giving away sufficient information
to allow anyone but himself to decode them. Specifically, each person chooses a
pair of large primes p and g, calculates n = pq, and publishes its value. If p and
q are sufficiently large, then n cannot be factorised in a reasonable amount of
time, so the values of p and q are effectively secret. Now ¢(n) = (p—1)(¢ — 1)
by Corollary 5.7, so he (alone) can easily calculate ¢(n); keeping ¢(n) secret,
he then finds and publishes an integer e coprime to ¢(n). Anyone wishing to
communicate with him looks up his published values for n and e (this pair
is the public key), and encodes the message by the method of exponentiation
described earlier; the only difference is that the calculations are now done in
Ly, rather than Z,, so that the encoding transformation is  — ¢ mod (n).
Since e is coprime to ¢(n), the receiver (alone) can easily find f such that
ef = 1 mod (¢(n)); if z is coprime to n (and this is easily arranged), then
(z¢)f = z mod (n) by Euler’s Theorem, so he can use exponentiation to decode
the message.

Example 5.9

Suppose that p = 89 and ¢ = 97 are chosen, so n = 89.97 = 8633 is published,
while ¢(n) = 88.96 = 8448 = 28.3.11 is kept secret. The receiver chooses and
publishes an integer e coprime to ¢(n), say e = 71. He then finds (and keeps
secret) the multiplicative inverse f = 119 of 71 mod (8448); to check this, note
that 71.119 = 8449 = 1 mod (8448). To send a message, anyone can look up the
pair n = 8633,e = 71, and use the encoding z ~— 7! mod (8633). The receiver
uses the decoding transformation z +— z!!? mod (8633), which is not available
to anyone who does not know that f = 119. An eavesdropper would need to
factorise n = 8633 in order to find ¢(n) and then f. Of course, factorising
8633 is not so difficult, but this is just a simple illustration of the method, and
significantly larger primes p and ¢ would pose a much harder problem.

Exercise 5.19

If my public key is the pair n = 10147, e = 119, then what is my decoding
transformation?

This system also gives a way of ‘signing’ a message, to prove to a receiver
that it comes from you and from nobody else. First decode your name, using
your n and f (the latter being secret to you). Then encode the result, using the
receiver’s n and e (which are public knowledge), and send it to him. He will
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decode this message with his own n and f, and then encode the result with
your n and e (which are also public knowledge). At the end of this, the receiver
should have your name, since he has inverted the two transformations which you
applied to it. Only you could have correctly applied the first transformation,
so he knows that the message must have come from you.

5.4 Supplementary exercises

Exercise 5.20

Show that ¢(mn) > ¢(m)¢(n) for all m and n, with equality if and only
if m and n are coprime.

Exercise 5.21
Show that if d divides n then ¢(d) divides ¢(n).

Exercise 5.22
For which n is ¢(n) = 2 mod (4)?

Exercise 5.23
Find all n such that ¢(n) = 16.
Exercise 5.24

(a) Find all n such that ¢(n) = n/2.
(b) Find all n such that ¢(n) = n/3.
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The Group of Units

We saw in Chapter 5 that for each n, the set U, of units in Z,, forms a group
under multiplication. Our aim in this chapter is to understand more about
multiplication and division in Z, by studying the structure of this group. An
important result is that if n = p®, where p is an odd prime, then U, is cyclic;
following a commonly-used strategy, we shall prove this first for n = p, and
then deduce it for n = p®. As often happens in number theory, the prime 2 is
exceptional: although U, and Uy are cyclic, we shall see that the group Uy is
not cyclic for e > 3, although in a certain sense it is nearly cyclic. Using the
Chinese Remainder Theorem, we can use our knowledge of the prime-power
case to deduce the structure of U, for arbitrary n. As an application, we will
continue the study of Carmichael numbers, begun in Chapter 4.

From now on, for notational simplicity we will often omit the square brackets
when using congruence classes. Thus we will sometimes regard an integer a as
an element of Z,, or of Uy, when we should really write [a]. The context should
make our meaning clear.

6.1 The group U,

We say that a group G is abelian if its elements commute, that is, gh = hg for
all g,h €G.

97
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Lemma 6.1

U, is an abelian group under multiplication mod (n).

Proof

Theorem 5.2 shows that U, is a group, and Exercise 5.2 shows that it is abelian.
O

If G is a finite group with an identity element e, the order of an element
g € G is the least integer k > 0 such that g¥ = e; then the integers [ such that
g' = e are the multiples of k.

Example 6.1

In Us the element 2 has order 4: its powers are 2! = 2, 22 = 4, 2% = 3 and
24 = 1 mod (5), so k = 4 is the least positive exponent such that 2¥ = 1 (the
identity element) in Us. Similarly, the element 1 has order 1, while the elements
3 and 4 have orders 4 and 2 respectively.

Example 6.2

In Ug, the elements 1, 3,5, 7 have orders 1, 2, 2, 2 respectively.

Exercise 6.1

Find the orders of the elements of Ug and of Uyp.

In Lemma 2.12 we showed that distinct Fermat numbers are coprime; as an
application of the group structure of U, we can now prove the corresponding
result for the Mersenne numbers. First we need:

Lemma 6.2

If [ and m are coprime positive integers, then 2! — 1 and 2™ — 1 are coprime.

Proof

Let n be the highest common factor of 2! — 1 and 2™ — 1. Clearly n is odd, so
2 is a unit mod (n). Let k be the order of the element 2 in the group U,. Since
n divides 2! — 1 we have 2! = 1 in Uy, so k divides . Similarly k divides m, so
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k divides ged(l,m) = 1. Thus k = 1, so the element 2 has order 1 in U,. This
means that 2! = 1 mod (n), so n = 1, as required. o

Exercise 6.2

Show that if [ and m are positive integers with highest common factor
h, then ged(2! — 1,2™ — 1) divides 2* — 1.

Corollary 6.3

Distinct Mersenne numbers are coprime.

Proof

In Lemma 6.2, if we take | and m to be distinct primes we see that M; = 2! —1
and M,, = 2™ — 1 are coprime. O

6.2 Primitive roots

Our aim is to describe the structure of the group U, for all n. To do this, it is
not sufficient simply to know its order ¢(n). For example, since ¢(5) = 4 = ¢(8),
the groups Us and Ug both have order 4. However, these two groups are not
isomorphic, since Us has elements of order 4, namely 2 and 3, whereas Ug has
none (see Examples 6.1 and 6.2). In group-theoretic terminology and notation,
Us is a cyclic group of order 4 (Us = Cy), generated by 2 or by 3, whereas Ug
is a Klein four-group (Us & Vy = Cy x C3).

Exercise 6.3

The groups Ujo and Ujz both have order 4; show that exactly one of
them is cyclic.

Definition

If U, is cyclic then any generator g for U, is called a primitive root mod (n).
This means that g has order equal to the order ¢(n) of Uy, so that the powers
of g yield all the elements of U,. For instance, 2 and 3 are primitive roots
mod (5), but there are no primitive roots mod (8) since Us is not cyclic.
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Finding primitive roots in Uy, (if they exist) is a non-trivial problem, and
there is no simple solution. One obvious but tedious method is to try each of
the ¢(n) units a € U, in turn, each time computing powers a‘ mod (n) to find
the order of a in Uy; if we find an element a of order ¢(n) then we know that
this must be a primitive root. The following result is a rather more efficient
test for primitive roots:

Lemma 6.4

An element a € U, is a primitive root if and only if a®™/9 # 1 in U, for each
prime q dividing ¢(n).

Proof

(=) If @ is a primitive root, then it has order |U,| = ¢(n), so a* # 1 for all ¢
such that 1 < i < ¢(n); in particular, this applies to ¢ = ¢(n)/q for each prime
q dividing ¢(n).

(«) If a is not a primitive root, then its order k£ must be a proper factor of
#(n), so ¢(n)/k > 1. If q is any prime factor of ¢(n)/k, then k divides ¢(n)/q,
so that a®(™/9 = 1 in U, against our hypothesis. Thus a must be a primitive
root. (]

Example 6.3

Let n = 11, and let us see whether a = 2 is a primitive root mod (11). Lemma
5.4 gives ¢(11) = 11 — 1 = 10, which is divisible by the primes ¢ = 2 and
g = 5, so we take ¢(n)/q to be 5 and 2 respectively. Now 2°,2% # 1 mod (11),
so Lemma, 6.4 implies that 2 is a primitive root mod (11). To verify this, note
that in U;; we have

21 =9 22=4, 2°=8, 2* =5, 2° =10,
26=9’ 27=7’ 28=3, 29=6, 210=1;
thus 2 has order 10, and its powers give all the elements of U;;. If we apply

Lemma 6.4 with a = 3, however, we find that 3°> = 243 = 1 mod (11), so 3 is
not a primitive root mod (11): its powers are 3,9,5,4 and 1.

Example 6.4

Let us find a primitive root mod (17). We have ¢(17) = 16, which has only
q = 2 as a prime factor. Lemma 6.4 therefore implies that an element a € U7
is a primitive root if and only if a® # 1 in Uy7. Trying a = 2 first, we have
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28 = 256 = 1 mod (17), so 2 is not a primitive root. However, 38 = (3%)2 =
(—4)? = 16 # 1 mod (17), so 3 is a primitive root.

Example 6.5

To demonstrate that Lemma 6.4 also applies when n is composite, let us take
n = 9. We have ¢(9) = 6, which is divisible by the primes ¢ = 2 and q = 3,
so that ¢(n)/q is 3 and 2 respectively. Thus an element a € Uy is a primitive
root if and only if a?,a% # 1 in Uy. Since 22,23 # 1 mod (9), we see that 2 is a
primitive root.

Exercise 6.4

Find primitive roots in U,, for n = 18,23,27 and 31.

Exercise 6.5

Show that if U, has a primitive root then it has ¢(¢(n)) of them.

We will show that U, contains primitive roots if n is prime. This follows
from the next theorem.

Theorem 6.5
If p is prime, then the group U, has ¢(d) elements of order d for each d dividing
p—1.

Before proving this, we deduce:

Corollary 6.6

If p is prime then the group Uy, is cyclic.

Proof

Putting d = p — 1 in Theorem 6.5, we see that there are ¢(p — 1) elements of
order p — 1 in U,,. Since ¢(p — 1) > 1, the group contains at least one element
of this order. Now U, has order ¢(p) = p— 1, so such an element is a generator
for Up, and hence this group is cyclic. ]
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Example 6.6

Let p=17,s0 U, = Uy = {1,2,3,4,5,6}. The divisorsof p—1 =6 ared = 1,2,3
and 6, and the sets of elements of order d in Uy are respectively {1}, {6}, {2,4}
and {3, 5}; thus the numbers of elements of order d are 1,1, 2 and 2 respectively,
agreeing with the values of ¢(d). To verify that 3 is a generator, note that

31=3 32=2 3%°=6, 3'=4, 3°=5 36=1

in Uz, so every element of Uz is a power of 3.

Exercise 6.6

Verify that the element 5 is a generator of U;.

Exercise 6.7

Find the elements of order d in Uy, for each d dividing 10; which elements
are generators?

Proof (Proof of Theorem 6.5.)

(In reading this proof, it may help to check each of its steps in a specific
example, for instance by taking p = 7 or p = 11 throughout.) For each d
dividing p — 1 let us define

2g={a€U,|ahasorderd} and w(d)= |4,

the number of elements of order d in U,,. Our aim is to prove that w(d) = ¢(d)
for all such d. Theorem 4.3 implies that the order of each element of U, divides
p — 1, so the sets {24 form a partition of U, and hence

> wd)=p-1.
dlp—-1
If we put n = p — 1 in Theorem 5.8 we get
Y ¢d)=p-1,
dlp—-1
S0
Y (6(d) ~ w(d)) =0.
d|p—-1
If we can show that w(d) < ¢(d) for all d dividing p — 1, then each summand
in this expression is non-negative; since their sum is 0, the summands must all
be 0, so w(d) = ¢(d), as required.
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The inequality w(d) < ¢(d) is obvious if §2; is empty, so assume that 24
contains an element a. By the definition of {24, the powers a* = a,a?,...,a¢ (=
1) are all distinct, and they satisfy (a*)¢ = 1, so they are d distinct roots of the
polynomial f(z) = z% — 1 in Z,; by Theorem 4.1, f(z) has at most deg(f) = d
roots in Zy, so these are a complete set of roots of f(x). We shall show that 24
consists of those roots a* with ged(i,d) = 1. If b € 24 then b is a root of f(z),
so b=a® for some i = 1,2,...,d. If we let j denote gcd(i,d), then

b3 = qidli — (qd)i/i = 193 = 1

in Up; but d is the order of b, so no lower positive power of b than b¢ can be
equal to 1, and hence j = 1. Thus every element b of order d has the form
a® where 1 < i < d and i is coprime to d. The number of such integers i is
#(d), so the number w(d) of such elements b is at most ¢(d), and the proof is
complete. O

Comments

1 The method of proof of Theorem 6.5 and Corollary 6.6 can be adapted
slightly to prove a much stronger result, that if F' is any field, so that
F* = F\ {0} is a group under multiplication, then every finite subgroup
G of F* is cyclic. The idea is to let |G| = n, and to replace p — 1 with n in
the above proof. Thus we use Theorem 5.8, that > din ¢(d) = n, to show
that for each d dividing n, G has ¢(d) elements of order d; taking d = n we
see that G is cyclic. In number theory, the main interest is in the present
case, where F' = Z, for some prime p and G = Z; = Uy, but the general
result is also particularly useful in algebra, for instance when F is the field
C of complex numbers.

2 The converse of Corollary 6.6 is false: for example the group Uy is cyclic
(generated by 3). We aim eventually to determine all the values of n for
which U, is cyclic, since cyclic groups are the easiest to work with. Having
dealt with prime values of n, we next consider prime-powers, treating the
odd case first.

6.3 The group Upe, where p is an odd prime

Theorem 6.7

If p is an odd prime, then Up. is cyclic for all e > 1.
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Proof

Corollary 6.6 deals with the case e = 1, so we may assume that e > 2. We use
the following strategy to find a primitive root mod p®:

(a) first we pick a primitive root g mod (p) (possible by Corollary 6.6);
(b) next we show that either g or g + p is a primitive root mod (p?);

(c) finally we show that if h is any primitive root mod p?, then h is a primitive
root mod p°® for all e > 2.

Corollary 6.6 covers step (a), giving us a primitive root g mod (p). Thus
g°"! =1 mod (p), but g* # 1 mod (p) for 1 < i < p — 1. We now proceed to
step (b).

Since ged(g,p) = 1 we have ged(g,p?) = 1, so we can consider g as an
element of Uy:. If d denotes the order of g mod (p?), then Euler’s Theorem
implies that d divides ¢(p?) = p(p — 1). By definition of d, we have g% =
mod (p?), so g% = 1 mod (p); but g has order p — 1 mod (p), so p — 1 divides
d. Since p is prime, these two facts imply that either d = p(p—1) ord =p—1.
If d = p(p—1) then g is a primitive root mod (p?), as required, so assume that
d=p—1.Let h =g+ p. Since h = g mod (p), h is a primitive root mod (p),
so arguing as before we see that h has order p(p — 1) or p — 1 in Up:. Since
g7~ =1 mod (p?), the Binomial Theorem gives

Wl=(g+pP !t =g* '+ (p-1)g**p+--- =1 - pg*~* mod (p?),

where the dots represent terms divisible by p?. Since g is coprime to p, we have
pgP~2 # 0 mod (p?) and hence h*~! # 1 mod (p?). Thus h does not have
order p — 1 in Upa, so it must have order p(p — 1) and is therefore a primitive
root. This completes step (b), but before proceeding to step (c), we look at an
example of step (b).

Example 6.7

Let p = 5. We have seen that g = 2 is a primitive root mod (5), since it has order
#(5) = 4 as an element of Us. If we regard g = 2 as an element of U2 = Uss,
then by the above argument its order d in Uzs must be either p(p — 1) = 20 or
p—1=4.Now 2% = 16 # 1 mod (25), so d # 4 and hence d = 20. Thus g = 2
is a primitive root mod (25). (One can check this directly by computing the
powers 2,2%,...,2%° mod (25), using 2!° = 1024 = —1 mod(25) to simplify the
calculations.) Suppose instead that we had chosen g = 7; this is also a primitive
root mod (5), since 7 = 2 mod (5), but it is not a primitive root mod (25): we
have 72 = 49 = —1 mod (25), so 7% = 1 and hence 7 has order 4 in Uas. Step
(b) guarantees that in this case, g + p = 12 must be a primitive root.
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Exercise 6.8

Verify that 2 is a primitive root mod (25) by calculating its powers.

Proof (Continued.)

Now we consider step (c). Let h be any primitive root mod (p?). We will show,
by induction on e, that h is a primitive root mod (p¢) for all e > 2. Suppose,
then, that h is a primitive root mod (p®) for some e > 2, and let d be the order of
h mod (p°*!). An argument similar to that at the beginning of step (b) shows
that d divides ¢(p**!) = p®(p — 1) and is divisible by ¢(p®) = p*~1(p — 1),
sod = p*(p—1) or d = p*"}(p — 1). In the first case, h is a primitive root
mod (p°*!), as required, so it is sufficient to eliminate the second case by
showing that A7~ (=1 # 1 mod (p**?).

Since h is a primitive root mod (p®), it has order ¢(p®) = p*~(p—1) in U,
so h?"*(P=1) % 1 mod (p%). However p*=2(p — 1) = ¢(p=~1), so h?""(>-1 =1
mod (p®~!) by Euler’s Theorem. Combining these two results, we see that
hP""*(P=1) = 1 + kpe~1 where k is coprime to p, so the Binomial Theorem gives

R O VR (1 + kpe~1y?
1+ (’;)Icpe'l + (12)) (kp*~1)2 + ...

1
= 1+kp° +§k2p2°_l(p— 1)+

The dots here represent terms divisible by (p®~1)3 and hence by p®*!, since
3(e—1)>e+1fore>2,s0

- 1
RPTTHE=D) = 1 4 e -2-k2p2e‘1(p —1) mod (p**?).

Now p is odd, so the third term k2p?*~!(p—1)/2 is also divisible by pt!, since
2¢e—-1>e+1 for e > 2. Thus

RPN =1 4 kp® mod (p=tY).

Since p does not divide k, we therefore have k7"~ (=1 % 1 mod (p®+1), so step
(c) is complete. (Notice where we need p to be odd: if p = 2 then the third
term k2p?¢~1(p — 1)/2 = k?22¢-2 is not divisible by 2°*! when e = 2, so the
first step of the induction argument fails.) O
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Comment

If g is a primitive root mod (p), where p is an odd prime, then g is usually a prim-
itive root mod (p?), in which case g is always a primitive root mod (p¢) for all
e. For instance, g = 2 is a primitive root mod (5¢) for e = 2, and hence for all e.

Exercise 6.9

Show that 2 is a primitive root mod (3¢) for all e > 1.

Exercise 6.10

Find an integer which is a primitive root mod (7¢) for all e > 1.

6.4 The group Us.

We now deal with the powers of 2: in contrast with Theorem 6.7, we find that
Us- is cyclic only for e < 2; in this sense, at least, the prime 2 is very odd!

Theorem 6.8
The group Uz is cyclic if and only if e =1 or e = 2.

Proof

The groups U; = {1} and Uy = {1, 3} are cyclic, generated by 1 and by 3, so
it is sufficient to show that Us. is not cyclic for e > 3. We show that U has
no elements of order ¢(2¢) = 2°~! by showing that

a* " =1mod (2%) (6.1)
for all odd a. We prove this by induction on e. For the lowest value e = 3, (6.1)
says that a? = 1 mod (8) for all odd a, and this is true since if a = 2b + 1 then

a? = 4b(b+1)+1 =1 mod (8). If we assume (6.1) for some exponent e > 3,
then for each odd a we have

a¥ T =1+ 2%
for some integer k. Squaring, we get
a2(e+1)—2 _ (1+2ek)2 - 1+2e+lk+22ek2 — 1+2e+l(k+2e—1k2) =1 mOd (2e+l),

which is the required form of (6.1) for exponent e + 1. Thus (6.1) is true for all
integers e > 3, and the proof is complete. ]
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Exercise 6.11

Find the order of each element of Usg.

Exercise 6.12
Show that in Use (e > 3), the elements of order 2 are 2¢~! +1 and —1.
Despite Theorem 6.8, we will show that Us. is nearly cyclic for e > 3 in

the sense that the element 5 is almost a primitive root. First we need some
notation and a lemma.

Notation. Recall that if p is prime, then p® | n means that n is divisible by p®
but not by p¢*!. Thus 22 || 20, 5| 20, and so on.

Lemma 6.9

27+2 || 52" — 1 for all n > 0.

Proof

We use induction on n. The result is trivial for n = 0. Suppose it is true for
some n > 0. Now

577 1= (57) - 1= (5" - 1) (5% +1),

with 27*2| 52" — 1 by the induction hypothesis, and with 2|/ 52" + 1 since
52" =1 mod (4). Combining the powers of 2 we get 2"+3 || 52"*" —1 as required.
O

Theorem 6.10
If e > 3 then Upe = {£5°| 0 <4 < 2°72}.

Proof

Let m be the order of the element 5 in Us.. By Euler’s Theorem, m divides
#(2¢) = 2671, so m = 2* for some k < e — 1. Theorem 6.8 implies that Us.
has no elements of order 2671, so k < e — 2. By putting n = e — 3 in Lemma
6.9 we see that 2°=1||52° =1, s0 52" # 1 mod (2¢) and hence k > e — 3.
Thus k = e — 2, so m = 2672, This means that 5 has 22 distinct powers
5! (0 < i < 2°72) in Us.. Since 5 = 1 mod (4), these are all represented by
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integers congruent to 1 mod (4). This accounts for exactly half of the 2¢~!
elements 1,3,5,...,2% — 1 of Uy, and the other half, represented by integers
congruent to —1 mod (4), must be the elements of the form —5¢. This shows
that every element has the form +5* for some i = 0,1,...,25"2 —1, as required.

0

Comment

The proof shows that the group U,- is generated by its elements —1 and 5,
which individually generate cyclic subgroups of orders 2 and m = 2672, These
subgroups commute, and intersect in the identity subgroup, so they generate
their direct product. Thus Uze 22 Cp x Cqe-2 for e > 3, with the factors C, and
Cj.-2 generated by —1 and by 5 respectively. In terms of elements, this means
that each a € Uz can be written uniquely in the form a = (—1)75¢, where
j=0,1andi=0,1,...,2¢72 1.

Example 6.8

Uje consists of 1 = 54, 3= -53, 5 =51 7= -52, 9 =52 11 = 5! 13 =
53, 15 = —54.

Exercise 6.13
Show that if e > 3 then Use = {£3' |0 < i < 272},

6.5 The existence of primitive roots

Having dealt with prime powers, we can now determine all the integers n for
which there exist primitive roots mod (n).

Theorem 6.11
The group U, is cyclic if and only if

n=1, 2, 4, p° or 2p°,

where p is an odd prime.
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Proof

(<) The cases n = 1,2 and 4 are trivial, and Theorem 6.7 deals with the
odd prime-powers, so we may assume that n = 2p® where p is an odd prime.
Then Corollary 5.7 gives ¢(n) = ¢(2)¢(p®) = ¢(p®). By Theorem 6.7 there is a
primitive root g mod (p®). Then g + p® is also a primitive root mod (p®), and
one of g and g+ p® is odd, so there is an odd primitive root h mod (p®). We will
show that h is a primitive root mod (2p®). By its construction, h is coprime to
both 2 and p®, so h is a unit mod (2p®). If A* = 1 mod (2p®), then certainly
h* = 1 mod (p®); since h is a primitive root mod (p®), this implies that ¢(p®)
divides 1. Since ¢(p®) = ¢(2p®), this shows that ¢(2p¢) divides i, so h has order
#(2p°) in Uspe and is therefore a primitive root. Before proving the converse
part of the theorem, let us consider an example.

Example 6.9

We know that g = 2 is a primitive root mod (5¢) for all e > 1 (this follows
from Example 6.7 and step (c) of the proof of Theorem 6.7). Now g is even, so
h =2+ 5° is an odd primitive root mod (5°). The above argument then shows

that h is also a primitive root mod (2.5¢). For instance, 7 is a primitive root
mod (10), and 27 is a primitive root mod (50).

Proof (Continued.)

(=) If n #1,2,4,p° or 2p%, then either

(a) n = 2¢ where e > 3, or

(b) n = 2°p/ where e > 2, f > 1 and p is an odd prime, or

(c) n is divisible by at least two odd primes.

Theorem 6.8 shows that in case (a), U, is not cyclic. Cases (b) and (c) are
covered by the following result:

Lemma 6.12

If n = rs where r and s are coprime and are both greater than 2, then U, is
not cyclic.
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Proof

Since ged(r,s) = 1 we have ¢(n) = ¢(r)¢(s) by Theorem 5.6. Since r,s > 2,
both ¢(r) and @(s) are even (see Exercise 5.7), so ¢(n) is divisible by 4. It
follows that the integer e = ¢(n)/2 is divisible by both ¢(r) and ¢(s). If a is a
unit mod (n), then a is a unit mod (r) and also a unit mod (s), so a®™ =1
mod (r) and a®®) = 1 mod (s) by Euler’s Theorem. Since ¢(r) and ¢(s) divide
e, we therefore have a® = 1 mod (r) and a® = 1 mod (s). Since r and s are
coprime, this implies that a® = 1 mod (rs), that is, a® = 1 mod (n). Thus every
element of U, has order dividing e, and since e < ¢(n), this means that there
is no primitive root mod (n). O

Proof (Proof of Theorem 6.11, concluded.)

In case (b) we can take 7 = 2¢ and s = p/, while in case (c) we can take
r = p¢||n for some odd prime p dividing n, and s = n/r. In either case, n =rs
where r and s are coprime and greater than 2, so Lemma 6.12 shows that U,
is not cyclic. m]

Exercise 6.14

Find an integer which is a primitive root mod (2.3¢) for all e > 1. Find
an integer which is a primitive root mod (2.7¢) for all e > 1.

Theorem 6.11 tells us when U,, has a primitive root, and its proof, together
with the proof of Theorem 6.7, shows us how to find one, provided we can first
find a primitive root in U, where p is an odd prime. Unfortunately, although
Corollary 6.6 proves that U, has a primitive root, it does not give us a specific
example of one; the best we can do is to keep applying Lemma 6.4 to elements
a € U, until we find a primitive root.

6.6 Applications of primitive roots

In this chapter, we have determined when there is a primitive root mod (n),
and in those cases where one does exist, we have shown how to find one. We
will now consider some applications of primitive roots, specifically to solving
congruences of the form ™ = ¢ mod (n), where m,c and n are given, and z
has to be found. We will do this by considering some typical examples, and
then explaining how our methods extend to more general situations.
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Example 6.10

Consider the congruence z* = 13 mod (17). First note that any solution z must
be a unit mod (17), so z, like 13, is an element of U;7. By Corollary 6.6, this
group is cyclic, so both z and 13 can be expressed as powers of a primitive root
g mod (17). We saw earlier that 3 is a primitive root mod (17), so we will take
g = 3. In general, there is no efficient way of expressing an arbitrary element,
like 13, as a power of a primitive element g: we simply have to compute powers
of g until the required element appears. In this case, 32 = 9,32 = 27 = 10 and
3% = 81 = 13 mod (17), so we have 13 = 3% in U;7. We now write z = 3¢, where
the exponent i is unknown. Then z# = 3%, so our congruence becomes 3% = 34
in Uy7. Now 3, being a primitive root, has order ¢(17) = 16, so 3% = 34 if and
only if 4i = 4 mod (16), or equivalently i = 1 mod (4). The relevant values of
(between 0 and 15) are therefore 1,5,9 and 13, so the solutions of the original
congruence are z = 3, 3%, 3% and 3!3 mod (17). We have seen that 3* = 13, so
3% = 39 = 5. Instead of computing 3° and 3!3, we can take a short cut, and
notice that if z is a solution then so is —z, so the remaining two classes of
solutions must be x = —3 = 14 and z = —5 = 12. To summarise, there are four
congruence classes of solutions, namely z = 3,5,12 and 14 mod (17).

This example is typical of cases where there is a primitive root g mod (n): by
writing = ¢* and ¢ = g°, we convert the original non-linear congruence z™ =
¢ mod (n) into a linear congruence mi = b mod ¢(n) of the type considered
in Chapter 3. The techniques described there allow us to find all the relevant
values of 7, and hence to find all the solutions z of the original congruence. The
only difficulties tend to be the rather tedious problems of finding a primitive
root g, and then expressing c as a power of g.

Exercise 6.15

Solve the congruence 8 = 4 mod (23).

The next example illustrates the methods available when there is not a
primitive root mod (n).

Example 6.11

Consider the congruence z° = 1 mod (63). Since 63 factorises as 32 x 7, Theorem
6.11 shows that there is no primitive root mod (63), so the method of the
previous example does not work here. Instead, we note that this congruence is
equivalent to the pair of simultaneous congruences 3 = 1 mod (9) and 23 = 1
mod (7); we find the solutions of each of these congruences, using primitive roots
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mod (9) and mod (7), and then we use Theorem 3.10 (the Chinese Remainder
Theorem) to combine these solutions to get solutions of the original congruence.

We have seen that 2 is a primitive root mod (9). Writing z = 2 we see that
73 = 1 mod (9) is equivalent to 2% = 1 mod (9), and thus to 3i = 0 mod (6),
since 2 has order ¢(9) = 6 in Uy. The general solution of this is ¢ = 0 mod (2),
so 3 = 1 mod (9) has general solution z = 2°,22,2% = 1,4,7 mod (9).

We have also seen that 3 is a primitive root mod (7), so by putting x = 3
we can rewrite 2 = 1 mod (7) as 3% = 1 mod (7); since 3 has order ¢(7) = 6
in Uy, this is equivalent to 3i = 0 mod (6), so again < = 0 mod (2). Thus 2® = 1
mod (7) has general solution z = 3°,3%,3* = 1,2,4 mod (7).

We thus have three classes of solutions mod (9), and three classes mod (7).
Since these moduli are coprime, the Chinese Remainder Theorem implies that
each of these nine pairs of solutions gives rise to a single class of solutions
mod (63): for instance, the pair of solutions £ =1 mod (9) and z = 1 mod (7)
clearly correspond to the solution z = 1 mod (63) of the original congruence. By
using the method of Chapter 3, we can solve the other eight pairs of simultane-
ous congruences (try this as an exercise!), and we find that the general solution
is x = 1,4,16,22,25,37,43, 46, 58 mod (63). This gives another illustration of
how Lagrange’s Theorem (Theorem 4.1) on polynomials does not extend to
composite moduli: the cubic polynomial f(z) = 22 — 1 has nine roots in Zgj.

Exercise 6.16

Solve the congruence z* = 4 mod (99).

Example 6.11 is typical of those cases where there is no primitive root:
we factorise the modulus n, giving a set of simultaneous congruences modulo
various prime-powers p®; we solve these individually, and then combine their
solutions by means of the Chinese Remainder Theorem. We have seen how to
use primitive roots to solve congruences of the form z™ = ¢ mod (p¢) when
p is an odd prime; however, Theorem 6.8 shows that if p = 2 and e > 3 then
there is no primitive root, so in this case we need another method. Again, we
will illustrate this with a typical example.

Example 6.12

Consider the congruence z° = 3 mod (16). Since 16 = 24, Theorem 6.8 implies
that there is no primitive root mod (16); however, we know from Theorem
6.10 that every element of Uj¢ has a unique expression of the form +5* where
0 < i < 3. By trial and error, we find that 53 = 125 = —3 mod (16), so 3 = —53
in Uye. If we write £ = +5° then the congruence becomes (+5%)% = —53, that is,



6. The Group of Units 113

+5% = —53, If we take the plus sign (so that z = 5), then we have 5% = —53
in Ujg; this is impossible, since the powers of 5 are all congruent to 1 mod (4).
If we take the minus sign (so that = —5°), then 5% = 53 in Ujg; since 5 has
order ¢(16)/2 = 4 in Usg, this is equivalent to 3i = 3 mod (4), that is, i = 1
mod (4), so z = —5' = 11 mod (16). Thus there is a unique class of solutions,
namely z = 11 mod (16).

Exercise 6.17

Solve the congruence z'! = 7 mod (32).

When solving congruences ™ = ¢ mod (2¢), it is sometimes more conve-
nient to write each element in the form +3* (see Exercise 6.13), rather than
+5¢: for instance, in Example 6.12 it is a little easier to express ¢ = 3 in the
form +3° than in the form +5° !

6.7 The algebraic structure of U,

Theorem 6.11 tells us the integers n for which U, is cyclic. For most values of n,
this group is not cyclic, and it is also useful to determine its structure in these
cases; indeed, we have already done this for n = 2¢ in Theorem 6.10 and the
subsequent comment. We will show that the ring Z,, and the group U, each have
a factorisation as a direct product, which imitates the prime-power factorisation
of the integer n (see Appendix B for rings and direct products). This reduces
the study of U, to the prime-power case, which we have already considered.

First we need to understand the relationship between the rings Z; and Z,,
when | divides n. If l|n then @ = o’ mod (n) implies a = a’ mod (l), so
[a]n C [a)i. In fact, it is easy to verify that if n = lm then

@i =[alnVfa+nUfa+2],U---Ula+ (m—1)l],,

so each class of Z, is the disjoint union of m classes of Z,,. For instance, if | = 2
and n = 6 (so m = 3) then

[0]2 = [0]6 U [2]6 6] [4]6 and [1]2 = [1]6 U [3]6 @] [5]6 .

We can therefore define an m-to-1 function ¢ = ¢ : Z, — Z; by sending each
class of Z,, to the unique class of Z; which contains it, that is, ¢([a]n) = [a]-
Now

¢(laln £ [b]n) = é([aln) + ¢([b]») and  ¢([a]n-[b]n) = é([a]n)-((B]~)
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for all [a]n, [b]n € Z,; for instance, [a], + [b]n = [a + b]n, so ¢([a]n + [b]n) =
#(la+b]n) = [a+b];, while ¢([a]n)+¢([b]n) = [ali+[b]: = [a+b]; also, with similar
proofs for subtraction and multiplication. Thus ¢ takes sums, differences and
products in Z, to the corresponding operations in Z;; in algebra, one says that
¢ is a homomorphism between these two rings. If a is coprime to n then it is
also coprime to {, so (U,) C U; the restriction of ¢ to Uy, takes products in Uy,
to products in Uj, so it is a homomorphism U,, — U; of groups. This situation
is symmetric with respect to | and m, so we also obtain a ring-homomorphism
¢ = bnm : Ly = Ly, [a], — [a]m, which restricts to a group-homomorphism
Up, = Un.

The direct product Z; x Z,, is the set of all ordered pairs ([a];, [b]m) Where
[a]: € Z; and [b];m € Z,,. We define addition, subtraction and multiplication of
such ordered pairs by performing these operations on their components:

([ali, [blm) + ([a)s, [b']m) = ([a + @]t b+ b]m) ,

and so on. This makes Z; x Z,, into a ring, and its subset U; x U,,, into a group.
There is a ring-homomorphism 8 : Z,, — Z; X Z,, given by 8([a],) = ([a]i, [a]m),
which restricts to a group-homomorphism U,, — U; x Up,.

We now show if that ! and m are coprime (with n = Im as before), then 6 is
an isomorphism, that is, in addition to being a homomorphism, it is a bijection.
We have n = lem(l,m), so the Chinese Remainder Theorem (Theorem 3.10)
implies that, for each pair ([a];, [b]m) € Z; X Zm, there is a single congruence
class £ mod (n) of solutions of the simultaneous congruences z = a mod (I)
and z = b mod (m). This means that there is exactly one class [z], € Z,, such
that 6([z]») = ([a]i, [b]m), so 8 is a bijection. Thus 6 is an ring-isomorphism

Zn & Zl X Zm,
and it restricts to a group-isomorphism
U.2U xUp,.

An obvious extension of this argument, either by induction on k or using the
full strength of the Chinese Remainder Theorem, proves the following theorem:

Theorem 6.13

If n = ny...ng where ny,...,n; are mutually coprime, then there is a ring-
isomorphism 6 : Z, — Zyp, X --- X Ly, given by 0([a]ln) = ([a]ny,---)[a]n),
which restricts to a group-isomorphism U,, — Uy, X - -- x Uy, . In particular, if
n =pi'...p;* where py,...,px are distinct primes, then

Ly, = Zp;1 X X Zp:k and U, & Upil X X Uka .
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For instance, in solving the congruence 3 = 1 mod (63) in Example 6.11,
we used a pair of simultaneous congruences mod (9) and mod (7). In effect, we
were using the isomorphism Ugz = Uy x Uz, and working simultaneously in the
two direct factors Ug and Us.

Theorem 6.13 describes the structure of U, in terms of that of Uy, for
various prime-powers p®. We know from Lemma 5.4 that U, has order ¢(p®) =
p*"}(p—1) for all e > 1; if p is odd then Uy is cyclic, by Theorem 6.7, while
Theorem 6.10 implies that Uys 22 Cax Cyr-2 for all f > 2, and U; is the identity
group. Putting all this information together, we get the following description
of U,, as a direct product of cyclic groups:

Corollary 6.14
If 2/||n then
Cy x Czj-z X Hp=|ln Cpe—l(p_l) if f > 2, and
U, &
Hp,"n Cpe-1(p-1) if f<1,
where Hpe"n denotes the direct product as p® ranges over the odd prime-powers

appearing in the prime-power factorisation of n.

Example 6.13

If n = 784 = 24.72, then f = 4 and there is a unique odd prime-power p® = 72
in the factorisation of n, so Uzgg = Co X Cyq X Cys.

In general, one can further factorise the cyclic groups Cpe-1(,—1) appearing
in Corollary 6.14 into direct products of cyclic groups of prime-power order,
using the factorisation of p®~!(p—1): this depends on the group-theoretic result
that C,,, @[] q Cy, where g ranges over all the prime-powers in the factorisation
of m (this follows by applying the isomorphism Z,, = [] q Zq, given by Theorem
6.13, to the additive groups of these rings). For instance, Cys = Cy x C3 x Cr,
so in Example 6.13 we have Uzgq =2 Cy X Cyq X Cy x C3 x C7. Note, however,
that a cyclic group C, of prime-power order cannot be factorised further as a
direct product: for instance Cy % C3 x Cj, since C4 has elements of order 4
whereas Cy x Co has none.
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6.8 The universal exponent

The factorisation of U, can be used to simplify large powers, in the same way
as we used Euler’s Theorem for this in Chapter 5. The exponent e(G) of a
finite group G is the least integer e > 0 satisfying a® = 1 for all a € G; the
other integers with this property are the multiples of e(G). Lagrange’s Theorem
implies that al®! = 1 for all a € G, so e(G) divides |G|. If we put G = Uy, of
order |U,| = ¢(n), we get Euler’s Theorem, that a®™ =1 for all @ € U,,. The
exponent e(Uy,) of U, is called the universal exponent e(n) of n; it divides ¢(n),
and it is the least positive integer e such that a® = 1 for all a € U,. (Some
authors use the notation A(n) for the universal exponent, but we will need
the symbol X for a different function in Chapter 9, Section 7.) If e(n) < ¢(n)
then the identity a®™ = 1 for all a € U, is stronger, and often more useful
than Euler’s Theorem. Fortunately, it is easy to compute the exponent of U,
or indeed of any finite abelian group G: simply express G as a direct product
of cyclic groups, and take the least common multiple of their orders. In the
case of Uy, Corollary 6.14 shows that e(n) is the least common multiple of the
numbers e(2f) and e(p®), where 2f||n and p® ranges over the odd prime-powers
in the factorisation of n; here e(p®) = ¢(p®) = p*~!(p—1) by Theorem 6.7, and
e(2f)=1,20r 22 as f <1,f =2 or f > 3 by Theorem 6.10.

Example 6.14

In Example 6.13 we saw that Uzgqg = Cp X C4 x Cjya; this group has order
#(784) = 2 x 4 x 42 = 336, and exponent e(784) = lcm(2, 4,42) = 84. In place
of Euler’s Theorem a33¢ = 1 we therefore have the stronger result a®* = 1 for
all a € Urgq. For instance, if we want to calculate 3256 mod (784), then Euler’s
Theorem cannot be used directly, since 1 < 256 < 336; however, 256 = 4
mod (84), so putting a = 3 we get 32°¢ = 3* = 81 mod (784).

Exercise 6.18

Express Usgg as a direct product of cyclic groups of prime-power order.
Find e(520), and hence calculate 1123 mod (520).

Exercise 6.19

Show that a finite abelian group G satisfies e(G) = |G| if and only if G
is cyclic. For which integers n is e(n) = ¢(n)?
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Recall that a Carmichael number is a composite integer n such that a”~! =
1 mod (n) for every a € U,. Lemma 4.8 states that if n is square-free, and if
p — 1 divides n — 1 for each prime p dividing n, then n is either a prime or
a Carmichael number. We can now use e(n) to prove the converse of this, as
promised in Chapter 4. Clearly any prime number has the stated properties,
so we need to prove that Carmichael numbers also have them.

Theorem 6.15

If n is a Carmichael number then n is square-free, and p — 1 divides n — 1 for
each prime p dividing n.

Proof

By the definition of a Carmichael number, a”~! = 1 mod (n) for all a € Uy,
so n — 1 is a multiple of e(n). If pf||n for some prime p and f > 1, then e(n)
is divisible by e(pf) = ¢(pf) = pf~(p - 1), so p — 1 divides n — 1. If f > 1,
then this argument also shows that p divides n — 1, which is impossible since p
divides n; thus n must be square-free. a

Comment

This proof also shows that a Carmichael number n must be odd: since n is
composite, we have n > 2, so e(n) is even; since e(n) divides n — 1, this shows
that n is odd.

Exercise 6.20

Show that a Carmichael number must be a product of at least three
distinct primes.

6.9 Supplementary exercises

Exercise 6.21

Show that if there exists a € Z such that a?~! = 1 mod (p), whereas
a?=1)/4 £ 1 mod (p) for each prime ¢ dividing p — 1, then p is prime
and a is a primitive root mod (p). Hence show that the Fermat number
Fy =22 41 = 65537 is prime.
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Exercise 6.22

Show that if p is prime, then (p — 2)! = 1 mod (p). Show that if p is an
odd prime, then (p — 3)! = (p — 1)/2 mod (p).

Exercise 6.23

Use Corollary 6.3 to show that there are infinitely many primes. (Take
care to avoid a circular argument!)

Exercise 6.24

For which Fermat primes and Mersenne primes is 2 a primitive root?

Exercise 6.25

Find all the primitive roots for the integers n = 18 and 27. (Hint: see
Exercises 6.4 and 6.5.)

Exercise 6.26

(a) Show that if p is an odd prime, and g is a primitive root mod (p)
but not mod (p?), then g + rp is a primitive root mod (p?) for
r =1,2,...,p— 1. By counting primitive roots, deduce that if g is a
primitive root mod (p) then exactly one of g,g + p,g + 2p,...,g9 +
(p — 1)p is not a primitive root mod (p?).

(b) Find elements of Uzs congruent to 2,3 mod (5) respectively, which
are not primitive roots mod (25).
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Quadratic Residues

In this chapter, we will consider the general question of whether an integer a
has a square root mod (n), and if so, how many there are and how one can
find them. One of the main applications of this is to the solution of quadratic
congruences, but we will also deduce a proof that there are infinitely many
primes p = 1 mod (4), and we will give a useful primality test for Fermat
numbers.

7.1 Quadratic congruences

To provide some motivation for what follows, we first briefly consider quadratic
congruences. Just as in the case of quadratic equations, solving quadratic con-
gruences can be reduced to the problem of finding square roots. Consider the

formula
- —b+ Vb2 — 4ac
- 2a

for the roots of a quadratic equation az? 4 bz + ¢ = 0, where a, b and c are real
or complex numbers. If we want this to apply to the case where a,b,c € Z,,
we will clearly need 2a to be a unit mod (n), so that we can divide by 2a. Let
us therefore assume, for the moment, that n is odd and that a € U,,. Then
4a € Uy, so the quadratic equation is equivalent to

4a%z? + dabz + dac = 0.

119
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Now we know that
(2az + b)? = 4a’z? + 4abz + b?,
so we can write the equation in the form
(2az + b)? = b* — 4ac.

If we can find all the square roots s of b> — 4ac in Z,, we can then find all
the solutions x € Z, of the quadratic equation in the form 2ax + b = s, or
equivalently z = (—b + s)/2a. In looking for square roots in Z,, however, we
should be prepared for surprises (if that is not a contradiction): for instance,
in Z;5 the elements 1 and 4 each have four square roots (namely +1,+4 and
+2, £7 respectively), while the other units have none.

Exercise 7.1

Find all the solutions in Z5 of the congruence z% — 3z +2 = 0 mod (15).

Exercise 7.2

What square roots do the elements 5 and 16 have in Z5;? Hence find all
solutions of the congruences 22 +3z+1 = 0 mod (21) and z2+2z-3 =0
mod (21).

7.2 The group of quadratic residues

Definition

An element a € U, is a quadratic residue mod (n) if a = s? for some s € Uy,; the
set of such quadratic residues is denoted by @Q,,. For small n one can determine
Q@ simply by squaring all the elements s € U,,.

Example 7.1
Q7 = {1,2,4} C Uy, while Qg = {1} C Us.

Exercise 7.3

Find @, for each n < 12.
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We now determine how many square roots an element a € @, can have.

Lemma 7.1

Let k denote the number of distinct primes dividing n. If a € Q,, then the
number N of elements t € U, such that t2 = a is given by

2k+1 if n = 0 mod (8),
N =421 ifn=2mod (4),
ok otherwise.

Proof. If a € Q,, then s2 = a for some s € U,. Any element ¢t € U, has the
form t = sz for some unique z € U,, and we have t? = a if and only if z2 = 1
in U,. Thus N is the number of solutions of z2 = 1 in U,,, and Example 3.18
gives the required formula for N. m}

Comment

The number N of square roots depends only on n, and not on the element
a € Q. Moreover, if we have one square root s of a, then we can find all its
other square roots t = sz by finding all solutions of z2 = 1, using the method
of Example 3.18.

Exercise 7.4

Show that |Q,| = ¢(n)/N, where N is given by Lemma 7.1.

Exercise 7.5

Find the elements of Qgo, together with their square roots.

Lemma 7.2

Q. is a subgroup of U,.

Proof

We need to show that @, contains the identity element of U,, and is closed
under taking products and inverses. Firstly, 1 € Q,, since 1 = 12 with 1 € U,,. If
a,b € Qn then a = s? and b = t? for some s,t € Uy, so ab = (st)? with st € Uy,
giving ab € Q,. Finally, if a € Q, then a = s? for some s € Up,; since a and s
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are units mod (n) they have inverses a=! and s™! in Uy, and a™! = (s71)% so
that a=! € Q. 0

Algebraic comment

The function 6 : U, — Qn, given by 8(s) = s2, is a homomorphism of groups,
since 0(st) = (st)? = s%% = 6(s)d(t) for all s,t € U,. It is onto, by definition
of Qn, and its kernel K (the set of elements z € U, such that 6(z) = 1) is the
subgroup of U,, consisting of the N solutions of 22 = 1. For each a € Q,,, the N
square roots of a form a coset §~1(a) of K in U,. For instance, the square roots
of the elements 1,2, 4 of Q7 form the cosets {£1}, {£3}, {£2} of K = {£1} in
U;.

In the special cases where U, is cyclic (see Theorem 6.11), we have a simple
description of Q.,:

Lemma 7.3

Let n > 2, and suppose that there is a primitive root g mod (n); then @, is a
cyclic group of order ¢(n)/2, generated by g2, consisting of the even powers of

g.

Proof

Since n > 2, Exercise 5.7 implies that ¢(n) is even. The elements a € U,, are
the powers g* for i = 1,...,¢(n), with g?(®) = 1. If i is even, then a = g* =
(¢*/?)? € Q. Conversely, if a € Q, then a = (g7)? for some j, so i = 2j
mod (¢(n)) for some j; since ¢(n) is even, this implies that ¢ is even. Thus
Qr consists of the even powers of g, so it is the cyclic group of order ¢(n)/2
generated by ¢2. ]

Warning

We need the condition n > 2 to ensure that the cyclic group U, has even
order. In any cyclic group of odd order m, every element is a square and can
be written as an even power of a generator g: for each i we have g* = g**™,
with one of i and i + m even, so gt is a square.
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Example 7.2

If n = 7 then we can take ¢ = 3 as a primitive root. The powers of g in Uy
are g =3,9% =2,¢% =6, g* =4, ¢° =5 and g% = 1; of these, the quadratic
residues a = 1,2 and 4 correspond to the even powers of g. Thus Q7 is the
cyclic group of order 3 generated by g2 = 2.

Exercise 7.6

Use a primitive root to find the elements of Q25.

7.3 The Legendre symbol

We now consider the problem of determining whether or not a given element
a € U, is a quadratic residue. Unfortunately, Lemma 7.3 is not very effective
here: U, is not always cyclic, and even when it is, it can be difficult to find a
primitive root g and then express a as a power of g (see Chapter 6). We therefore
need more powerful techniques. Quadratic residues are easiest to determine in
the case of prime moduli; the case n = 2 is trivial, so we assume for the time
being that n is an odd prime p. The following piece of notation greatly simplifies
the problem of determining the elements of Q,:

Definition
For an odd prime p, the Legendre symbol of any integer a is

a 0 if pla,
(3)=¢1 ifacq,
-1 ifacl,\Q,.

Clearly this depends only on the congruence class of a mod (p), so we can
regard it as being defined either on Z or on Z,.

Example 7.3

Let p = 7. Then as in Example 7.2 we have

0 if a=0mod (7),
(—) =¢ 1 ifa=12o0r4mod (7),
-1 ifa=3,50r 6 mod (7).
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Recall that by Corollary 6.6 there is a primitive root g mod (p), so that
each a € U, has the form g* for some i. This justifies the next result:

Corollary 7.4
If p is an odd prime, and g is a primitive root mod (p), then

i

(€)=

p
Proof
Both (-75) and (—1)* are equal to +1, and Lemma 7.3 shows that (-‘lp-) =1if
and only if i is even, which is also the condition for (—1)* to be 1. 0

The next result is very useful for calculations with the Legendre symbol:

Theorem 7.5

If p is an odd prime, then

for all integers a and b.

Proof

If p divides a or b then each side is equal to 0, so we may assume that a,b € Uj,.
If we put a = ¢* and b = ¢’ for some primitive root g € Uy, so that ab = g**J,
then Corollary 7.4 gives

(L) = (1 = vy = (2)(2)

p p/ \p

Example 7.4

Let p = 17. Then —1 = 4%, so (3#) = 1 and hence Theorem 7.5 gives (&) =
(—17“) for all a € Uyy, that is, a € Q17 if and only if —a € Q7. For instance,
13 € Q17 since —13 =22 € Q7.
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Warning

The values of (5*) and —(2) may well be different: for instance, () =1but

(=1

There is an obvious extension of Theorem 7.5: for all integers a;,...,ar we
have
(al...ak) _(al) (ak)
» 2)\% )

Exercise 7.7

By factorising 28, show that —1 € Q29.

In algebraic terms, Theorem 7.5 states that the function U, — {£1}, which
sends each unit a to (%), is a group-homomorphism; its kernel is Qp. The next
result is known as Euler’s criterion:

Theorem 7.6
If pis an odd prime, then for all integers a we have

(g) = aP1/2 mod (p).

(This is slightly more effective than Corollary 7.4 for determining quadratic
residues, since one is not required to find a primitive root, but it can neverthe-
less be a little tedious to compute a®~1/2 mod (p).)

Proof

The result is trivial if p divides a, so we may assume that a € U,. Thus a = g*
for some primitive root g € U,. Define h = gP~1)/2, Then h? = g?~! = 1in U,
so h = *1 (either apply Lagrange’s Theorem (Theorem 4.1) to the polynomial
z2 — 1, or note that p divides h2 — 1 = (h — 1)(h + 1)). Since g has order
p—1> (p—1)/2 we cannot have h = 1, so h = —1. Then using Corollary 7.4
we have

JP-1/2 _ (g;‘)(P—l)ﬂ — (¢®V/2) = pi = (<1) = (%) - (%)

in Z,, which proves the result. a
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Example 7.5

Let p = 23 and a = 5. To determine whether 5 € Q23 we need to compute
5!! mod (23). Now 5% = 2, s0 5!1 =25.5=9.5 = —1. Thus (%) = —1 and so
5 ¢ Qas.

Exercise 7.8

Determine whether 3 and 5 are quadratic residues mod (29).

Corollary 7.7
Let p be an odd prime. Then —1 € Q, if and only if p = 1 mod (4).

Proof
If we take a = —1 in Theorem 7.6, we see that
() = ()7 mod (),
p
so —1 € Q, if and only if (p — 1)/2 is even, that is, p = 1 mod (4). o
Example 7.6

We have —1 = 22 in Zs and —1 = 52 in Z3, but —1 is not a square in Z3 or
Zn.

We showed in Theorem 2.9 that there are infinitely many primes p = 3
mod (4). We can now fulfil the promise made then to prove the same result for
primes p = 1 mod (4).

Corollary 7.8

There are infinitely many primes p = 1 mod (4).

Proof

If there are only finitely many primes p = 1 mod (4), say ps, - - ., Pk, then define
m = (2p1 ...pk)? + 1. Being odd, m must be divisible by some odd prime p.
Then (2p; ...px)? = —1 mod (p), so —1 € Q,, and hence p = 1 mod (4) by
Corollary 7.7. By our hypothesis, this implies that p = p; for some : = 1,... k,
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so p divides m — (2p; ...px)? = 1, which is impossible. Hence there must be
infinitely many primes p = 1 mod (4). 0

In order to state the next result we need some more notation. If we use the
set {£1,+2,...,+(p—1)/2} as a reduced set of residues mod (p), then we can
partition U, into two subsets

P={1,2,...,(p-1)/2} CcU, and N={-1,-2,...,—(p—-1)/2} C Up,

represented as shown by positive and negative integers. For each a € U, we
define
aP = {az |z € P} ={a,2a,...,(p—1)a/2} C U,.

Thus N = (-1)P, for example.
A more effective test for quadratic residues is given by Gauss’s Lemma:

Theorem 7.9
If p is an odd prime and a € Up, then (3) = (~1)* where = |[aP N N|.

Before proving this, let us consider an example:

Example 7.7

Let p=19,s0 P = {1,2,...,9}, and let a = 11. If we multiply each element of
P by 11 mod (19), and then represent it by an element of P U N, we get

aP =11P = {-8,3,-5,6,-2,9,1,-7,4} .

This contains four elements of N (the terms with minus signs), so u = 4, which
is even; thus (11) = 1, so 11 € Qyq. In fact, 11 = 72 mod (19).

Proof (Proof of Theorem 7.9.)

If z and y are distinct elements of P then ax # +ay in Up: for if az = +ay in
Z then p|a(z Fy), so p| (z Fy), which is impossible since z and y are distinct
elements of {1,2, ... ,(p — 1)/2}. This means that the elements of aP lie in
distinct sets

{il}) {:t2}7 a{:t(p'_ 1)/2}'

There are (p — 1)/2 such sets, and there are (p — 1)/2 elements of aP, so each
set contains exactly one element of a P; thus

aP={eii|i=12,...,(p-1)/2}
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where each ¢; = +1. Note that ¢; = 1 if ;4 € P, and ¢; = —1 if ;7 € N.
Since aP is contained in the abelian group U,, we can multiply all its elements
together in any order, and get the same result, so

a®2(p-1)/2)! = ([[e)-(0-1)/2)!
(=1*.((p - 1)/2)!

in Up, where p = |aP N N| is the number of i such that e; = —1. Cancelling
the unit ((p — 1)/2)!, we see that alP~V/2 = (~1)* in U, so that

I

aP~1/2 = (~1)* mod (p)
in Z. Now Euler’s criterion (Theorem 7.6) gives

a®P-D/2 = (%) mod (p),

S0 a
(;) = (=1)* mod (p).
Both sides of this congruence are equal to +1, so they must be equal to each
other since p > 2. o
Exercise 7.9
Apply Gauss’s Lemma to Exercise 7.8 (p = 29 and a = 3,5). Does 10
belong to Q297
Corollary 7.10

If p is an odd prime then

(_2_) — (-1)@*-D/8,
p

thus 2 € @, if and only if p = +1 mod (8).

Proof

Putting a = 2 in Gauss’s Lemma, we get
aP=2P=1{2,4,6,....p—1}.
First suppose that p = 1 mod (4). Then

2P={2,4,...,(p-1)/2,(p+3)/2,...,p—1}
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with the first (p — 1)/4 elements 2,4,...,(p — 1)/2 in P, and the remaining
(p —1)/4 elements (p+3)/2,...,p—1in N. Thus p = 2PN N| = (p - 1)/4,
so Gauss’s Lemma gives

(3) = (0ot = (0@ - yyot-ire,

where we have used the fact that (p + 1)/2 is odd. Now suppose that p = -1
mod (4). Then

2P ={2,4,...,(p-3)/2,(p+1)/2,...,p—1}

with the first (p — 3)/4 elements 2,4,...,(p — 3)/2 in P, and the remaining
(p+1)/4 elements (p +1)/2,...,p—1in N. Thus p = (p+ 1)/4 and hence

(E) = (=1)®+D/4 = ((=1)@+D/4) D2 _ (_yet-ny/s
p

where we have now used the fact that (p — 1)/2 is odd.
This proves the first part of the theorem, and for the second part we have

(-

(p® — 1)/8is even
16)p® — 1

16|(p - 1)(p +1)

8p—1lor8p+1
p = £1 mod (8),

2€Q,

I

completing the proof. m]

Example 7.8

2 is a quadratic residue mod (p) for p = 7,17,23,31,..., with square roots
+3,1+6,+5,£8,...; however, 2 is not a quadratic residue mod (p) for p =
3,5,11,13, .. ..

Exercise 7.10

For which primes p is -2 € Q,?
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7.4 Quadratic reciprocity

To determine whether or not an integer a is a quadratic residue mod (p), we
need to evaluate (%); by Theorem 7.5, (2) is the product of the Legendre
symbols (g) where ¢ ranges over the primes dividing a (with repetitions, as
necessary). It is therefore sufficient to evaluate (%) for each prime q. We have
just dealt with the case ¢ = 2, so we can assume that ¢ is an odd prime. If we
calculate (%) for small primes p and ¢ (for instance by Gauss’s Lemma) we get
the following table, with rows and columns indexed by the values of p and ¢
respectively:

p=3 0 -1 1 -1 1 -1
5 -1 0 -1 1 -1 -1 1
7 -1 -1 0 1 -1 -1 -1
11 1 1 -1 0 -1 -1 -1
13 1 -1 -1 -1 0 1 -1
17 -1 -1 -1 -1 1 0 1
19 -1 1 1 1 -1 1

Values of the Legendre symbol (%) for odd primes p,q < 19

We notice that the table is nearly symmetric, that is, ( g) = (g) for most p
and ¢, the exceptions occuring when p and ¢ are distinct primes congruent to
3 mod (4). This is a general result, called the Law of Quadratic Reciprocity,
conjectured by Euler in 1783. Legendre gave several incomplete proofs, but
in 1795 Gauss (aged 18) discovered the law for himself and provided the first
correct proof. This is one of the central theorems of number theory, and many
different proofs have subsequently been published.

Theorem 7.11

If p and ¢ are distinct odd primes, then

)=C)

except when p = ¢ = 3 mod (4), in which case

5--)
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Comment

An equivalent form of this is the elegant result, due to Legendre, that
Y (P) = (—1)P-D@-1/4
(p)’(q) (=1)

for all distinct odd primes p and g.
Before proving this theorem, let us look at some applications.

Example 7.9
Is 83 € Q1037 Since 83 and 103 are distinct odd primes, we have
83 103
(-10—3) = —(80—3) (by Theorem 7.11, since 83 = 103 = 3 mod (4))
= - ) (since 103 = 20 mod (83))
2,58
= - ) (ﬁ) (by Theorem 7.5, since 20 = 22.5)

(since (525) = +1)

(by Theorem 7.11)

N—r"

(since 83 = 3 mod (5))

(by Theorem 7.11)

I
|
AN TN AN TN AN N N

IR PR
N—r

N N N

(since 5 = 2 mod (3))
(since 2 & Q3)
so that 83 € Q103. (In fact 83 = 172 mod (103).)

Il
—

Exercise 7.11

Is 219 a quadratic residue mod (383)7

Example 7.10

For which primes p is 3 € Q,? Since 3 € Q2 and 3 € Q3, we may assume that
p> 3. If p=1 mod (4) then the Law of Quadratic Reciprocity gives

(_6:) . (g) _ [ +1 if p=1mod (3), that is, if p=1 mod (12),
p/  \3) | -1 ifp=2mod (3), that is, if p = 5 mod (12).
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If p = 3 mod (4) then it gives

(3) _ _(p) _ {—l if p =1 mod (3), that is, if p = 7 mod (12),

P 3 +1 if p=2 mod (3), that is, if p = 11 mod (12).

Putting these results together, we see that 3 € Q, ifand only if p =2 or p = +1
mod (12).

Exercise 7.12

For each of the following integers a, determine the primes p for which
a € Qp:a=-3,56,7,10,169.

Example 7.10 leads to Pepin’s test for primality of Fermat numbers (see
Chapter 2). Pepin proved this in 1877, and in recent years it has been imple-
mented on computers to show that several Fermat numbers are composite.

Corollary 7.12

If n > 1, then the Fermat number F,, = 22" + 1 is prime if and only if

3F=-1/2 = _1 mod (F,).

Proof

It is easily seen that F,, = 5 mod (12), so if F, is a prime p then 3 & Q, by
Example 7.10; then Euler’s criterion gives 3(%~1)/2 = —1 mod (p), as required.
For the converse, suppose that 3(F»~1)/2 = _1 mod (F,,); then squaring, we get
3F~=1 = 1 mod (F,,) and hence 3¥»~! = 1 mod (p) for any prime p dividing F,.
As an element of the group Uy, 3 therefore has order m dividing F,, —1 = 22"
so m = 2¢ for some i < 2". Now

2n—1

32 =3F-1/2=_1#1mod (p)

(since p is odd, because F, is), so i = 2" and m = 22" = F,, — 1. However,
m < |Up| = p — 1 by definition of m, so F, < p and hence F,, = p, showing
that F,, is prime. O

Comment

This proof shows that 3 is a primitive root for any Fermat prime p, since 3 has
order p — 1 as an element of U,.
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Example 7.11

Let n = 2, so that F,, = 17. Then 3(F~=1/2 = 38 = (34)2 = (—4)2 = -1
mod (17), confirming that 17 is prime.

Exercise 7.13

Use Pepin’s test to show that F3 = 257 is prime.

Proof (Proof of Theorem 7.11.)

There are many proofs, none of them entirely straightforward. Perhaps the
neatest is that due to Eisenstein, using trigonometric functions, given in Serre
(1973), but it is so slick that it doesn’t really explain why the result should
be true. The following proof is a little longer, but it is fairly elementary and
somewhat more illuminating.

Let P={1,2,...,(p—1)/2} C Up, and N = (—1)P as before, and similarly
let Q={1,2,...,(¢g —1)/2} C U,. If we put @ = ¢q in Gauss’s Lemma, then

(©)-

where p = |gP N N| is the number of elements z € P such that gz = n mod (p)
for some n € N; this congruence is equivalent to gz — py € N for some integer
y, that is,

—§<qx—py<0

for some integer y. We now look for the possible values of y satisfying this
condition.

Given any = € P, the values of gz — py for y € Z differ by multiples of p, so
—p/2 < gz — py < 0 for at most one integer y. If such an integer y exists, then

1
0<L yc 2
p p 2
Now z < (p—1)/2, so
gt 1 _qp-1) 1 gq+1
¥, 2« i S
<SS T <

Thus y is an integer strictly between 0 and (¢ + 1)/2, so y € {1,2,...,
(g — 1)/2} = Q. We have therefore shown that u is the number of pairs
(z,y) € P x Q such that

—§<qz—py<0.
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Interchanging the roles of p and ¢, we also have

-

where v is the number of pairs (y,z) € Q x P such that —¢/2 < py — qz < 0,
or equivalently the number of pairs (z,y) € P x Q such that

0<q:c-py<%.

(©@)-cor

where p + v is the number of pairs (z,y) € P x Q such that

It follows that

—g<qx—py<0 or 0<qz—py<%.

There are no pairs (z,y) € P x Q satisfying gz — py = 0, since p and q are
coprime, so this condition can be simplified to

p q
S <gr-py<-.
g SRS,

>
»
X

—

p+l p-1
4 2

Figure 7.1. The proof of Theorem 7.11.

Figure 7.1 shows P x Q as the set of integer points (z, y) (points with integer
coordinates) in the rectangle R in the zy-plane given by
qg-1

1<y<———ro.
SY> )

p—1
1<z<i™f—
STS 2
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The inequalities —p/2 < gz — py < ¢/2 define the strip S between the two
parallel straight lines gz — py = —p/2 and qz — py = ¢/2, so u + v is the
number of integer points in the region T = RN S. Now the number of integer
points (z,y) € Ris [P x Q| =|P|.|Q| = (p—1)(g —1)/4, so
—1)(g-1

(p )4(4 ) (a+ )
where o and (3 are the numbers of integer points in the subsets A and B of R
above and below S. If we can show that a = 3, then p+v=(p—1)(¢—1)/4

mod (2), and hence o /p
(5),(5) = (=1)(P-D(a-1)/4

ptv=

as required.

We prove that @ = (3 by using the half-turn of R about its midpoint
((p+1)/4,(q +1)/4) to pair off the integer points in A and B. This half-turn
is the rotation p given by

p(.’c,y) = (x’ayl) = (p'_;l -z, q_;;l - y) )
a formula which shows that p sends integer points to integer points. Moreover,
it is straightforward to check that gz —py < —p/2 if and only if gz’ —py’ > q/2,
so p(A) = B and p(B) = A. Thus p induces the required bijection between the
integer points in A and B, so @ = 8 and the proof is complete. O

7.5 Quadratic residues for prime-power moduli

Having dealt with quadratic residues for prime moduli, we now consider prime-
power moduli, dealing with the odd case first.

Theorem 7.13

Let p be an odd prime, let e > 1, and let a € Z. Then a € Q- if and only if
a € Qp.

Proof

We know from Theorem 6.7 that there is a primitive root ¢ mod (p¢), so by
applying Lemma 7.3 with n = p® we 'see that Qp consists of the even powers
of g. Now g, regarded as an element of Up, is also a primitive root mod (p),
and by applying Lemma 7.3 with n = p we know that @), also consists of the
even powers of g. Thus a € Qpe if and only if a € Q5. O
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For odd primes p, we can find square roots in Up- for e > 2 by applying the
iterative method in Chapter 4, Section 3 to the polynomial f(z) = 22 — a: we
use a square root of a mod (p*) to find the square roots mod (p'*!). Suppose
that a € Qp, and r is a square root of a mod (p') for some i > 1; thus r? = a
mod (p*), say % = a + p'q. If we put s = r + p‘k, where k is as yet unknown,
then s? = 2+ 2rp'k +p*'k? = a+ (¢+2rk)p' mod (p'*!), since 2i > i+1. Now
ged(2r, p) = 1, so we can choose k to satisfy the linear congruence g+ 2rk =0
mod (p), giving s2 = a mod (p**!) as required. By Lemma 7.1, an element
a € Qpi+1 has just two square roots in Upi+1 for odd p, so these must be +s.
It follows that if we have a square root for a in U, then we can iterate this
process to find its square roots in Uy for all e.

Example 7.12

Let us take a = 6 and p® = 52. In Us we have a = 1 = 1%, so we can take r = 1
as a square root mod (5). Then r2 =1 =6 + 5.(—1), so ¢ = —1 and we need
to solve the linear congruence —1 + 2k = 0 mod (5). This has solution k = 3
mod (5), so we take s = r+p‘k = 1+5.3 = 16, and the square roots of 6 in Zs»
are given by +16, or equivalently +9 mod (52). If we want the square roots of
6 in Zss we repeat the process: we can take r = 9 as a square root mod (52),
with 72 = 81 = 6+52.3, so q¢ = 3; solving 3+ 18k = 0 mod (5) we have k = —1,
so s = 9+ 52.(—1) = —16, giving square roots +16 mod (5°).
Exercise 7.14

Find the square roots of 6 mod (5%).

Exercise 7.15

Find the square roots of —3 mod (72) and mod (73).

It should not be a surprise to learn that the situation for p = 2 is similar
but slightly more complicated:

Theorem 7.14

Let a be an odd integer. Then

(a) a €Qq;

(b) a € Q4 if and only if a =1 mod (4);

(c) if e > 3, then a € Q2 if and only if a = 1 mod (8).
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Proof

Parts (a) and (b) are obvious: squaring the elements of U, = {1} C Z, and of
Us = {1,3} C Z4, we see that Q2 = {1} and Q4 = {1}. For part (c) we use
Theorem 6.10, which states that the elements of Uy all have the form +5* for
some %; squaring, we see that the quadratic residues are the even powers of 5.
Since 52 = 1 mod (8), these are all represented by integers a = 1 mod (8). Now
both the even powers of 5 and the elements a = 1 mod (8) account for exactly
one quarter of the classes in Q)5 ; since the first set is contained in the second,
these two sets are equal. ]

Example 7.13

Qs = {1}, Q6 = {1,9}, Q32 = {1,9,17,25}, and so on.

One can find square roots in Q2 by adapting the iterative algorithm given
earlier for odd prime-powers. Suppose that a € Qy: for some i > 3, say r2 =
a+2'q. If we put s = r+2'1k, then s? = r2 +2irk 4+ 226-Vk2 = g 4 (¢ +1k)2°
mod (2'*1), since 2(i — 1) > i + 1. Now r is odd, so we can choose k = 0 or
1 to make g + rk even, giving s2 = a mod(2*!). Thus s is a square root of a
in Uji+1. By Lemma 7.1 there are four square roots of a in Usji+1, and these
have the form t = sz, where £ = +1 or 2' £ 1 is a square root of 1. Since
a = 1 mod (8), we can start with a square root r = 1 for a in Uss, and then by
iterating this process we can find the square roots of a in U,. for any e.

Example 7.14

Let us find the square roots of @ = 17 mod (2°); these exist since 17 = 1
mod (8). First we find a square root mod (2). Taking r = 1 we have 2 =
12 = 17 4+ 23.(-2), so ¢ = —2; taking k = 0 makes ¢ + rk = —2 even, so
s = r + 2%k = 1 is a square root of 17 mod (2%). (This is obvious, but it is
worth illustrating the process first in a simple case.) Now we repeat this process,
using 7 = 1 as a square root mod (2%) to find a square root s mod (2%). We
have r2 = 1 = 17 + 2%.(-1), so now ¢ = —1; taking k = 1 makes g + 7k = 0
even, so s = 7 + 23k = 9 is a square root of 17 mod (2%). The remaining square
roots ¢ are found by multiplying s = 9 by —1 and by 24 + 1 = +15, so we have
+7,+9 as the complete set of square roots of 17 mod (25).

Exercise 7.16

Find the square roots of 41 mod (2).



138 Elementary Number Theory

7.6 Quadratic residues for arbitrary moduli

The following result allows us to combine our characterisations of Q. for dif-
ferent prime-powers:

Theorem 7.15

Let n = nyng...ng, where the integers n; are mutually coprime. Then a € @,
if and only if a € @y, for each i.

Proof

If a € Q, then a = s mod (n) for some s € U,. Clearly a = s? mod (n;)
for each ¢, with s coprime to n;, so a € Q,,. Conversely, if a € Qp, for each i
then there exist elements s; € Uy, such that a = s? mod (n;). By the Chinese
Remainder Theorem (Theorem 3.10) there is an element s € Z, such that
s = s; mod (n;) for all i. Then s? = s? = a mod (n;) for all i, and hence s> = a
mod (n) since the moduli n; are coprime, so a € Q. O

This result can be expressed in algebraic terms as giving a direct product
decomposition

Qn’\zJQnIX"'Xan.

This is analogous to the decomposition U, = Uy, x --- x Uy, given in Theorem

6.13, and indeed it can be deduced directly from it by noting that an element

of U, is a square if and only if its component in each factor Uy, is a square.
We can now answer the question of whether a € @, for arbitrary moduli n:

Theorem 7.16

Let a € U,. Then a € Q,, if and only if

(1) a € Q, for each odd prime p dividing n, and

(2) a =1 mod (4) if 22 ||n, and a = 1 mod (8) if 23 |n.

(Note that condition (2) is relevant only when n is divisible by 4; in all
other cases we can ignore it.)

Proof

By Theorem 7.15, a € Q, if and only if a € Qp for each prime-power p®
in the factorisation of n. For odd primes p this is equivalent to a € Q,, by
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Theorem 7.13, giving condition (1); for p = 2 it is equivalent to condition (2),
by Theorem 7.14. O

Example 7.15

Let n =144 = 24.32. An element a € Uyg4 is a quadratic residue if and only if
a € Q3 and @ = 1 mod (8); since Q3 = {1} C Zs, this is equivalent to a = 1
mod (24), so Q144 = {1,25,49,73,97,121} C Ujy4. Any a € Q144 must have
N = 8 square roots, by Lemma 7.1. To find these, we first find its four square
roots mod (2%) and its two square roots mod (32) by the methods described
in Section 7.5, and then we use the Chinese Remainder Theorem to convert
each of these eight pairs of roots into a square root mod (144). For instance,
let a = 73; then a = 9 mod (2%), with square roots s = +3,45 mod (24),
and similarly ¢ = 1 mod (32), with square roots s = +1 mod (32); solving
these eight pairs of simultaneous congruences for s, we get the square roots
s = +19,+35,+37,£53 mod (144).

Exercise 7.17

Find the square roots of 49 mod (144).

Exercise 7.18

Find the square roots of 25 mod (168).

Example 7.16

As an application of the results in this chapter, let us return to Example 3.8.
We claimed there (without proof) that if

f(z) = (2% — 13)(2? - 17)(z? — 221),

then for each integer n > 1 there is a solution = € Z of the congruence f(z) =0
mod (n). (This is despite the fact that the equation f(z) = 0 clearly has no
integer solutions.) To prove this, it is sufficient by the Chinese Remainder
Theorem to show that for each prime-power p® there is a solution of f(z) =0
mod (p?), and for this, it is sufficient to show that at least one of 13,17 and 221
is a quadratic residue mod (p®). If p = 2, then since 17 = 1 mod (8) we have
17 € Qe for all e by Theorem 7.14. If p = 13, then since 17 = 22 mod (13)
we have 17 € @13, and hence 17 € Q13- for all e by Theorem 7.13. If p = 17,
then a similar argument based on 13 = 82 mod (17) gives 13 € Q17- for all e.
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Finally, if p # 2,13 or 17, then since 221 = 13 x 17 we have

G-

by Theorem 7.5, with each of these three terms equal to +1; at least one of
them must therefore be equal to 1, so at least one of 13,17 or 221 must be in
Qp and hence in Q- for all e by Theorem 7.13.

Exercise 7.19

Show that the polynomial g(z) = (z2? — 5)(x? — 41)(z% — 205) has no
integer roots, but the congruence g(z) = 0 has a solution mod (n) for
every integer n > 1.

7.7 Supplementary exercises

Exercise 7.20

Show that, for each » > 1, there are infinitely many primes p = 1
mod (27).

Exercise 7.21

For which values of n is —1 a quadratic residue mod (n)?

Exercise 7.22

Show that if ¢ and r are distinct primes, with ¢ = r = 1 mod (4) and
(2) = 1, then the polynomial h(z) = (z% — ¢)(z% — r)(z? — qr) has no
integer roots, but the congruence h(z) = 0 has a solution mod (n) for
every integer n > 1.

Exercise 7.23

Show that if n > 2 then a quadratic residue mod (n) cannot also be a
primitive root mod (n).
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Exercise 7.24

Show that if p is a Fermat prime F},, then each element of U, is either
a primitive root or a quadratic residue, but not both. Show that the
Fermat primes are the only primes with this property.

Exercise 7.25
Is 43 a quadratic residue mod (923)?

Exercise 7.26
Find the square roots of 7 mod (513).

Exercise 7.27

Show that Ez;i(%) = 0 for each odd prime p. Show that 3o a =0
mod (p) for each prime p > 3.
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Arithmetic Functions

In Chapter 5 we studied Euler’s function ¢. Two of its most important proper-
ties are Theorem 5.6, that if m and n are coprime then ¢(mn) = ¢(m)¢p(n), and
Theorem 5.8, that 3, ¢(d) = n for all n. In this chapter we will meet other
examples of functions with similar properties. Some of these, such as the divisor
functions and the Mobius function, have important applications, including the
study of perfect numbers and various enumeration problems.

8.1 Definition and examples

Definition

An arithmetic* function is a function f(n) defined for all n € N; it is usually
taken to be complex-valued, so that it is a function f : N — C, or equivalently
a sequence (a,) of complex numbers a,, = f(n).

In many of the more important cases, f(n) is an integer, describing some
number-theoretic property of n; examples include

#(n) = |Up|, the number of units mod (n),

* The stress is on the third syllable, to indicate that the word is an adjective, like
algebraic.

143
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T(n) = Z 1, the number of divisors of n,
din

o(n) = Z d, the sum of the divisors of n.
dln

For instance, the divisors of 12 are 1,2,3,4, 6 and 12, so 7(12) = 6 and 0(12) =
28. The functions 7 and o are called divisor functions; they are the special cases
k =0 and 1 of the function

ok(n) = de.

d|n

In some books, the function 7(n) is written d(n), but we shall avoid this nota-
tion since we often use d to denote a divisor of n.

Definition
An arithmetic function f is multiplicative if
f(mn) = f(m)f(n)

whenever gecd(m,n) = 1. A simple induction argument shows that if f is mul-
tiplicative and n,,...,n are mutually coprime, then

f(ni...ng) = fny) ... f(nk);

in particular, if n has prime-power factorisation pi* ...pg*, then

fn) =Fo1) .- f(pe") -

In many cases, it is straightforward to evaluate f(p®) for prime-powers p®, so
one can deduce the value of f(n) for all n.

For instance, Theorem 5.6 shows that ¢ is multiplicative, and we used this
property to evaluate ¢(n) in Corollary 5.7. We will prove later that 7 and o are
also multiplicative. Theorem 3.11 shows that the number of solutions in Z, of
a given polynomial congruence is a multiplicative function of n; we used this
property in Example 3.18 to count solutions of 22 = 1 mod (n) for composite
n.

Exercise 8.1

Prove that |Q,|, the number of quadratic residues mod (n), is a multi-
plicative function of n.
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The following result is very useful for proving that functions are multiplica-
tive:

Lemma 8.1

If g is a multiplicative function and f(n) = >, g(d) for all n, then f is
multiplicative.

Proof

To show that f is multiplicative, suppose that m and n are coprime. Then the
divisors d of mn are the products d = ab where a|m and b|n; each such pair
a and b determines a unique divisor d = ab, and conversely, since m and n
are coprime, each divisor d of mn determines a unique pair a = ged(m, d) and
b = ged(n, d) of divisors of m and n. Thus there is a bijection between divisors
d of mn and pairs a, b of divisors of m and n, so

fimn) = " g(d)

dimn

Z Zg(ab) .

alm b|n

Now g is multiplicative, and a and b are coprime, so g(ab) = g(a)g(b), giving

f(mn) YD 9(a)g(b)

a|lm bin

= (Zg(a))(zg(b))
alm bln
= f(m)f(n),

as required. 0

To apply this, we first introduce two more arithmetic functions u and N,
defined by
u(n)=1 and N(n)=n

for all n. The function u is sometimes called the unit function. Clearly, u and
N are both multiplicative. These functions may look rather trivial, but they
can be very useful, as the next result shows.

Theorem 8.2

The divisor functions 7 and o are multiplicative.
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Proof
We have 7(n) = 325, 1 =34, u(d) and o(n) = 32, d = 3, N(d). Since u
and N are multiplicative, so are 7 and ¢ by Lemma 8.1. m]

Exercise 8.2

Give direct proofs that 7 and o are multiplicative, using the definitions
of these functions.

Exercise 8.3

Show that for each k, the function oi(n) = Edm d* is multiplicative.

We can use Theorem 8.2 to evaluate the divisor functions, by first evaluating
them at the prime-powers p°. Since the divisors of p¢ are d = 1,p,p?,...,p%,
we have

pe+1 -1

T(@*) =e+1 and o(p?)=1+p+p*+---+p°= e

)
now 7 and ¢ are multiplicative, so we immediately deduce

Theorem 8.3

If n has prime-power factorisation n = p{*...pg*, then

k k pstl 1
T(n) = H(e,- +1) and o(n)= H(T_——l_) .

i=1

Exercise 8.4

For which integers n is 7(n) odd?

8.2 Perfect numbers

Definition

A positive integer n is perfect if n is the sum of its proper divisors (the positive
divisors d # n). Since o(n) is the sum of all the positive divisors of n, this
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condition can be written as n = o(n) — n, or equivalently
o(n) =2n.

The perfect numbers were believed by the Ancient Greeks to have particular
aesthetic and religious significance. The first two examples are

6=1+2+3 and 28=1+2+4+7+14,

and the next is 496.

Exercise 8.5
Verify that 496 is perfect.

Most of what is known about perfect numbers is embodied in the following
theorem,; the first part is in Euclid’s Elements, and the second is due to Euler.

Theorem 8.4

(a) If n = 2P~1(2P — 1) where p and 2P — 1 are both prime (so that 27 — 1 is a
Mersenne prime M,,), then n is perfect.

(b) If n is even and perfect, then n has the form given in (a).

This theorem shows that there is a one-to-one correspondence between even
perfect numbers and the Mersenne primes M, which we met in Chapter 2; for
instance the perfect numbers 6,28 and 496 correspond to the Mersenne primes
M, = 3, M3 = 7 and Mj = 31. No example of an odd perfect number is known,
and it is conjectured that they do not exist; if there is one, it must be very
large.

Proof

() If n = 2P~1(2P — 1) as described, then Theorem 8.2 gives o(n) =
o(2P~1)o(2P—1). Now Theorem 8.3 gives o(2P~1) = (2P-1)/(2—-1) = 2P—1,
and since 2P — 1 is prime we have ¢(2P — 1) = (2? — 1) + 1 = 2P. Thus
o(n) = (27 — 1)2P = 2n, so n is perfect.

(b) Since n is even, we can write n = 2P~14 for some integer p > 2, where q is
odd. Now ¢ is multiplicative, so o(n) = 0(2P"1)o(q) = (2P — 1)o(q). Since
n is perfect we also have o(n) = 2n = 2P¢, so

(2 —1)o(q) = 2q.
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Thus 2P — 1 divides 2Pg, and hence divides ¢, say ¢ = (2P — 1)r, so substi-
tuting for ¢ and then cancelling 27 — 1 we get

o(q) = 2Pr.

Now ¢ and r are distinct divisors of ¢, with ¢ +r = (2? = 1)r + 1 =
2°r = g(q), which is the sum of all the divisors of ¢; thus ¢ and r must be
the only divisors of ¢, so ¢ is prime and 7 = 1. Thus ¢ = 2P — 1 and so
n = 2P~1(2P — 1); since 2P — 1 is prime, Theorem 2.13 implies that p must
be prime. ]

Exercise 8.6

Is 219(21 — 1) perfect?

Exercise 8.7

Find two more perfect numbers, other than the examples given above.

Exercise 8.8

Show that n is perfect if and only if o_;(n) = 2.

8.3 The Mobius Inversion Formula

The multiplicative property can be useful in proving identities between arith-
metic functions.

Lemma 8.5

Let f and g be multiplicative functions, with f(p®) = g(p®) for all primes p and
integers e > 0. Then f = g.

Proof

If n has prime-power factorisation []; pi*, then

f(n) = f(l?[zﬁ‘) = IJf(pi‘) = I:[g(pf‘) = g(]:[pf‘) = g(n).
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This gives us another proof of Theorem 5.8, that Zdln #(d) = n. Since ¢
is multiplicative (by Theorem 5.6), so is the function f(n) = 3, ¢(d), by
Lemma 8.1. We have seen that the function N(n) = n is multiplicative, so to
prove Theorem 5.8 it is sufficient (by Lemma 8.5) to show that f and N agree
on all prime-powers p®. Now the divisors d of p® are d = p* (i = 0,1,...,¢€),
with ¢(1) = 1 and ¢(p') = p* — p*~! for i > 0, so

fE) =1+ (0 -p") =p" = N(p°),
=1

as required.

We have seen several instances where pairs of arithmetic functions f and g
are related by an identity f(n) = 3, 9(d): for instance, we can take f = N
and g = ¢, or f = o and g = N. In this situation, it is often useful to be able
to invert the roles of f and g, that is, to find a similar formula expressing g
in terms of f. The result which allows us to do this is the Mébius Inversion
Formula, but before proving this, we need to study one of its main ingredients,
the Mobius function p. First we define the identity function I, given by

1 ifn=1
I(n) = ’
() {o ifn>1.

Clearly I is multiplicative. The name of this function can be a little confusing,
since I is not the identity function in the set-theoretic sense of sending every
n to itself (N does that). We will later introduce an algebraic operation *
on arithmetic functions, and show that f * I = f = I x f for all f; thus I
is the identity with respect to x, whereas N is the identity with respect to
the operation o of composition, since fo N = f = No f for all f. A useful
alternative formula for I is

the integer part of 1/n.
We define the Mobius function u by the formula

Sud =1 ={3 Y

i 0 ifn>1.

This is an example of an inductive (or recursive) definition: if n = 1 (with a
unique divisor d = 1) then (1) =1, and if n > 1 then 3=, u(d) =0, so

din,d<n
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which defines p(n) in terms of the values of u at smaller integers d. For instance,
if n is prime then its only divisors are d = 1 and d = n, so u(n) = —pu(1) = 1.
A little calculation gives the values

"L(n) = 1; "17 _1507 —11 1’ -170, Oa 11 _1,0

for n = 1,2,...,12. In Theorem 8.8 we will give a simple formula for u(n)
in terms of the prime-power factorisation of n, which is more convenient for
calculation.

Exercise 8.9

Show that p(n) is an integer for each n > 1.

Exercise 8.10

Show that if p and q are distinct primes, then u(pg) = 1 and u(p?) = 0.

Exercise 8.11

Calculate pu(n) for all n < 30, and make a conjecture about the values
of pu(n).

The function u derives its importance from the following major result, the
Mobius Inversion Formula:

Theorem 8.6

Let f and g be arithmetic functions. If

fn) =39

d|n

for all n, then

gm) =Y f@u(3) = S ua@f(3)

din din

for all n.

This shows that if f is expressed in terms of g as a sum over divisors, then
one can invert their roles and define g in terms of f by a similar expression.
The relationship between f and g is nearly symmetric, except that the function
i appears in the expression for g.
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Proof

The two expressions for g(n) are easily seen to be equal: if we put e = n/d then
the first summation can be written as

3 f(dule),
de=n

where the sum is over all pairs d, e with product n; transposing the names of
these two dummy variables, we see that this is also equal to

Y- flewd =) ud)fe),

ed=n de=n

which gives the second summation. It is therefore sufficient to show that the
second summation is equal to g(n). Our hypothesis about f implies that

£1(3) =X s,

el
SO
S u@f(3) = Y (s Y g6e)).
din din el

Now if e divides n/d then it divides n; conversely, for each divisor e of n, we
see that e divides n/d if and only if d divides n/e, in which case d also divides
n. Hence the coefficient of g(e) in this expression is

Cf1 ifnfe=1,
zl;“(d)'{o if n/e > 1.
al2

This means that the only term g(e) with a non-zero coefficient is g(n), which
has coefficient 1, so the expression is equal to g(n), as required. ]

Corollary 8.7
If n > 1 then

on) = Y du(%) =D w3

din din

Proof

By Theorem 5.8 we have Zdln #(d) = n = N(n), so by applying the Mébius
Inversion Formula with f = N and g = ¢ we get the required result. a
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Example 8.1
Let n = 12, so ¢(12) = 4. The divisors of 12 are d = 1,2,3,4, 6 and 12, and the

values of u at the first twelve integers were given on p. 150, so we find that

12
) du<7) —1.04+21+30+4.(-1)+6.(-1)+121=4
dj12

and also

12 12 12 .12 12 12 12
A =12 122 122402412402 =
;ﬂ“()d 1 2 3 PO tlgtop=4%

in agreement with Corollary 8.7.

Exercise 8.12

Prove that

S rn(3) = Sutar(2)

din din

o (%) - Suiwn(3) =

|n

and

for all n > 1. Verify these equations for n = 12.

8.4 An application of the Mdbius Inversion
Formula

In this section we give a totally different application of the Mobius Inversion
Formula. A set of n chairs are arranged regularly around a circular table. Each
chair may be occupied by a woman (W) or by a man (M), giving 2" possible
patterns of sexes W or M at the table. If the people all rotate one place around
the table, a pattern may change, but after n successive rotations it must recur.
We say that a pattern has period d if recurs for the first time after d rotations,
or equivalently, if rotating the pattern produces exactly d different patterns.
Thus a single-sex pattern WW ... W or MM ... M has period 1, while for even
n the two alternating patterns WMWM ... WM and MWMW ... MW each
have period 2. How many different patterns of period d are there, for each d?

First note that if a pattern has period d, then d must divide n: for if n =
gd + r with 0 < r < d then the pattern recurs after both n and d rotations,
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and hence also after r = n — gd rotations, so 7 = 0 by the definition of d. For
each d, the number of patterns of period d depends only on d, and not on the
multiple n = ¢d of d: this is because such a pattern consists of g repetitions of
a block of d symbols W or M, which is not itself a repetition of smaller blocks,
and the number of such blocks of length d depends only on d. For instance,
a pattern of period d = 2 must consist of q repetitions of the block WM or
MW (but not WW or M M), so there are two such patterns for each even n.
It follows that if we let f(d) denote the number of patterns of period d, then
Ed'n f(d) = 2", the total number of patterns for n chairs. Putting g(n) = 2"
in Theorem 8.6, we deduce that

fm) =Y 2%u(3),

din

or equivalently (changing notation)

@ =Y 2u(d).

eld

For instance

F(12) = 2'p(12) +2%u(6) + 2°p(4) + 2u(3) + 2°u(2) + 2%u(1)
= 22_24_26+212
= 4020.

The expression 22 — 24 — 26 4 212 for f(12) can also be obtained from the
Inclusion-Exclusion Principle (Exercise 5.10). The term 2'2 counts all the dif-
ferent patterns of length 12, and we need to exclude those which are repetitions
of smaller blocks. If a pattern of length 12 is a repetition of smaller blocks, then
it consists of either two copies of a block of length 6, or three copies of a block
of length 4; any other cases are included in these, for instance four copies of
a block B of length 3 can also be regarded as two copies of the block BB of
length 6. Now the number of patterns of length 12 consisting of two identical
blocks of length 6 is equal to 28, the total number of blocks of this length, so
we subtract 25; similarly, we subtract 2¢ for those consisting of three identi-
cal blocks of length 4. In doing this, we have excluded some patterns twice,
namely those which consist of two blocks of length 6 and also of three of length
4; these are the patterns BBBBBB = (BBB)(BBB) = (BB)(BB)(BB) con-
sisting of six identical blocks B of length 2; the number of such patterns is
22, so by adding 2% to compensate for this double-counting we obtain the re-
quired formula 212 —26 — 24422, More generally, the Mébius Inversion Formula
can be regarded as an analogue of the Inclusion-Exclusion Principle, in which
divisibility of integers has replaced inclusion of sets.
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Let us regard two patterns as equivalent if each is a rotation of the other.
Thus a pattern of period d lies in a class of d equivalent patterns, so the number
of equivalence classes of patterns of period d is

PeaTl)

For instance, there are 4020/12 = 335 equivalence classes of patterns of period
12.

Although this may not seem a particularly serious application, there are in
fact many mathematical situations involving similar types of cyclic symmetry,
where this enumeration technique is important. For instance, by using the the-
ory of finite fields one can show that the above formula for f(d)/d also gives the
number of irreducible polynomials of degree d with coefficients in Z,. Indeed
a whole branch of mathematics, spanning number theory, combinatorics and
algebra, has built itself up around the Mobius Inversion Formula, its generali-
sations and its applications.

Exercise 8.13

Enumerate and determine all the patterns with periods d = 2,3 and 4,
and show how they are divided into equivalence classes.

Exercise 8.14

How would the solution to this problem be affected if there were more
than two sexes?

8.5 Properties of the Mobius function

Having seen some applications of the Mdbius function, we now need a more
efficient method of evaluating it than by means of its inductive definition. The
evidence for small values of n (Exercise 8.11) may lead one to conjecture the
following formula:

Theorem 8.8

If n = p{*...pg*, where py,...,pi are distinct primes and each e; > 1, then

(n) = 0 if some e; > 1,
HIM= (<1)% if each e; = 1.
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(Thus p(n) # 0 if and only if n is square-free. This formula includes the
case (1) = (=1)? = 1, where we regard 1 as the product of the empty set of
primes, so that k = 0.)

Proof

Let u’ be the function defined by the formula in the theorem, so that y'(n) =
(=1) if n is a product of k distinct primes, and y'(n) = 0 otherwise. We will
prove that p(n) = p/(n) for all n by strong induction on n. Clearly u(1) =1 =
w'(1), so suppose that n > 1 and u(d) = p'(d) for all d < n.

We first show that 3, 4'(d) = 0 (so p’ satisfies the same recurrence
relation 3y, p'(d) = I(n) as p). If the factorisation of n is as in the theorem
(with k > 1), then by definition of 4/, the non-zero terms in > djn M (d) are those
of the form p’(d) where d is a product of distinct primes p; € {p1,...,px}. If dis
a product of r such primes, where 0 < r < k, then p’(d) = (-1)"; for each r the
number of ways of choosing these r primes is equal to the binomial coefficient
(¥), so there are (¥) such divisors d, each contributing (~1)" to Y g ' (d)
Summing over all r we therefore have

S wd) = Z()( 1y = (1+(-1) =0

d|n

by the Binomial Theorem. (Alternatively, note that x’ is multiplicative (see
Corollary 8.9), and hence by Lemma 8.1 so is the function f(n) =5 ajn ¥ ();
by Lemma 8.5 it is therefore sufficient to show that f(p®) = 0 for each prime
power p® > 1, and this follows immediately from the definition of u’.) We can
write this as

din,d<n

now the induction hypothesis states that u(d) = p'(d) for all d < n, and the
definition of u implies that

pn) =~ > u(d),

d|n,d<n

so u(n) = u'(n) as required. ]

Example 8.2

15 = 3.5, so p(15) = (-1)2 = 1; 30 = 2.3.5, so u(30) = (-1) = —1; 60 =
22.3.5, so u(60) =
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Exercise 8.15
Find a simple formula for 3, |u(d)|-

We can use Theorem 8.8 to give an alternative proof of Corollary 5.7, that

é(n) = nH(l - %)

pin

where p ranges over the distinct primes dividing n. If we multiply out the
factors on the right-hand side, the general term has the form n(-1)"/p; ...p,
where p1, . .., pr are distinct prime factors of n; by Theorem 8.8, this is equal to
nu(d)/d, where d = p; ...p, is a square-free divisor of n. The remaining non-
square-free divisors d of n have u(d) = 0, so the right-hand side can be written
as ) g, ni(d)/d. By Corollary 8.7, this is equal to ¢(n). (This argument is not
circular: although Corollary 8.7 depends on Theorem 5.8, that din ¢(d) =n,
the proof of this does not use Corollary 5.7.)

Example 8.3

Taking n = 12, we have
1 1 12 12 12 12 12
¢(12)=12(1—§)(1——) =TSt =g
(The divisors d = 4 and 12 have u(d) = 0, since they are not square-free.)

Corollary 8.9

The function p is multiplicative.

Proof

We need to prove that u(mn) = u(m)u(n) whenever m and n are coprime. If
m and n are not both square-free, then neither is mn, so Theorem 8.8 gives
u(m)u(n) = 0 = p(mn) as required. We may assume therefore that both
m = pj...pr and n = ¢q;...q are products of distinct primes. Since they
are coprime, no prime p; dividing m can appear as a prime g¢; dividing n,
SO mn = py...pkq1-.-q is also a product of distinct primes. Thus p(m) =
(—1)¥, u(n) = (-1)} and p(mn) = (=1)** = (=1)¥(-1)! = p(m)u(n). o
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8.6 The Dirichlet product

Theorems 5.8 and 8.6, Lemma 8.1, Corollary 8.7 and our definition of y all
involve summation over the divisors d of n; these are special cases of a general
theory of such sums.

Definition

If f and g are arithmetic functions, then their Dirichlet product, or convolution,
is the arithmetic function f * g given by

n
(Fra)m) =Y f@9(3);
d|n
equivalently, putting e = n/d, we have

(fx9)(n) =Y f(d)g(e)

de=n

where 3 ,._,. denotes summation over all pairs d, e such that de = n.

Example 8.4

Theorem 5.8 states that 3, #(d) = n for all n; using the functions u(n) =1
and N(n) = n, we can rewrite this as

> ¢(@u(3) = Nw)
din

for all n, which becomes, in our new notation, ¢*u = N. Similarly, our definition
of u can be written as u*u = I, while Corollary 8.7 becomes ¢ = N*xu = u*N.
Lemma 8.1 states that if g is multiplicative, then so is the function f = g * u.
Theorem 8.6 (the Mobius Inversion Formula) states that if f = g *x u then

g=frxu=pxf.

Exercise 8.16

Express the divisor functions 7 and o as Dirichlet products of simpler
functions.

The basic algebraic properties of the Dirichlet product are as follows:

Lemma 8.10

For all arithmetic functions f, g and h we have
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(a) frxg=gxf,
(b) (f*xg)*h=fx(gxh),
(c) fxI=1Ixf=f.

(Thus * is commutative and associative, and has I as an identity.)

Proof

(a) For all arithmetic functions f and g, we have

(fro)n) =Y fd)ge)= Y g(e)f(d) = ) g(df(e) = (9x Hn).

de=n ed=n de=n

(b) For all arithmetic functions f, g and h, we have

((Fxg)xh)(m) = D (f*9)(d)h(c)

de=n
- ¥ (Z f(a) g(b))h(c) Y f(@)g(b)h(c),
de=n ab=d abe=n
and similarly
(fx(gxh)(n) = Z f(a)(g x h)(e)
= Y 1@ s)h@) = 3 fmg(b)h(e).
ae=n be=e abc=n

Exercise 8.17
Prove Lemma 8.10(c).

The next result shows that the arithmetic functions f satisfying f(1) # 0
have inverses with respect to the Dirichlet product:

Lemma 8.11

If f is an arithmetic function with f(1) # 0, then there exists an arithmetic
function g such that fxg =1 = g x f; it is given by

W=7 d  om)=- f(l)zgw)f(g)

d<'n

for all n > 1.
(These equations define g(n) for all n > 1 by induction on n.)
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Proof

By the commutativity of * it is sufficient to prove that the given function g
satisfies g x f = I, that is,

n 1 ifn=1,
%9(‘1)"(2) = {o if n > 1.

This is trivial for n = 1, since the only divisor is d = 1 and we have g(1)f(1) =1
by definition of g. If n > 1 then

S 9@f(3) = smi+ Y 9@ f(%)
din :L':l
- dglj 9@ f(3)+ > o@f(2) =0,
d<n d<n
as required. i

Definition
The function g in Lemma 8.11 is called the Dirichlet inverse of f, denoted by

f~! (not to be confused with the inverse function or with the reciprocal of f.)

Let G denote the set of all arithmetic functions f for which f(1) # 0.

Theorem 8.12

G is an abelian group with respect to the operation *, with identity element I.

Proof

To prove closure, let f,g € G, so f(1),9(1) # 0; then (f x g)(1) =
2an f(d)g(1/d) = f(1)g(1) # 0, so f x g € G. Associativity, commutativ-
ity and the existence of an identity I are proved in Lemma 8.10. Finally, if
f € G then its Dirichlet inverse g = f~! is also in G since g(1) = 1/f(1) # 0,
so every element has an inverse in G. a

Example 8.5

The equation p* u = I (which we used to define u) shows that u and u are
inverses of each other in G, and this helps to explain why the function u should
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be so important. To illustrate the power of the new notation, we give a one-
line proof of the Mébius Inversion Formula (Theorem 8.6), which states that if
f=gxutheng = fxp=pxfif f = g*u, then fxp = (gxu)*xp = g*(uxy) =
g *I = g, and so commutativity of * gives u * f = g. We can also prove the
converse of Theorem 8.6: if g = f*u then gxu = (fxu)*u = f*(u*ru) = fxI = f.
These arguments are valid for all arithmetic functions f and g, not just those
in G, so we have proved the following stronger form of the Mdbius Inversion
Formula:

Theorem 8.13

Let f and g be arithmetic functions. Then

f(n) = g(d)

d|n

for all n if and only if

o) =Y f@u(5) = X w@f(3)

d|n din

for all n.

Example 8.6

If we take f = N and g = ¢, we see that Theorem 5.8 and Corollary 8.7 are
equivalent to each other, that is, N = ¢ * u is equivalent to ¢ = N*pu = ux N.

Exercise 8.18
Which arithmetic functions are represented by 7 * u and by o * u?

We can now prove an extension of Lemma 8.1 (which is the special case
h =u):

Theorem 8.14

If g and h are multiplicative functions, and if f = gxh, then f is multiplicative.
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Proof

The proof is similar to that of Lemma 8.1. Instead, the first equation now
becomes

flmn) = 3~ g(@h(7F),

dlmn

and we carry values of h throughout the calculation. m]

Exercise 8.19

Fill in the details of the proof of Theorem 8.14.

Exercise 8.20

Show that if f is multiplicative, and f is not identically zero, then f € G
and the Dirichlet inverse f~! is multiplicative. (Hint: if not, consider
the least mn such that ged(m,n) = 1 and f~1(mn) # f~1(m)f~1(n).)
Deduce that the set M of non-zero multiplicative functions forms a sub-
group of G.

We can also prove the converse of Lemma 8.1:

Corollary 8.15

Suppose that f(n) = 3, 9(d). Then f is multiplicative if and only if g is
multiplicative.

Proof

The hypothesis is that f = gxu. Now u is multiplicative, so if g is multiplicative
then so is f, by Theorem 8.14. The converse is similar, using g = f * u and
Corollary 8.9 (that u is multiplicative). m}

Example 8.7

Theorem 5.8 gives ;. #(n) = n = N(n). It is obvious that NV is multiplicative,
so Corollary 8.15 gives an alternative proof that ¢ is multiplicative. (This is
not a circular argument, since the proof of Theorem 5.8 did not require the
multiplicative property of ¢.)
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8.7 Supplementary exercises

Exercise 8.21

(a) Show that x is multiplicative, where x(n) = 0,1 or —1 as n is even
or n =1 or 3 mod (4) respectively.

(b) Let 71(n) and 73(n) denote the number of divisors d of n such that
d = 1 or 3 mod (4) respectively; show that the function g(n) =
71(n) — 73(n) is multiplicative, and hence find an expression for g(n)
in terms of the prime-power factorisation of n. (See Exercise 10.8 for
an application of this.)

Exercise 8.22

Show that u(n) is the sum of the primitive complex n-th roots of 1.
(These are the elements z € C such that 2" =1but 2™ # 1for1 <m <
n.)

Exercise 8.23

Show that if ¢ is multiplicative, then the functions f(n) = zdgln
and h(n) = 3 5, 9(n/d?) are both multiplicative.

Exercise 8.24

The Mangoldt function is given by A(n) = Inp if n = p® for some prime p
and integer e > 0, and A(n) = 0 otherwise. Show that }°;, 4(d) = In(n)
and deduce that A(n) = 3°,, In(d)p(n/d) = = 34, In(d)u(d).

Exercise 8.25

Show that (fi*---* fr)(n) =Y fi(d1) ... fx(dx) for all arithmetic func-
tions fi,..., fk, where the summation is over all k-tuples (di,...,d)
with dy...dy = n.

Exercise 8.26

Show that the number of subgroups of finite index n in the group Z?2 is
equal to o(n). (Hint: you may assume that these subgroups correspond
to integer matrices A = (8 2) where a,d > 0, ad=nand 0 < b < d.)
How many subgroups of index n are there in the group Z*?
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The Riemann Zeta Function

In order to make progress in number theory, it is sometimes necessary to use
techniques from other areas of mathematics, such as algebra, analysis or geom-
etry. In this chapter we give some number-theoretic applications of the theory
of infinite series. These are based on the properties of the Riemann zeta func-
tion ¢(s), which provides a link between number theory and real and complex
analysis. Some of the results we obtain have probabilistic interpretations in
terms of random integers. For the background on convergence of infinite series,
see Appendix C. For a detailed treatment of ((s), see Titchmarsh (1951).

9.1 Historical background

One of the most familiar examples of an infinite series is the harmonic series

~1_,, 1,11

;;— +-2-+§+Z+---.
Since number theory is mainly about the positive integersn = 1,2,3. .., it is not
surprising that this series is of interest to number theorists. Unfortunately, it
diverges, but only just: the sum of the first n terms is about Inn, and although
this tends to +00 as n — 00, it does so rather slowly. To make the series
converge, without losing its important number-theoretic properties, we replace
its general term 1/n with the smaller term 1/n®, where s > 1. This gives rise

163
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to the Riemann zeta function, defined by

(= L1411y (9.1)
—nglna— 98 3s : .

Although this function is named after Riemann, who wrote a fundamental
paper on its properties in 1859, it was in fact introduced about 120 years
earlier by Euler, who showed that it can be expanded as a product

(s) = 1;[(1 —). (92)

where p ranges over all the primes. This is a very powerful result, since it al-
lows methods of analysis to be applied to the study of prime numbers. Euler
regarded ((s) as a function of a real variable s, whereas Riemann’s great con-
tribution depended on allowing s to be a complex number, so that the even
richer theory of complex functions could be used. One of the great unsolved
problems in number theory is the Riemann Hypothesis (see Section 9), a con-
jecture concerning the complex zeros of ((s); a solution of this would resolve
many important problems concerning the distribution of prime numbers.

Before dealing with questions of convergence, we will first outline a proof of
(9.2), and then show a simple but effective application of this product formula.
Each factor on the right-hand side of (9.2) can be expanded as a geometric
series

1
1-p—°

[o o]
— 1+p-—s+p—23+_” =Zp—ea,

e=0
convergent since |p~%| = p~® < 1 for all s > 0. If we multiply these series
together (and we will justify this later), then the general term in their product
has the form

—€18 —€LkS8

Dy

where py, ..., px are distinct primes, each e; > 0, and n = p{*...p*. By the
Fundamental Theorem of Arithmetic (Theorem 2.3), every integer n > 1 has a
unique factorisation of this form, so it contributes exactly one summand, equal
to 1/n®, and hence (9.2) represents ) 1/n* = ((s). (We will prove this more
rigorously later in the chapter, in Theorem 9.3.)

Exercise 9.1

Use a similar argument to outline a proof that

oo

—sy _ \ ()
H(l_p )_ ns

P n=1
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where p is the Mobius function, and hence show that
Z pn) _ 1
(s)

Using (9.2), we can now sketch a quick proof of Theorem 2.6, that there are
infinitely many primes: if there were only finitely many primes, then {(s) would
approach a finite limit ]—[p(l —p 1)1 as s — 1, whereas in fact ((s) = +oo,
as we shall shortly see.

9.2 Convergence

To justify the preceding arguments, we must first consider the convergence of
the series (9.1). We will show that it converges for all real s > 1, and diverges
for all real s < 1. Suppose first that s > 1. We group the terms together in
blocks of length 1,2,4,8, ..., giving

C(S)—1+(1 1)+(_1_+...+_1_)+(l+...+L)+...‘

2s ' 3s 43 78 8s 15°
Now
1 1 1,1 2 i,
2a+3s -2+2‘2‘2 ’
1 1 1 1 4
—4t = < =t —=— = (21792,
pt o ts S gt otE=s=0@7)
1 1 1 1 8
—_— e —_— < = = 2133
gt S et ot Te @)

and so on, so we can compare (9.1) with the geometric series
14 9l-s + (21—3)2 + (21—3)3 +

This converges since 0 < 2!~* < 1, and hence so does (9.1) by the Comparison
Test (Appendix C). In fact, this argument shows that 1 < {(s) < f(s) for all
s > 1, where

)= 2" = r_lzT;
n=0

If s — +00 then 217* — 0 and so f(s) — 1, giving

hm ¢(s)=1.

§—+00
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We now show that (9.1) diverges for s < 1. This is obvious if s < 0, since
then 1/n® 4 0 as n — 0o, so let us assume that s > 0. By grouping the terms
of (9.1) in blocks of length 1,1,2,4,..., we have

(s)—l+—+(1 +_1..)+(i+...+i)+...

35 43 58 8s
If s <1 then
1,1
22 — 2
1 1 1 1 1
—_— = > 4+ ==
3~‘+4s - 4+4 !
1, L 51 11
53 g8 ~ 8 8 2’

and so on, so (9.1) diverges by comparison with the divergent series 1+ % + -é- +
; + .- -. In particular, by takmg s = 1 we see that the harmonic series }_1/n
dlverges

To summarise, we have proved:

Theorem 9.1

The series (9.1) converges for all real s > 1, and diverges for all real s < 1.

There is an alternative proof based on the Integral Test (Appendix C), using
the fact that f1+°° ™% dzx converges if and only if s > 1.

Exercise 9.2

Show that if s > 1 then {(s) > (1 + f(s))/2, where f(s) is as defined
above, and deduce that {(s) — +o0o0 as s — 1.

9.3 Applications to prime numbers

We can now give a more rigorous analytic proof of Theorem 2.6, that there are
infinitely many primes. Suppose that there are only finitely many primes, say
p1,-..,Pk- For each prime p = p; we have |1/p| < 1, so there is a convergent
geometric series

PP R
p p? P 1-p-t’
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It follows that if we multiply these k different series together, their product

ﬁ(1+l+lz+ia+--~)=ﬁ( 1_1) (9.3)

i1 pi D D i=1 1-p;

is finite. Now these convergent series all consist of positive terms, so they are
absolutely convergent. It follows (see Appendix C) that we can multiply out
the series in (9.3) and rearrange the terms, without changing the product. If
we take a typical term 1/p}* from the first series, 1/p5? from the second series,
and so on, where each e; > 0, then their product

1 1 1 1

o A s
will represent a typical term in the expansion of (9.3). By the Fundamental
Theorem of Arithmetic, every integer n > 1 has a unique expression

n=p'py’-..p (620

as a product of powers of the primes p;, since we are assuming that these are
the only primes; notice that we allow e; = 0, in case n is not divisible by a
particular prime p;. This uniqueness implies that each n contributes exactly
one term 1/n to (9.3), so the expansion takes the form

k 1 1
H(1+ tot 3+ )= Z—
=1
The right-hand side is the harmonic series, which is divergent. However, we
have seen that the left-hand side is finite, so this contradiction proves that
there must be infinitely many primes.
The next result, also due to Euler, develops this method a little further:

Theorem 9.2

If p, denotes the n-th prime (in increasing order), then the series
N1 _ 1, 1.1
=i Pn 2 3 5

diverges.

Proof

If 3~ 1/p, converges to a finite s".m [, then its partial sums must satisfy

ESE



168 Elementary Number Theory

for all sufficiently large N, so that

1
Np

l\DI;—l

for any such N. This implies that the series

f: ( > pin) k (9.4)

k=1 \n>N

converges by comparison with the geometric series Y 4., 1/2*. If g denotes the
product p; ...pn then no integer of the form gr + 1 (r > 1) can be divisible
by any of pi,...,pn, so it must be a product of primes p, for n > N (possibly
with repetitions), say

ar+1=pp, ...0n,

where each n; > N. Then the reciprocal 1/(gr + 1) of each such an integer
appears as a summand 1/py,, ...pp, in the expansion of

(z2)

and hence it appears (just once) as a summand in the expansion of (9.4). Since
(9.4) converges, it follows that the series

which is contained within (9.4), also converges. However this series diverges,
since its terms exceed those of the divergent series

°° len 1
Zlqr+q azr+1

r=1 r=2

-QIH
i M8
ﬂ‘IH

This contradiction shows that }_ 1/p,, must diverge. o

Comments

1 It can be shown that

1
—_ - + — — 400
D1 Pn
about as fast as Inlnn, so this series diverges very slowly indeed.
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2 Theorem 9.2 gives yet another proof that there are infinitely many primes,
since a finite series must converge. It also shows that the primes are more
densely distributed than the perfect squares: the series Y 1/n? converges
(by the Integral Test), so 1/n% — 0 faster than 1/p, — 0 as n — oo, that
is, primes occur more frequently than squares.

We can now use these ideas to give a rigorous proof of the product expansion
(9-2):

Theorem 9.3
If s > 1 then

@ =TI(1==)-

P
where the product is over all primes p.

Proof

The method is to consider the product Px(s) of the factors corresponding to
the first k primes, and to show that Pi(s) — {(s) as k — oo. Let py,...,px be
the first k& primes. Arguing as before with (9.3), we see that if s > 0 (so that
the geometric series all converge) then

Ao = TT(=m) =TT+ S+ e o).
i=1 i

=101 P’ p; p;

If we expand this product, the general term in the resulting series is 1/n°® where
n = pi'...py* and each e; > 0. The Fundamental Theorem of Arithmetic
implies that each such n contributes just one term to Pi(s), so

1
Pk(S): s’

nEA

factors are among pi,...,px. Each n ¢ Ay is divisible by some prime p > pg,
and so n > pg. It follows that if s > 1 then

Pi(s) =)l = 3 =< Y0 o=t - 3 o

ngAx n>pkr n<pk

where Ay = {n | n = p5'...pi*, e; > 0} is the set of integers n whose prime

Since s > 1, the partial sums of the series ) 1/n° converge to {(s), so in

particular
_1 —
E e ¢(s)

n<pk
as k — o0o. Thus |P(s) —¢(s)] — 0 as k — 00, so Px(s) — ((s) as required. DO
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Exercise 9.3

Show that Py(1) — 400 as k — oo, and deduce that for each € > 0
there exists n such that ¢(n)/n < €. (See Exercise 5.11 in Chapter 5 for
a similar result, and for a probabilistic interpretation of this.)

A similar method gives a rigorous prooof of the following result. We will also
prove this as part of a more general result later in this chapter (see Example
9.4).

Theorem 9.4

If s > 1 then

= p(n) _ ey _ 1
Z ns _H(l_p )_Z'—(—s-j.

Exercise 9.4

Prove Theorem 9.4.

9.4 Random integers

As an application of the Riemann zeta function, we will calculate the probability
P that a pair of randomly-chosen integers are coprime. Since we do not wish to
spend too much time on some of the finer details of probability theory, we will
simply outline the main points. We will, in fact, use three different methods,
leading to the formulae

for P, and the fact that they must all be equal gives an alternative proof of
Theorem 9.4 in the case s = 2. (In fact, one can extend this to all integers s > 2
by calculating the probability that s randomly-chosen integers have greatest
common divisor 1.) We will then show that {(2) = 7%/6, so that P = 6/x>.
There is an interesting geometric application of this result. An integer point
in the plane R? is a point with integer coordinates. Such a point A is visible
from the origin if the line-segment AO joining A to the origin O = (0,0)
contains no integer points other than A and O. It is easy to show that an
integer point A # O is visible from O if and only if its coordinates are coprime,
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and it follows from this that P represents the probability that a randomly-
chosen integer point is visible from O. (Restricting to positive coordinates does
not alter the probability.) To put this another way, P is the proportion of the
integer lattice Z2? which can be seen from any given integer point.

Exercise 9.5

Show that an integer point (z,y) # (0,0) is visible from O if and only if
z and y are coprime.

There is an immediate problem in discussing randomly-chosen integers z €
N (or indeed randomly-chosen elements of any infinite set). If p, denotes the
probability Pr(z = n) that a particular integer n is chosen, then clearly

oo
zpn =1.
n=1

However, if we want all integers to have the same status, then p, must be a
constant, independent of n, so that 3 p, is either 0 or divergent.

One way of avoiding this difficulty is to assign probabilities to certain sets
of integers, rather than to individual integers. For any integers ¢ and n we will
assign the probability

Pr(z = cmod (n)) = % ,

so that x has the same probability 1/n of lying in any of the n classes [c] € Z,.
Now the Chinese Remainder Theorem (Theorem 3.10) implies that if m and
n are coprime, then the solutions x of any pair of simultaneous congruences

z = b mod (m),
z = c mod (n)
form a single congruence class mod (mn); thus

Pr(z = b mod (m) and z = ¢ mod (n))
1

= —= Pr(z = b mod (m)). Pr(z = c mod (n)),

so the pair of congruences are statistically independent. (Two events are sta-
tistically independent if the probability of them both happening is the product
of their individual probabilities.) The same argument applies to any finite set
of linear congruences with mutually coprime moduli.

Suppose now that x and y are chosen randomly from N, as above, and that
they are also chosen independently, that is, that

Pr(z,y € S) =Pr(z € S).Pr(y € S)
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for any subset S of N for which these probabilites are defined. Let
P =Pr(ged(z,y) =1)

denote the probability that z and y are coprime. We will calculate P in three
different ways.

Method A For each n € N, we have

z=0mod(n) and
ged(z,y) =n < ( y=0mod(n) and
ged(z/n,y/n) = 1.

Now the conditions z = 0 mod (n) and y = 0 mod (n) are each satisfied with
probability 1/n; since £ and y are chosen independently, these two conditions
are simultaneously satisfied with probability 1/n2. When they are both satis-
fied, we can regard z/n and y/n as randomly-chosen integers, so they will be
coprime (the third condition) with conditional probability P. It follows that
the three conditions are simultaneously satisfied with probability P/n?, so
p

Pr(ged(z,y) = n) = ol
Now ged(z, y) must take a unique value n € N for each pair z,y, so the sum of
all these probabilities must be equal to 1. Thus

1= ;Pr(gcd(z,y) =n) = ;;; = Pn§=:1 — =P((2),
and hence )
P=—.
¢(2)

Method B 'We have

z # 0 mod (p)

ged(z,y) =1 < or
y # 0 mod (p)

for every prime p. For each p, the congruences £ = 0 and y = 0 mod (p) each
have probability p~!, so z = 0 = y mod (p) with probability p~2, and hence
z # 0 or y # 0 mod (p) with probability 1 — p~2. Now congruences modulo
distinct primes are statistically independent, so we multiply these probabilities

for all primes p to get
P= H(l - p”z) .
P
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(Strictly speaking, we need to justify the use of an infinite product here, since
we have discussed statistical independence of finitely many congruences, but
not infinitely many; for simplicity of exposition, we will omit the details of
this.)

Method C. We have

z = 0 mod (p)
ged(z,y) > 1 < and
y = 0 mod (p)

for some prime p. The event ged(z,y) > 1 has probability 1 — P, so this must
be the probability that z = 0 = y mod(p) for at least one prime p. We will now
use the Inclusion-Exclusion Principle (see Exercise 5.10) to find an alternative
expression for this probability. For each p, the event £ = 0 = y mod (p) has
probability p~2, so adding these probabilities for all p we get a contribution

S = Zp—z
P
to 1 — P. From this we subtract a double sum
Sy = Z(PQ)_Z

pr<q

to compensate for the double counting in S; of cases in which = and y are
divisible by two primes p < q. We then add a triple sum

Ss= Y (pgr)”?
p<qg<r

to allow for over-compensation in Ss of integers divisible by three primes, and
so on. Thus
1-P=5-8+S83—---,

where the general term Sy has the form

Sk=> (pr---pk)72,

summing over all increasing k-tuples p; < --- < pi of distinct primes. If we
define Sy = 1 then we can write

P= i(—l)ksk.
k=0

In this expression for P, every square-free integer n = p; ... px € N contributes
one summand (—1)¥n=2 = p(n)n=2, where p is the Mobius function, while all



174 Elementary Number Theory

other integers n > 1 contribute nothing and satisfy p(n) = 0; using absolute
convergence to justify rearrangement, we therefore have

P=Zlﬁ%).

Exercise 9.6

For each integer s > 2, let P(s) denote the probability that s randomly-
and independently-chosen integers have greatest common divisor 1 (so
P = P(2)). Give three arguments to show that P(s) is given by the

formulae
1 s o p(n)
"0k [[a-»), nE::l pral

P

Exercise 9.7

Prove (in three different ways) that a single randomly-chosen integer z
is square-free with probability P = 1/{(2). (Hint: consider Sq(z), the
largest square factor of z.)

Exercise 9.8

For each integer s > 2, calculate (in three different ways) the probability
Q(s) that a randomly-chosen integer z should be s-th power-free, that
is, divisible by no s-th power greater than 1.

9.5 Evaluating {(2)
Having shown that P = 1/{(2), we now prove that

7|.2
(2) =+ (9.5)

Apostol (1983) gives an elementary proof of this, evaluating

1 1
/ / (1 —zy) tdzdy
o Jo

in two ways: first by writing (1 — zy)~! = Y (zy)" and integrating term by
term, and second by using a change of variables to rotate the zy-plane through
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w /4 and then using some straightforward trigonometric substitutions. A quicker
but less elementary proof is simply to put £ = 1 in the Fourier series expansion

1 4 (-1
2 _
t=3 + = n%l — cos(nmz)

of the function z2 on the interval [—1,1]; we have cos(nwz) = (—1)", so (9.5)
follows immediately. (See Chapter IV of Churchill, 1963 for background on
Fourier series.)

Instead, we will give a third proof, which has the advantage of extending to
certain other values of {(s). We will use the infinite product expansion

sinz=z7g(l—n—;)=zrg(l—;;%), (9.6)

proofs of which can be found in books on complex variable theory, e.g. Jones
and Singerman (1987, Chapter 3, Section 8). The first product in (9.6) is over
all non-zero integers n, and the second product is obtained from the first by
pairing the factors corresponding to +n. One can explain (if not rigorously
prove) the first product by regarding sin z as behaving like a polynomial with
infinitely many zeros at z = nm (n € Z), so we have a ‘factorisation’

sinz:czH(l-—ni)
T

n#0

with

. sinz
¢ = lim =1.
z—0 2

By expanding the second product in (9.6) and collecting powers of 2, we obtain
a power series for sin z which must coincide with its Taylor series expansion

3,5
sinz:z—-;—!+fs—!-—-~-. (9.7)

By comparing coefficients of z3 in (9.6) and (9.7) we see that
B S
prm R R
ST 3!

so multiplying through by —? we obtain (9.5).
With the aid of the previous section and a pocket calculator, we immediately
deduce:
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Theorem 9.5

The probability that two randomly- and independently-chosen integers are co-
prime is given by

P= = -%— = 0.607927101... .
™

By Exercise 9.7, this is also the probability that a single randomly-chosen
integer is square-free.

9.6 Evaluating ¢(2k)

For many reasons, it would be useful to know the values of ((s) for all integers
s > 2 (see Exercise 9.6, for instance). In 1978 Apéry proved a long-standing
conjecture, that ((3) is irrational, but very little else is known about ¢(s) when
s is odd. However, with a little extra work we can use (9.6) to evaluate ((s)
for all even integers s = 2k > 2. Some of the techniques we use require rather
careful analytic justification, using such concepts as uniform convergence, but
for simplicity we will omit these details.
By taking logarithms in (9.6), we have

Insinz =Inz + Zln(l - W) ,

n>1

and differentiating term by term we have

If we use the geometric series to write

22 22 ~1 22 22 k Z 22k+1 Z z2k—1
) - ) - - T

2 2( 2.2 2.2 2.2 2k+2,2k+2 2k 2k
n2n n2m n’n? L<\n’n e mrtem el
and then collect powers of z, we get

1 k-1 ((2k)z%*-1
cobz=_-23 % —m =2y T, (9.8)
k>1n>1 k>1

which is the Laurent series for cot z.
We will now compare (9.8) with a second expansion for cot z. The exponen-
tial series t 2 3
e :1+t+-2—!-+-i+---
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implies that
et -1 t t?
Sttty

and the reciprocal of this has a Taylor series expansion which can be written
in the form

t t 2 -1 B m
;T—_—-I—(1+ﬁ+§+“') —Z;—n—!t (9.9)
m>0
for certain constants By, By, ..., known as the Bernoulli numbers. Now
t tret+1
et—1 i(e‘—l _1)
t ret/2 e t/2
- E(e‘/2 —et/2 1)
t
= -;-(coth 5~ 1)
t,. it
= 5( cot 5 - 1)

where i = /—1. Putting z = it/2 we get

4 .
T =2zcotz——-=2zcotz+iz,
et -1 i

so dividing by z and using (9.9) we have
1 m
cotz=—-i+=Y Bmym _ iy > &(g) Zm L.
z m! m! \i
m2>0 m2>0

By comparing coeflicients with those in (9.8), we see that if m = 2k > 2 then

_o8(2k) _ Bk (2)2"’

2k '(57;)7 i
so that
¢(2k) = (_l)k_l(zsz)—'l"sz 2k (9.10)
Ths B 278 B,
Q=B (W=-—3"  (6)==F
and so on.

To evaluate the Bernoulli numbers, we write (9.9) in the form

Bm B n
t=)_ Wt"‘.(e’—l) =Y -rﬁ-t Z%t . (9.11)

m>0 m>0 n>1
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If we put m +n = r, we find that the coefficient of ¢t" in the right-hand side of

(9.11) is
Bn < B
2l = 2l = rnz()

m+n=r m=

Comparing this with the left-hand side of (9.11), we see that

AL e 612

m=0
For r =1,2,..., this is an infinite sequence of linear equations
By, = 1,
By+2B; = 0,

By + 3B; + 3By

Il
o

and so on, which we can solve in succession to find each B,,. (A more effi-
cient but less elementary method for evaluating Bernoulli numbers is given in
Graham et al., 1989, Chapter 6, Section 5.) The first few values are
1 1 1 1
BO—l’ Bl’__§1 B2-61 B3—Oa B4——Ea BS-O, Bﬁ—Ea
and so on. (In particular, B,, = 0 for all odd m > 1, reflecting the fact that
cot z is an odd function.) Substituting these values for even m in (9.10), we get

7l'2
((2) = & = 1.64493406 ...,
7l.4
)= — =10
(@ =55 8232323 ... ,

7l'6
¢(6) = — = 1.01734306...

so that in the notation of Exermses 9.6 and 9.8 we have

P(2)=Q(2) = % = 0.607927101 .. . ,

P(4) =Q(4) = @ =0.923938402. .. ,

P(6) = Q(6) = % = 0.982952592 . .
and so on.
The coeflicients in the linear equations (9.12) are all rational numbers, so
it follows by induction on r that the Bernoulli numbers are all rational. It
then follows from (9.10) that ¢(2k) is a rational multiple of 7%, so P(2k) is a
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rational multiple of 7~2%. Now a complex number is said to be algebraic if it
is a root of some non-trivial polynomial with integer coefficients (for instance,
V2 is a root of z2 — 2); all other complex numbers are called transcendental. In
1882 Lindemann proved that 7 is transcendental; it follows easily that 72¥ and
hence ((2k) and P(2k), are also transcendental, and are therefore irrational.

Exercise 9.9

Assuming Lindemann’s result, prove the remarks in the last sentence.

9.7 Dirichlet series

We defined the Riemann zeta function as {(s) = Y .-, 1/n°, and then saw that
1/¢(s) = Yo, u(n)/n®. These are just two examples of an important class of
series of this general form.

Definition

If f is an arithmetic function, then its Dirichlet series is the series
oo
f(n)
F(s) = —.
(s) ; o

For convenience, we will often abbreviate this to F(s) = ). f(n)/n®, with the
convention that Y~ without limits denotes > .- ;. Just as generating functions
A(z) = 3 apz™ are useful for studying sequences (a,) defined by recurrence
relations, Dirichlet series F'(s) are useful for studying arithmetic functions f, es-
pecially those associated with primes and divisors. For instance, in 1837 Dirich-
let used series of this type, called L-series, to prove Theorem 2.10, that if a and
b are coprime then there are infinitely many primes p = b mod (a). The arith-
metic functions u, N and p have particularly simple Dirichlet series:

Example 9.1
If f =wuthen F(s) =Y u(n)/n® =3 1/n* ={(s).

Example 9.2
If f=Nthen F(s) =Y. N(n)/n* =Y. n/n* =3 1/n*"1 =((s - 1).
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Example 9.3
If f = p then F(s) =Y u(n)/n® =1/{(s) by Theorem 9.4.
The next result helps to explain the importance of Dirichlet series: multi-

plication of Dirichlet series corresponds to the Dirichlet product of arithmetic
functions.

Theorem 9.6

Suppose that

F(s)=if("’ G()-Zg(" and H(s)=f;h<">

n=1 n=1

where h = f x g. Then
H(s) = F(s)G(s)

for all s such that F(s) and G(s) both converge absolutely.

Proof

If F(s) and G(s) both converge absolutely, then we can multiply these series
and rearrange their terms to give

I
Ms

F(s)G(s)
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Example 9.4

If we take f = p and g = u, then h = f x g = u*u = I by our definition of
p (Chapter 8, Sections 3 and 6). Now I(1) = 1 and I(n) = 0 for all n > 1,
so H(s) = Y, I(n)/n®* = 1 for all s. We have F(s) = }_ u(n)/n®, and G(s) =

S u(n)/n®* = 3" 1/n* = ((s), both absolutely convergent for s > 1; hence

Theorem 9.6 gives
o0
E p(n)
ns

=1,

so that
1

YW

for all s > 1, proving part of Theorem 9.4.

Example 9.5

Let f = ¢ and g = u. As before, G(s) = ((s) is absolutely convergent for s > 1.
Now 1 < ¢(n) < n for all n, so F(s) = > ¢(n)/n® is absolutely convergent
by comparison with Y n/n® = ((s — 1) for s — 1 > 1, that is, for s > 2. Thus
Theorem 9.6 is valid for s > 2. Now Theorem 5.8 gives ¢ x u = N, so

Z%ﬁ’—)-ﬁ(s)=2¥=2%=f(s‘”’

n=1 n=1 n=1
and hence
oo
$S o _ <=1
= on ¢(s)
for all s > 2.

Exercise 9.10

Show that

= 7(n) 2

> =L

n

n=1
for all s > 1.
Exercise 9.11
Express Y o>, ok(n)/n® in terms of the Riemann zeta function, where

Ok (n) Edln
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Exercise 9.12
Liouville’s function A is defined by

’\(p? . _pzk) - (_1)€1+"'+€k
where py, ..., px are distinct primes. Show that

1 if n is a perfect square,
dzl: Ald) = { 0 otherwise,
n

and hence show that

for all s > 1.

Exercise 9.13

Let v(n) be the number of distinct primes dividing n (so that v(60) = 3,
for instance). Show that

S vn) _ a5 L
gns “O2

where p ranges over the set of primes. For which real s is this valid?

9.8 Euler products

Many Dirichlet series have product expansions analogous to that in Theorem
9.3, in which the factors are indexed by the primes. These are called Euler
products. First we need to consider a stronger form of multiplicativity.

Definition

An arithmetic function f is completely multiplicative if f(mn) = f(m)f(n) for
all positive integers m and n.

Example 9.6

The functions N, u and I are completely multiplicative, whereas the multiplica-
tive functions u and ¢ are not.
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Theorem 9.7

(a) If f is multiplicative, and } .- , f(n) is absolutely convergent, then

Yo s =TI+ @)+ @) +--).
n=1 P
(b) If f is completely multiplicative, and Y o. , f(n) is absolutely convergent,

then
Zf(n H( f(p))

In each case, p ranges over all the prlmes.

Proof

(a) The proof follows that used for Theorem 9.3. Let pi,...,px be the first k

primes, and let .

P =[]+ f:) + £@02) +---).
i=1
The general term in the expansion of Py is f(p7') ... f(pg*) = f(pf* ... DPF*),
because f is multiplicative. Thus
Pe= Y f(n)
neAx
where Ay = {n|n=p"...pi*, e; > 0}. We have

{Pk—zfn)l—}z fm < S Ifmi< Y 1t

ng Ay ngAx n>px

since n > pi for each n ¢ Ax. Now 327, |f(n)| converges, so as k — oo
we have - |f(n)| — 0 and hence |P — 3,7 ; f(n)| — 0; thus P, —
Yoo f(n) as k — oo, as required.

(b) If f is completely multiplicative, then f(p®) = f(p)¢ for each prime-power
pt, so part (a) gives

Y fny = [J+f®+ ) +-)
n=1

p

= JJ+f@) + @2+

P

- U(=7m):
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We can apply this result to Dirichlet series:

Corollary 9.8

Suppose that Y, f(n)/n® converges absolutely. If f is multiplicative, then

Zfr(:)zg( fz()p) ;)23)+___),

n=1

and if f is completely multiplicative, then

> 2 -1 (r=7m).

Proof
In Theorem 9.7, we simply replace f(n) with f(n)n=*, which is multiplicative
(or completely multiplicative) if and only if f(n) is. ]
Example 9.7
The function u is completely multiplicative, so as a special case we get Theorem
9.3, that

£2-T(2)

“— ns , 1-— p~s

for all s > 1.
Example 9.8

The M6bius function u(n) is multiplicative, with u(p) = —1 and pu(p®) = 0 for
alle > 2, so

for all s > 1. Inverting the factors in this product we obtain 1/{(s) by the pre-
vious example, so this completes the proof of Theorem 9.4 which we promised
earlier.

H(HH;() P, 1(53) +- ) :H(l—p‘“)

4
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Exercise 9.14

Find the Euler product expansion for the Dirichlet series Y, ; |u(n)|/n®,
and hence show that Y .-, |u(n)|/n® = ((s)/¢(2s) for s > 1. Deduce
that if n > 1 then }, A(d) = 0, where d ranges over the divisors of n
such that n/d is square-free. (Here A is Liouville’s function, defined in
Exercise 9.12.)

Exercise 9.15
Show that [] (1 ~p~!) = 0 as z — +oo.

9.9 Complex variables

In considering Dirichlet series F(s) = Y f(n)/n®, such as the Riemann zeta
function }_ 1/n°, we have assumed (often implicitly) that the variable s is real.
For many purposes, this is adequate, but for some more advanced applications
it is necessary to allow s to be complex. The advantage of this is that functions
of a complex variable are often easier to deal with than those of a real variable:
in particular, their domains of definition can often be extended by analytic
continuation, and they can be integrated by the calculus of residues, techniques
which are not available if we restrict to real variables.

Our earlier results on Dirichlet series and Euler products all extend to the
case where s is a complex variable, provided we have absolute convergence.
We therefore need to consider the subset of the complex plane C on which a
Dirichlet series converges absolutely. We will see that, just as a power series
converges absolutely on a disc (which may be the whole plane or a single point),
a Dirichlet series has a half-plane of absolute convergence, which may be the
whole plane or the empty set.

Following the traditional (if slightly bizarre) notation we put

s=o0+iteC where o,teR.

Then n® = nHt = n7.nit = 9.t with n > 0 and || = 1, so
|n®| = n°. Now suppose that F(s) converges absolutely (that is, Y |f(n)/n®|
converges) at some point s = a +ib € C; if 0 > a then

f(n) ‘ _|{(n) f(n) ‘,

notit| | po notib

< ‘fTE:)

so 3 f(n)/n?*it converges absolutely by the Comparison Test. This implies:
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Theorem 9.9

Suppose that >, | f(n)/n®| neither converges for all s € C, nor diverges for
all s € C. Then there exists o, € R such that Y - ; | f(n)/n®| converges for all
s = o + it with ¢ > 0, and diverges for all s = o + it with 0 < g,.

Proof

We take o, to be the least upper bound of all @ € R such that ) |f(n)/n®|
diverges at s = a+ib; by the preceding argument this coincides with the greatest
lower bound of all a € R such that }_ |f(n)/n®| converges at s = a + ib. 0

Definition

We call o, the abscissa of absolute convergence of F(s), and {s =0 +it € C |
0 > 0,} its half-plane of absolute convergence.

Note that the theorem says nothing about the behaviour of F(s) when
0 = 0do. Note also that there are two other extreme possibilities, not covered
by the theorem: F(s) may converge absolutely for all s € C, or for no s € C;
we then write 6, = —00 or +00 respectively. A similar but more complicated
argument shows that there exists o, < 0,4, called the abscissa of convergence,

such that F(s) converges for ¢ > o, and diverges for o < o,; if 0. < 0,4, then
convergence is conditional for 0. < 0 < 0.

Exercise 9.16

Find examples of Dirichlet series for which ¢, = —00 and o, = +00.

Example 9.9

Theorem 9.1 states that ) 1/n® converges (absolutely) for all real s > 1 and
diverges for s < 1. This series therefore has 0, = 0, = 1, so it converges
absolutely for all s = ¢ + it € C with ¢ > 1, and diverges for o < 1. Similarly,
Y >(-1)*/n® has g, = 1, but in this case o, = 0 since the series converges for
all s > 0 by the Alternating Test (Appendix C), but diverges for s < 0.

Example 9.10

If f is bounded, say |f(n)] < M for all n, then |f(n)/n®| < M/n° where
s =0 +it, so ), f(n)/n® converges absolutely whenever o > 1, by comparison
with > M/n?. (It may converge absolutely for smaller o, depending on the
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particular function f.) This applies to f = u for example, with M = 1. More
generally, if there are constants M and k such that |f(n)| < MnF for all n, then
3" f(n)/n® converges absolutely for & > 1+ k by comparison with }~ Mn* /n°.
Now |¢(n)| < n for all n, so taking k = 1 we see that ) ¢(n)/n® converges
absolutely for o > 2.

A complex function F(s) is said to be analytic if it is differentiable with
respect to s.

Theorem 9.10

A Dirichlet series Y o>, f(n)/n® represents an analytic function F(s) for o >
0., with derivative F'(s) = — Y >2 | f(n)In(n)/n®.

Proof (Outline proof)

For each n > 1, the function f(n)/n® = f(n)e=*™™") is analytic for all s
(since the exponential function e® is analytic), with derivative — f(n) In(n)/n®.
One now shows that ) f(n)/n® converges uniformly on all compact (closed,
bounded) subsets of the half-plane ¢ > o, and then quotes the theorem that
a uniformly convergent series of analytic functions has an analytic sum, which
may be differentiated term by term. For full details, see Apostol (1976, Chapter
11, Section 7). 0

For example, the series ) 1/n° defines an analytic function ((s) on the
half-plane ¢ > 1. Riemann used analytic continuation to extend the domain of
¢(s): the resulting function, also denoted by ((s), is analytic on C\ {1}, with
a simple pole at s = 1 (this means that (s — 1){(s) is analytic at s = 1, so
that {(s) diverges there like 1/(s — 1)). Note that we do not claim that the
series ) 1/n® converges outside the half-plane o > 1: what Riemann showed is
that there is a function ((s) which is analytic for all s # 1, and which agrees
with >~ 1/n® for 0 > 1. This is analogous to the situation with power series:
for instance the geometric series 1+ z + 22 + - - - converges (absolutely) for all z
with |z| < 1, and within this disc of convergence its sum is given by (1 — z)~};
however, this function (1 —2)~! is analytic for all z # 1, even though the series
diverges for |z| > 1.

Exercise 9.17

Show that ¢'(s) = — > In(n)/n® and —{’(s)/¢(s) = 3 A(n)/n® for all s
with ¢ > 1, where A is Mangoldt’s function (see Exercise 8.24).
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Riemann showed that the extended function ((s) has zeros at s = -2, —4,
—6, ...; these are called the trivial zeros, and he showed that the remaining
non-trivial zeros all lie in the critical strip 0 < o < 1. The celebrated Riemann
Hypothesis is the conjecture that these non-trivial zeros all lie on the line
o = 1/2. A great deal is now known about the location of the zeros of ((s):
for instance, Hardy showed in 1914 that there are infinitely many on the line
o = 1/2. Despite strong evidence in its favour, the Riemann Hypothesis is
still unproved; since many conjectures about the distribution of prime numbers
depend on this result, the resolution of this problem remains one of the greatest
challenges of number theory.

9.10 Supplementary exercises

Exercise 9.18

Let 7x(n) be the number of k-tuples (di,...,dx) of positive integers
d; such that d;...d; = n (so that 72 = 7, for instance). Show that
Yo 1 Tk(n)/n® = ((s)* for all s = 0 +it witho > 1.

Exercise 9.19
Show that Yoo | 7(n)%/n® = ((s)*/¢(2s) for o > 1.

Exercise 9.20

Recall that 7(z) is the number of primes p < z. Show that if ¢(z) denotes
the number of square-free integers m < z, then

27 > g(z) > x(2 - %2) ,

and hence

2
n(z) > logyz + log, (2 - 7—;—)

Inz 2

™y +log2(2 - %) .

(This estimate for 7(z) is very weak: for instance it gives m(10%) > 28,
whereas in fact 7(10%) = 5 x 107.)
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Exercise 9.21

Let fix(n) denote the number of subgroups of finite index n in the
group ZF (see Exercise 8.26). Express the Dirichlet series Fi(s) =
o2 1 fr(n)/n® of fi in terms of the Riemann zeta function. For which
s € C is your expression valid?
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Sums of Squares

Our main aim in this chapter is to determine which integers can be expressed as
the sum of a given number of squares, that is, which have the form 22+ - - +z2,
where each z; € Z, for a given k. We shall concentrate mainly on the two
most important cases, characterising the sums of two squares, and showing
that every non-negative integer is a sum of four squares. We shall adopt two
completely different approaches to this problem: the first is mainly algebraic,
making use of two number systems, the Gaussian integers and the quaternions;
the second approach is geometric, based on the fact that the expression z2 +
-+ + ¥ represents the square of the length of the vector (zi,...,zx) in R*.
We shall therefore give two different proofs for several of the main theorems
in this chapter. In mathematics, it is often useful to have more than one proof
of a result, not because this adds anything to its validity (a single correct
proof is enough for this), but rather because the extra proofs may add to
our understanding of the result, and may enable us to extend it in different
directions.

10.1 Sums of two squares

Definition

For each integer k > 1,let Sy = {n|n=1x%+..- +z% for some z;,...,z% €
Z}, the set of all sums of k squares.

191
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Example 10.1

S1={0,1,4,9,...} is the set of all squares. By inspection, Sz, the set of sums
of two squares, contains 0,1,2,4,5 and 8, but not 3,6 or 7.

Lemma 10.1

The set S, consisting of the sums of two squares, is closed under multiplication,
that is, if s,t € S3 then st € S5.

Proof

Let s = a? +b? and t = a2 + b2 be elements of S;, where a;,b;,a3,bs € Z. Then
the identity

(af + bf)(a% + bg) = (alag — b1b2)2 + (albg + b1a2)2 (101)
shows that st € S, since ajay — byby,a1by + bras € Z. 0
Example 10.2

We have 8 = 22422 and 10 = 32+412,50 80 = 8.10 = (2.3—-2.1)24+(2.142.3)2 =
42 + 82,

Comments

1 It follows immediately that the product of any finite set of elements of S
is also in Sj.

2 The identity (10.1) can be verified directly by expanding each side. How-
ever, it is more useful to define a pair of complex numbers z; = a; + ib;
for i = 1,2 (where i = y/=1), so that a? + b = 2% = |z|?. Now
the rules for multiplying complex numbers (with i2 = —1) give 212 =
(alag—b1b2)+i(a1b2+b1a2), so that |2122|2 = (a1a2—b1b2)2+(a1b2+b1a2)2.
One can therefore prove the identity by arguing that

|2122|2 = (2122).(z122) = 21712222 = ]zf]lz%l

for all 21, 2o € C. We will see later that a similar identity holds for S4, but
not for S3, so that sums of four squares are easier to deal with than sums
of three squares.
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3 By replacing b; with —b; in (10.1) we obtain the equivalent identity
(a3 +b3)(a3 + b2) = (@102 + b1b2)? + (a1b2 — byaz)?, (10.2)
which we will need later.

Lemma 10.1 suggests that, in determining the elements of S;, we should
first consider prime numbers: each integer n > 2 is a product of primes, and if
these prime factors are all in S, then so is n. However, not all primes are sums
of two squares, the prime 3 being the first counterexample.

Exercise 10.1

Which of the primes p < 100 are elements of S;? Do you notice a pattern
emerging?

The following Two Squares Theorem was stated by Fermat in 1640, and
proved by Euler in 1754.

Theorem 10.2

Each prime p = 1 mod (4) is a sum of two squares.

Proof

Since p = 1 mod (4), Corollary 7.7 implies that —1 € Qp; thus —1 = u?
mod (p) for some u, so u2 +1 = rp for some integer . We can choose u so that
0<u<p-1,giving 0 < r < p. Now rp = u?2 + 12 € Sy, so it follows that
there is a smallest integer m such that mp € S; and 0 < m < p. If m =1 then
p € S; and we are done, so assume that m > 1.

Since mp € Sy, we have mp = a? + b? for some integers a; and b;. Let ay
and by be the least absolute residues of a; and b; mod (m), so that a; = a,
and b, = b; mod (m) and |az),|b2| < m/2. Then a2 + b3 = a? + b = 0
mod (m), so a% + b2 = sm for some integer s; since |az|, |bz| < m/2 we have
a? + b3 < 2(m/2)? = m?/2, s0 s < m/2 and hence s < m.

We also have s > 0: if s = 0 then a% + b2 = 0, so ay = by = 0, giving
a1 = by = 0 mod (m); then m divides a; and b;, so m? divides a? + b = mp
and hence m divides p, which is impossible since p is prime and 1 < m < p.
Thus 0 < s <m.

Now (a2 + b2)(a2 + b2) = mp.sm = m?2sp, and identity (10.2) following
Lemma 10.1 shows that

(a2 + b2)(a2 + b2) = (a1az + bib2)? + (a1by — braz)?,
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so that

(a1ag + b1b2)? + (a1by — byaz)? = m2sp.

Since ajag + bib2 = a2 + b2 = 0 mod (m) and a;b; — biaz = azby — braz =0
mod (m), we can divide this equation through by m? to give

(a1a2; b1b2)2 + (albz;blaz)Z _ s

where both (ajaz + bib2)/m and (a1bs — byaz)/m are integers. Thus sp € S
with 0 < s < m, contradicting the minimality of m. Hence m = 1 and the
proof is complete. ]

We will give an alternative geometric proof of Theorem 10.2 in Section 10.6.
We can now give a complete description of the elements of S in terms of their
prime-power factorisations.

Theorem 10.3

A positive integer n is a sum of two squares if and only if every prime ¢ = 3
mod (4) divides n to an even power (which may, of course, be 0 if ¢ /n).

Proof

(<) By assumption, we can write
2 2
n=2p0 . pprgi gt = 20 PR (e (@)

for some set of primes p; = 1 mod (4) and ¢; = 3 mod (4), where the exponents
are integers e > 0,e; > 0 and f; > 0. Now 2 = 12 + 1% € S, Theorem 10.2
shows that each p; € S3, and also each q]? = q]? + 02 € Sy. Thus n is a product
of elements of Sz, so Lemma 10.1 implies that n € Ss.

(=) Let n € Sz, say n = 2% + y%. Let q be any prime such that ¢ = 3
mod (4), let ¢/ || n, and suppose (for a contradiction) that f is odd. If d denotes
the greatest common divisor of z and y, then £ = ad and y = bd where
ged(a,b) = 1, s0 n = (a? + b%)d? and hence nd~2 = a? + b%. If ¢¢||d then
¢’ ~%¢|nd~2; now f — 2e is odd and hence non-zero, so g|nd~2? = a? + b? and
hence a? = —b% mod (q). Now b cannot be divisible by g (for then ¢ would
divide both a and b, whereas they are coprime), so b is a unit mod (g). If ¢
is the inverse of b in U,, then multiplying through by ¢? we have (ac)? = -1
mod (g), so that —1 € Q. This is impossible for a prime ¢ = 3 mod (4) by
Corollary 7.7, so f must be even. O



10. Sums of Squares 195

Example 10.3

The integer 60 (= 22.3.5) is not a sum of two squares, since the exponent of 3
dividing it is odd. However, 180 (= 22.32.5) is a sum of two squares. To find
them, first write 5 as a sum of two squares: 5 = 22 + 12, Now multiplying
through by 22.32 we get 180 = 22.32.5 = (2.3.2)? + (2.3.1)% = 122 + 62.

Example 10.4

The integer 221 (= 13.17) is a sum of two squares, since 13 = 17 =1 mod (4).
To find these squares, imitate the proof of Lemma 10.1, with 13 = 32 + 22 and
17 = 42 + 12 corresponding to the equations s = a? + b? and t = a2 + b2. Then

221 = st = (aja3—b1by)?+(a1bo+b1az)? = (3.4-2.1)24(3.142.4)% = 10 +112.

(Note that equation (10.2) sometimes gives a different expression, e.g. 221 =
142 4 52 in this case.) Similarly, one can express 6409 (= 221.29) as a sum of
two squares by repeating this process: 221 = 102 + 112 and 29 = 52 + 22, so
6409 = (10.5 — 11.2)% + (10.2 + 11.5)2? = 282 4 752,

Exercise 10.2

Write each of the following integers as a sum of two squares, or show
that this is impossible: 130, 260, 847, 980, 1073.

Exercise 10.3
Find all the pairs (z,y) € Z? satisfying z2 + y? = 50.

As a special case of Theorem 10.3, we have the following stronger form of
Theorem 10.2:

Corollary 10.4

A prime p is a sum of two squares if and only if p =2 or p =1 mod (4).
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10.2 The Gaussian integers

A representation of an integer n as a difference of two squares, say n = 2 —y?2,
gives rise to a factorisation of n as a product of two integers,

n=2? -y’ =(z+y)(z-v),

where z + y = z — y mod (2). Conversely, if n = rs where r = s mod (2), then
by writing £ = (r +s)/2 and y = (r — 5)/2 we get n = 12 — y? with 7,y € Z.
This link with factorisations can be extended to sums of two squares if we write

n=z%+y? = (z +yi)(z — 4i),

where i = /=1 € C: given any factorisation n = rs of this form, we now write
z = (r+s)/2 and y = (r—s)/2i, provided these are integers. This suggests that
we should study the complex numbers of the form z + yi (z,y € Z), known as
the Gaussian integers, and in particular their factorisations.

The set

Zil={z+yi|z,ye Z}

of all Gaussian integers is closed under addition, subtraction and multiplication:
for instance, (a + bi)(c +di) = (ac— bd) + (ad + be)i, and if a, b, ¢, d are integers
then so are ac — bd and ad + be. The usual axioms (associativity, distributivity,
etc.) are satisfied, so Z[i] is a ring; however, it is not a field, since not every
non-zero element of Z[i] is a unit (see Exercise 10.4). Thus Z[i] shares many
of the basic properties of Z, so it is not surprising that many of our earlier
results about divisibility and factorisation of integers extend in a natural way
to Gaussian integers.

There are two other important properties of Z shared by Z[i]. The first is
that if r,s # 0 then rs # 0, or equivalently, if rs = 0 thenr =0 or s =0
(this is true in Z[i] since it is true in C, which contains Z[i]). A ring with this
property is called an integral domain. This property is useful since it allows
one to cancel non-zero factors: if r’s = r”s with s # 0, then (r' — 7")s = 0 so
that 7/ — " = 0 and hence 7’ = r".

The second important property of Z is the Division Algorithm (Corollary
1.2), which allows one to divide an integer a by a non-zero integer b, with a
remainder which is small compared with b. An integral domain R is a Euclidean
domain if, for each a € R\ {0} there is an integer'd(a) > 0 such that

(1) d(ab) > d(b) for all a,b # 0, with equality if and only if a is a unit;

(2) for all a,b € R with b # 0, there exist ¢, € R such that a = gb + r, with
r =0 or d(r) < d(b).
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The function d assigns a measure of size to each non-zero element of R. Con-
dition (1) simply states that this function behaves reasonably with respect to
products, while condition (2) is the analogue of Corollary 1.2, giving a remain-
der r which is small in comparison with b.

Example 10.5

The ring Z is a Euclidean domain, with d(r) = |r|: condition (1) is clear, using
the fact that the units of Z are +1, while condition (2) is simply Corollary 1.2.

Example 10.6

If F is any field, then the ring F[z] of polynomials in one variable z, with
coefficients in F, is a Euclidean domain. For each non-zero f = f(z) € F|z] we
define d(f) = deg(f), the degree of the polynomial f(z). Then condition (1)
follows from the facts that deg(fg) = deg(f) + deg(g), and that f is a unit if
and only if it is a non-zero constant polynomial, that is, deg(f) = 0; condition
(2) follows from polynomial division.

Example 10.7

The ring Z[i] of Gaussian integers is a Euclidean domain, with d(z) = 2Z =
|z|2 = 22 + y? for each z = z + yi € Z[i]. (This is sometimes called the
norm of z, written N(z).) Condition (1) is straightforward, using the facts
that d(zw) = d(z)d(w) for all z,w (see Comment 2 of Section 1), and that the
units in Z|[i] are +1 and +i (see Exercises 10.4 and 10.5).

Exercise 10.4

Show that if u € Z|i] then the following are equivalent:
(a) u is a unit in Z}i];

(b) d(u) =1;

(c) u=+1or i

Exercise 10.5

Verify condition (1) for Z[i], that d(ab) > d(b) for all non-zero a, b € Zli],
with equality if and only if a is a unit.
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We will give a geometric proof of condition (2) for Z[i], though an algebraic
proof is also possible. The Gaussian integers ¢ = z+yi € Z[i] can be regarded as
the points (z,y) € R? with integer coordinates; as such they are the vertices of a
tessellation (tiling) of the plane by squares with side-length 1. If b is a non-zero
element of Z[i], then the multiples gb of b, with g € Z|i], are also the vertices
of a tessellation by squares, obtained by multiplying the original tessellation
by b; equivalently, we rotate the original tessellation about the origin by an
angle arg(b), and expand it by a factor |b|, so these squares have side-length |b].
Every complex number (and hence every Gaussian integer) a is in at least one
of these squares, and its distance from one of the vertices gb is at most |b|/v/2
(attained if a is the centre of a square). If we define r = a — gb, then r € Z[i],
a=gb+r,and |r| < |b|/v/2, so d(r) = |r|? < |b]?/2 < |b]? = d(b), as required.

The main results from Chapters 1 and 2 concerning divisors and factori-
sations all extend to any Euclidean domain R, with only minor changes of
terminology. It is a useful exercise to adapt their proofs to establish the fol-
lowing more general results, and to see what they mean for Z[i]. First we need
some terminology.

Two elements a,b € R are associates if a = ub for some unit u of R; this
is an equivalence relation, since the units form a group under multiplication.
An element a € R, which is not 0 or a unit, is irreducible if its only divisors
are units or its associates; otherwise, a is reducible. In Z, for instance, the
associates of a are +a, and the irreducible elements are those of the form +p
where p is prime.

The main result we need here states that each element of a Euclidean do-
main R, other than 0 or a unit, is a product of powers of irreducible elements;
moreover, this representation is unique, apart from permuting factors and re-
placing them with their associates. In the case R = Z this is the Fundamental
Theorem of Arithmetic (Theorem 2.3). The proof for general Euclidean do-
mains is very similar, and we will omit the details, since they can be found in
many algebra textbooks.

In order to apply this to the Gaussian integers, we need to determine the
irreducible elements of Z[i].

Each prime ¢ = 3 mod (4) in Z is irreducible in Z[i]. For if ¢ = zw with
z,w € Z[i], then d(z)d(w) = d(q) = ¢* in Z, so either d(z) = d(w) = ¢ or
{d(2),d(w)} = {1,¢%}. In the first case, putting z = z+yi we get ¢ = 2%+ 1% €
S2, which is impossible by Corollary 10.4; hence either d(z) = 1 or d(w) = 1, so
z or w is a unit, and q is irreducible. For instance, the primes ¢ = 3,7,11,19,...
are all irreducible as Gaussian integers. Each prime ¢ = 3 mod (4) gives rise
to four associates +q and +gi, all irreducible in Z[i]; by the uniqueness of
factorisation in Z[i], these are the only irreducible elements dividing q.

On the other hand, any prime p = 2 or p = 1 mod (4) is in Sz, so p = % +y?
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for some integers z and y, giving a factorisation p = (z + yi)(z — yi) of p in
Z[i]. These factors 7 = z + yi and T = z — yi must be irreducible: if x + yi = st
in Z[i] then d(s)d(t) = d(z £ yi) = p in Z, so d(s) = 1 or d(t) = 1 and hence
s or t must be a unit. For instance, 2 = (1+1i)(1 —i),so 1+iand 1 —i
are irreducible, and multiplying by units we obtain four associate irreducible
elements: 1+i, i(1+i) = —1+i, —(1+i) = —1-iand —i(1+i) = 1—i. However,
if p = 1 mod (4) we obtain eight irreducible elements +z + yi and +y + zi,
consisting of four associates of each of 7 and 7; for instance 5 = 12 + 22 =
(1 + 2i)(1 — 2i), giving the irreducible elements +1 + 2i and +2 +i. In either
case, the uniqueness of factorisation implies that these are the only irreducible
divisors of p in Z[i].

These irreducible elements 7,7 and ¢, together with their associates, are in
fact the only irreducible elements of Z[i]. For suppose that z is irreducible in
Z[i]. Now z divides the positive integer 2Z = d(2), so there is a least positive
integer n such that z divides n in Z[i]; since z is not a unit, n > 1. Now n must
be prime, for if n = ab in Z with a,b > 0, then z divides a or b in Z[i] (by
the analogue of Lemma 2.1(b) for Zli]), so a = n or b = n by the minimality
of n. We have already determined which irreducible Gaussian integers divide
the various primes n =2, n=p =1 and n = ¢ = 3 mod (4), so z must be an
associate of some m, 7T or ¢, as required.

The uniqueness of factorisation in Z|i] implies that the representation of a
prime p € S, as z2 + y? is essentially unique, apart from the obvious changes
of transposing z and y, and multiplying either or both of them by —1. More
precisely, if 7(n) denotes the number of pairs (z,y) € Z? such that z% +y% = n,
then r(2) = 4, from the representations 2 = (+1)2 + (£1)2, and r(p) = 8 for
primes p = 1 mod (4), from p = (£z)% + (2y)? = (2y)? + (£z)?; of course,
Corollary 10.4 gives r(q) = 0 for primes ¢ = 3 mod (4).

Using our knowledge of the irreducible elements of Z[i], we can in fact
evaluate r(n) for all n. Suppose that n factorises in Z as

n = 2°p{! ...pZ"q{‘ ...qif‘
for primes p; = 1 and ¢; = 3 mod (4), and integers e > 0 and e;, f; > 0. By
factorising each prime 2, p; and g; in Z[i], we find that n has factorisation

no= 4+ -0 [ m ) TP
i J
= i*@ - [[ @)= [[ o
i J
in Z[i], where 1—i, 7;, 7; and g; are all irreducible, and 7;7; = p; fori =1,... k.

Now n = 2% +y? if and only if n = (z+yi)(z — i) in Z[i], so r(n) is the number
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of distinct factors z of n in Z[i] such that n = 2Z. Any factor z of n must be a
product of a unit u and various irreducible factors of n, that is,

z=u(l - [[n¥@* [] ¢
i J
where 0 < a < 2e, 0 < aj,b; <e;,and 0 < ¢; < f;. Then
a(l +i)° H(w1 )iy H
= T%1-1) Hwb‘(m)“‘ l_lqJ )

and by using 4% = 1 we can combine these factorisations of z and Z to obtain
the factorisation

z

27 =1%(1 - )% Hﬂ,ad—b 7)o H 25

By comparing this with the factorisation of n, and using the uniqueness of
factorisation of Gaussian integers, we see that 2Z = n if and only ifa = e, a; +
b; = e; and 2c; = f; for all 7 and j. Now r(n) is the number of such factors z
of n, so r(n) = 0 unless each f; is even, confirming Theorem 10.3; when this
happens, the values of a (= e) and ¢; (= f;/2) are uniquely determined by n,
while there are four choices for the unit u, and e; + 1 choices for each pair a;, b;
(since a; = €; —b; =0,1,...,¢;). Thus

r(n) = {41‘[,_ 1(ei +1) if fy,..., fi are all even,
otherwise.

Note that Theorem 8.3 implies that [L_ (es + 1) = 7(n1), the number of
divisors of ny = H,_l pit.

Example 10.8

Let n = 30420 = 22.5.132.3%. The only prime ¢; = 3 mod (4) dividing n is
q1 = 3,s0l =1 with f; = 2 (the exponent of 3), which is even. The primes
P; =1 mod (4) dividing n are p; = 5 and p, = 13, s0 k = 2 with e; = 1 and
ez = 2 (the exponents of 5 and 13). Thus r(30420) = 4(1 + 1)(2 + 1) = 24.
Since 5 = (2+1)(2 —1i) and 13 = (3 + 2i)(3 — 2i), and since e = 2, the factors z
such that zZ = n have the form

z=u(l-1)2(24i)*(2-1)17*(3 4 2i)°*2(3 — 2i)27*2.3
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where u is a unit, 0 < a; < 1 and 0 < a3 < 2. Now u(1 —i)2.3 = 6v, where
v = —iu is a unit, so if we take a; = 0,1 and a; = 0,1,2 in turn then we get
24 factors

z=z+yi=6v(-2+29), 6v(26+13i), 6v(22+ 19i).

These give 24 representations of n = 30420 as z2 42, each of which is obtained
from one of
122 + 1742, 1562 + 782, 1322 4+ 114*

by transposing z and y, or multiplying them by +1, or both.

Exercise 10.6

Calculate r(221), and find all representations of 221 as a sum of two
squares. (See Example 10.4.)

Exercise 10.7

Calculate 7(16660), and find all representations of 16660 as a sum of two
squares.

Exercise 10.8

Show that r(n) = 4(71(n)—73(n)) for all n, where 71(n) and 73(n) denote
the number of divisors d of n such that d =1 or 3 mod (4) respectively
(see Chapter 8, Exercise 8.21).

10.3 Sums of three squares

Gauss proved that n € S3 if and only if n # 4%(8k + 7); thus 7,15,23,28,...
are not sums of three squares. It is a simple exercise (see below) to prove that
no integer n = 4%(8k + 7) can be a sum of three squares. The converse, which
we will omit for lack of space, is rather harder, mainly because the set S3 is
not closed under multiplication: for instance 3 and 5 are sums of three squares,
but 15 is not.

Exercise 10.9
Show that if n € S3 then n # 7 mod (8).
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Exercise 10.10

Show that if n € S3 and n is divisible by 4, then n/4 € S;.

Exercise 10.11

Deduce that if n = 4°(8k + 7) then n ¢ S.

Exercise 10.12

In how many ways can 14 and 11 be written as sums of three squares?

10.4 Sums of four squares

Perhaps surprisingly, it is easier to deal with sums of four squares: first we need

the following result.

Lemma 10.5

The set Sy, consisting of the sums of four squares, is closed under multiplication,

that is, if s,t € S4 then st € Sy.

Proof

This follows immediately from the identity

@@+ +E+d2) (a2 +bi+2+d2) =

(a1a2 — byby — 103 — dydp)?
+(ayby 4 byag + c1dy — dycy)?
+(arcy — bydy + crag + dyby)?
+(a1dy + byca — e1bg + dyag)?,
(10.3)

which can be proved directly (at some length) by expanding each side. (We will
shortly give an alternative explanation of this identity in terms of quaternions.)

O
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Comment

By replacing b1, c; and d; with —b;, —c; and —d;, we obtain the identity

(af +bF +cf +di)(af +bj +c3+df) = (araz +biba+crco + didy)”
+(a1b2 —biag —1ds + d162)2
+(arcy + bidy — crap — dybg)?
+(a1d2 —bieg + c1by — dlaz)z,

(10.4)

which we will need later.
The following Four Squares Theorem was proved by Lagrange in 1770.

Theorem 10.6

Every non-negative integer is a sum of four squares.

Proof

Clearly 0,1,2 € S4, so by Lemma 10.5 it is sufficient to prove that every odd
prime p is in Sy. We do this by following the method of proof of Theorem 10.2
as far as possible. First we show that some positive multiple of p is in Sy.

Of the elements of Z,, exactly (p 4+ 1)/2 are squares, namely 0 and the
(p — 1)/2 quadratic residues in Q,. Thus the set K = {z € Z,, | z = k?, k €
Zy} contains (p + 1)/2 elements, and a similar argument shows that the set
L={z€Z,|z=—-1-12,1€ Zy} also has (p+ 1)/2 elements. Each of these
two subsets thus accounts for more than half of the elements of Z,, so their
intersection K N L is non-empty. This means that there exist integers u,v € Z

such that u? = —1 — v% mod (p), that is, u? + v? + 1 = rp for some integer
r > 0. (As an example, if p = 7 then K = {0,1,2,4} and L = {2,4,5,6} so
we can take u? = —1 —v? = 2 (or 4) mod (7), say v = 3 and v = 2 with

u? +v2 + 1 = 14.) Since u? + v? +1 = u? + v? + 12 + 02, we have shown that
some positive multiple rp of p is in S4. By replacing v and v with their least
absolute residues mod (p) we may assume that |u|, |v| < p/2, so that r < p. It
follows that there exists a least positive integer m < p such that mp € Sy, say

mp =a? + b3 +c2 +d?. (10.5)

If m =1 then p € S4 and we are home, so assume that m > 1.
Imitating the proof of Theorem 10.2, we take the least absolute residues
ag, by, co,dy of ay,b1,c1,d; mod (m), so a; = a; mod (m), etc., and |az|, |bs],
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|c2l, |d2| < m/2. We have a3 + b3 + & + d% = a? + b2 + 2 + d? = 0 mod (m), so
a2 +b3+ck+di=sm (10.6)

for some integer s. Now we would like to be able to assert that s < m, so that
the proof could be completed as in Theorem 10.2; unfortunately, our bound
on ay, by, c; and dy merely implies that sm < 4.(m/2)? = m?, so that s <m,
which is not strong enough. However, if m is odd then since least absolute
residues are integers we actually have |as|, |b2|, |c2], |d2| < m/2, so s < m as
required. We therefore need to eliminate the possibility that m is even. If m is
even, then equation (10.5) implies that all, or two, or none of a;, b;,¢; and d;
are odd; by renaming these variables we may assume that a; and b; have the
same parity, as do ¢; and d;, that is, a; £ b; and ¢; £+ d; are all even. But then

a1 +bi1\?2 /a1 —-b1\?2 /e +di\?2 [fci—-d 2_a§+b%+c§+d%_mp
(2)+(2)+(2)+(2)‘ 2 T2
is an element of S4 which is a positive multiple of p, contradicting the mini-
mality of m. Thus m is odd, so s < m as shown above.

We now show that s > 0. If s = 0, then equation (10.6) implies that
ay = by =cy =dy =0, s0 ay,b1,¢; and d; are all divisible by m, and equation
(10.5) implies that p is divisible by m. This is impossible, since p is prime and
1 < m < p, so we must have s > 0.

Equations (10.5) and (10.6) show that

(a2 + b2 + 2 + d?)(a2 + b2 + ¢ + d2) = mp.sm = m?sp,

and we can use identity (10.4) to write this as

misp = (a1a2 + bibs + c1c2 + d1d2)2 + (a1b2 — brag — c1d2 + dlcz)2
+(alc2 + bi1dy — c1as — d1b2)2 + (a1d2 —bicg + c1by — d102)2.
(10.7)

The congruences a; = az mod (m), etc., together with (10.6), show that
aiaz + bibs + c1c0 + didy = ag + bg + cg + d% =0 mod (m),
a1by — biag — c1da.+ dicy = agby — baag — cady + dacg =0 mod (m) ,

etc., so each bracketed term on the right-hand side of (10.7) is divisible by m.
We can therefore rewrite (10.7) as

aiag + bibg + 10 + d1da\ 2 a1by — biag — c1dy + dqico\2
v = ) +( )
m m
ajcy + bidy — crag — dibo\ 2 aydy — bicg + c1by — dyag\ 2
+( m ) + ( m ) '

so that sp is a positive multiple of p contained in Sy. Since s < m this contra-
dicts the minimality of m, so m = 1 and the result is proved. (We will give an
alternative geometric proof later in this chapter.) O
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Exercise 10.13

Express the following integers as sums of four squares: 247, 308, 465.

Exercise 10.14

In how many ways can 28 be written as a sum of four squares?

10.5 Digression on quaternions

Just as the two-squares identity (10.1) in Lemma 10.1 can be explained in
terms of complex numbers, the four-squares identity (10.3) in the proof of
Lemma 10.5 can be derived from a generalisation of complex numbers known
as the quaternions. In the first half of the 19th century, Hamilton tried to find
a 3-dimensional number system which would model the real world R? in the
same way as the 2-dimensional system C of complex numbers is an algebraic
model of the plane R?. He wanted this system to retain as many as possible of
the basic properties of C, and in particular he wanted the length of a product to
be equal to the product of the lengths of its factors (see Comment 2 following
Lemma 10.1). After several years without success, he eventually realised in
1843 that this property would require a 4-dimensional system, rather than
one based on R3. Its elements, which Hamilton called quaternions, are the
points ¢ = (a, b, c,d) € R%, and addition and subtraction are performed by the
usual method for vectors. To define multiplication, it is useful to write each
quaternion in the form

g=a+bi+cj+dk=al + bi+ ¢j+dk,

where a,b,c,d € R and 1,i,j,k denote the standard basis vectors of R. (This
is analogous to identifying each point (a,b) € R? with the complex number
a + bi = al + bi.) Hamilton defined the products of the basis vectors by

P=?=k=-1, ij=k=-ji, jk=i=-kj, ki=j=-ik,

together with the rule that 12 = 1,1i = i = il and so on. (Notice that multipli-
cation is not commutative, since ij # ji for example.) By assuming distributivity
(that is, ¢(¢' +¢") = 9¢' + q¢" and (¢ + ¢")g = ¢'q + ¢"q for all ¢,¢',q"), we
find that the product of any pair of quaternions

q1 =ay +bii+cj+dik and g2 = ag + bai + coj + d2k
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is given by
©1q2 = (@102 — biby — c1c2 — dida) + (a1b2 + braz + c1dz — dyca)i
+(a1(:2 —bids + c1a2 + dlbg)j + (aldz + bicy — c1b + dlaz)k .
(10.8)

The conjugate of a quaternion ¢ = a + bi + ¢j + dk is the quaternion § =
a — bi — ¢j — dk, and the length |g| of q is given by

lg = Va2 + b2 + 2 + d2.

Exercise 10.15

Verify that |g|?> = qg for all quaternions g, and that §iqz = §2.q7 for all
quaternions ¢, ¢2.

Exercise 10.16

Use Exercise 10.15 to prove that |¢142|> = |g1].|q2/?, and deduce identity
(10.3).

The quaternion number system is usually denoted by H, in honour of Hamil-
ton. He wrote two books and numerous papers on quaternions, exploiting their
4-dimensional nature to study space and time simultaneously. Soon after Hamil-
ton’s discovery of the quaternions, Cayley and Graves independently discov-
ered a non-associative 8-dimensional system O, the octonions, which leads to
an eight-squares identity, analogous to those we have seen for two and four
squares. Hamilton’s failure to find a 3-dimensional number system was not due
to any lack of effort or ability on his part: in 1878 Frobenius proved that R,C
and H are the only systems with the required properties (to be precise, these
are the only finite-dimensional associative division algebras over R), and in
1898 Hurwitz showed there is a k-squares identity of the required form only
for k = 1,2, 4 and 8. These facts help to explain why sums of three squares are
harder to study than sums of two or four squares. For more on quaternions and
related number systems, see Ebbinghaus et al. (1991).

10.6 Minkowski’s Theorem

We will now reconsider some of the preceding results from a geometric point of
view. The proof of Theorem 7.11 (quadratic reciprocity) involves the counting
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of lattice-points in a subset of Euclidean space. This idea is useful elsewhere,
for instance in studying the function r(n) considered in Section 2 (see Exercise
10.26). Before applying lattices to sums of squares, we first need to study their
properties a little more formally.

Definition

A lattice in R™ is a set of the form
A={av1+ - +aopv, |a; €L}

where v1,...,v, form a basis for the vector space R". We then call v4,...,v,
a basis for A.

Example 10.9

If n =1then R® =R and A = {&yv1 | &y € Z} for some non-zero v; € R, so
A is the subgroup of R generated by v;. If v; = 1 or —1, for instance, we get
A=1Z.

Example 10.10

If n = 2 and we choose v; and vz to be the standard basis vectors (1,0) and
(0,1) of R?, then A4 = {(a1,2) | a1,a2 € Z} is the square lattice, or integer
lattice Z? C R2.

Example 10.11

Similarly, if we choose v;,v2 and vs to be the standard basis vectors for R3
then A is the simple cubic lattice Z* C R3, which plays a major role in crys-
tallography.

Lemma 10.7

If A is a lattice in R™, then A is a subgroup of R™ under addition.

Proof

Let v1,...,v, be a basis for A. Clearly the zero vector 0 = ) 0.v; is in A. If
v=> a;v; and w = Y_ Bv; are in A then a;,3; € Z for all ¢, so a; — 3; € Z
and hence v —w = Y (a; — Bi)v; € A. m]
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Definition

If Ais alattice in R™, then vectors v, w € R™ are equivalent (modulo A), written
v~ w, ifv—w e A It follows from Lemma 10.7 that ~ is an equivalence
relation; the equivalence classes are simply the cosets A + v = v + A of the
subgroup A in the group R™. If vy, ..., v, is a basis for A, we call the set

F={ajvi+---+apvn |0<a; <1}

a fundamental region for A; the sets F + 1 (I € A) tessellate R™, that is, they
cover R™ without overlapping. This is equivalent to the following property:

Lemma 10.8

For each v € R™ there is a unique w € F with v ~ w.

Proof

Let v =) asv; € R™, so each a; € R. If we define 3; = a; — | a;], the fractional
part of a;, and put w = Y B;v;, then w € F since 0 < §; < 1 for all ¢, and
w =Y v — Y |ai|vi=v—1withl =Y |ai|v; € A, so v ~ w. For the
uniqueness of w, suppose that we also have v ~ w’ € F. We have w’ = 3 Blv;
where 0 < 3] < 1 for each 1, so |8; — 8| < 1. Since v is equivalent to both w
and w’, we have w ~ w’, so w — w’ € A and hence §; — 8] € Z. It follows that
B; = B for all 4, so w = w' as required. m]

Comment

An alternative interpretation of this result is that each v € R™ lies in a set
F+l={f+1]| f € F} for a unique |l € A (namely, | = v — w, so that
v=w+1 € F +1). These sets F + | are called translates of F, since they are
obtained from F by translating F' by [. Lemma 10.8 then asserts that these
translates tessellate R™, that is, they cover R™ without overlapping.

We can use Lemma 10.8 to define a function ¢ : R* — F by ¢(v) = w, where
v ~w € F; thus w is the unique coset representative for v + A contained in F.
We can apply ¢ to a subset X C R™ by dividing X into regions X N(F+1), one in
each translate of F', and then translating each region by —l to (X —{)NF C F.
Note that the images (X — !) N F of different regions may overlap if X is
sufficiently large (see Lemma 10.9).

To make this last remark more precise we define the n-dimensional volume
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of a set X C R"™ to be

vol(X)=//.../1d:r1dxg...dz,,,

provided this exists and is finite, where the integration is over all (z;, z2,...,z,) €
X. When n = 1,2 or 3 this represents the length, area or volume of X.

Example 10.12

If X is the n-dimensional unit cube, defined by 0 < z; < 1fori =1,...,n,

then vol(X) = 1. Similarly the subset C C X defined by 0 < z; < 1, which is
a fundamental region for the integer lattice A = Z", also has vol(C) = 1.

An important example we will need is the n-dimensional open ball B,(r)
of radius r, the subset of R” defined by z2 + - -+ + 22 < r2.

Exercise 10.17
Let V, = vol(B,(1)), the volume of the n-dimensional unit ball. By
considering cross-sections z,, = x for —1 < z < 1, show that

1
Vo = / Vao1(1 — 22)(n=U/24g = 2V, 11,
-1

for all n > 2, where I, = 0" /2 sin™ @ df satisfies the reduction formula

I, = (n — 1)I,_3/n. By evaluating Vi, I, and I; directly, show that

@2m)™/n(n—2)...4.2 if n = 2m is even,
Vo=

2m+lgm /n(n—2)...3.1 if n=2m+1is odd.

(For those familiar with the gamma function, one can write this more
concisely as V,, = n"/2/I'(% +1).)

Exercise 10.18

Deduce that the n-dimensional open ball By(r) of radius r has volume
2r, r2,4mwr3 /3 or w2rt/2 for n =1,2,3 or 4.

Exercise 10.19

By inscribing an octagon in a disc, show that 7 > 21/2. (We will need
this inequality later.)
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Exercise 10.20

Prove that the ellipse 22/a? + y?/b? = 1 encloses a set X C R? (defined
by z2/a? + y?/b? < 1) satisfying vol(X) = mab.

Lemma 10.9

If vol(X) > vol(F') then the restriction ¢|x of ¢ to X is not one-to-one.
(In other words, if X is sufficiently large then there are at least two distinct
equivalent points in X.)

Proof

Because the translates F+[ (I € A) tessellate R™, it follows that X is the disjoint
union of the subsets X; = X N(F +1) (l € A). If v € X then ¢(v) = v -1, so
¢ translates X; to a congruent subset ¢(X;) = X; — [ of F. Since translations
preserve volumes, we have vol(¢(X;)) = vol(X;). Now

vol(X) =Y " vol(X;) =) " vol(¢(X1)) .

leA lea

If ¢|x is one-to-one then the translates ¢(X;) cannot overlap, so

)" vol(¢(X1)) < vol(F)

leA

and hence vol(X) < vol(F'), against our assumption. O

Definition

A subset X of R™ is centrally symmetric if, whenever v € X, we also have
—v € X it is convex if, whenever v, w € X, the line-segment vw also lies in X,
that is, tv + (1 —t)w € X for all ¢t such that 0 <t < 1.

Example 10.13

By (r) is centrally symmetric, since if 22 + - + 22 < 72 then (—z1)2 +--- +
(—1:71‘)2 < r2. Similarly, the region z2/a% + y?/b? < 1 bounded by an ellipse is
centrally symmetric.

Exercise 10.21

Show that B,(r) is convex.
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The following theorem, proved by Minkowski around 1890, has some far-
reaching consequences.

Theorem 10.10

Let A be a lattice in R™ with fundamental region F, and let X be a centrally
symmetric convex set in R™ with vol(X) > 2"vol(F). Then X contains a non-
zero lattice-point of A.

Proof

The lattice 24 = {2v | v € A} has a fundamental region 2F = {2v | v € F}
with vol (2F) = 2"vol (F'). Thus vol (X) > vol (2F), so by applying Lemma
10.9 to X and 24 we see that there exist v # w in X with v — w € 2A. Since
w € X and X is centrally symmetric, we have —w € X. Since X is convex and
v, —w € X, the midpoint %(v — w) of the line-segment from v to —w is also in
X.Nowv—w € 24, so %(’U —w) € A, giving the required non-zero lattice-point
in X. O

Example 10.14

The lattice A = Z™ has a fundamental region F' (such as the unit cube in R"™)
with vol(F) = 1. The set X = {}_ a;v; | |a;| < 1} is centrally symmetric and
convex, with vol(X) = 2" = 2"vol(F), but X contains no non-zero lattice-

points. This shows that Minkowski’s Theorem fails if we relax the lower bound
on vol(X).

Exercise 10.22

By finding suitable counterexamples, show that Minkowski’s Theorem
fails if either of the conditions ‘centrally symmetric’ or ‘convex’ is omit-
ted.

In order to apply Minkowski’s Theorem one needs to be able to calculate
volumes of fundamental regions. This is easily done using determinants. Sup-
pose that A has a basis {vy,...,v,}, where each v; = (a1,...,ain) € R If
A is the n x n matrix (a;;) formed from these vectors v; (as row or column
vectors), then

vol(F) = | det(4)].

This is because the linear transformation R® — R”™ induced by A sends the
standard basis vectors e; of R™ to the basis vectors v; of A, and hence sends
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the set C = {aje; + --- + anen | 0 < a; < 1} to the fundamental region
F={av1+ -+ apvn | 0 < a; < 1} for A. Since vol(C) = 1, and since
any linear transformation A multiplies volumes by |det(A)|, it follows that
vol(F) = | det(A)].

We now apply these ideas to give another proof of Theorem 10.2, the Two
Squares Theorem, which we state again:

Theorem 10.2

Each prime p =1 mod (4) is a sum of two squares.

Proof

Since p = 1 mod (4), Corollary 7.7 implies that 4> = —1 mod (p) for some
integer u. Now suppose that the following condition is true:

there exist z,y € Z with y=urmod(p) and 0<z?+y%<2p.
(10.9)

Then 22 + 32 = 22 + 4222 = 22 — 22 = 0 mod (p), so 2 + y*> = kp for
some integer k. The inequalities in (10.9) become 0 < kp < 2p, so k = 1 and
z2+y? = p, as required. It is therefore sufficient to prove (10.9). We can do this
using Minkowski’s Theorem, since the first condition y = vz mod (p) in (10.9)
defines a lattice A in R? (as we shall prove below), the condition 22 + y? < 2p
defines a centrally symmetric convex set X, namely the disc B2(+/2p), and the
condition 0 < z% + y? specifies a non-zero point (z,y); Minkowski’s Theorem
then guarantees the existence of a point (z,y) satisfying all three of these
conditions, so (10.9) is proved.

To justify this, we must verify all the hypotheses in Minkowski’s Theorem.
First let

A={(z,y) €2’ |y =uz mod(p)}.

It is easily checked that this is a subgroup of R? containing the linearly inde-
pendent vectors v; = (1,u) and vp = (0,p). If (z,y) € A then let &3 = = and
az = (y—ux)/p; these are integers, with a;v; +avs = (z,y), so A is generated
by v; and vy. Thus A is a lattice with v; and v, forming a basis, so it has a
fundamental region F with 2-dimensional volume (or area)

1 u
vol(F)—‘det<0 p)‘-—p.
Now let X = Ba(v/2p) = {(z,y) € R? | 22 + y? < 2p}, an open disc of

radius 7 = 1/2p centred at the origin. This is centrally symmetric and convex,
and Exercise 10.18 gives vol(X) = mr? = 2mp. Now 7 > 2v/2 > 2 by Exercise



10. Sums of Squares 213

® =element of A

Figure 10.1. The proof of Theorem 10.2 for p = 5, with u = 2.

10.19, so vol(X) > 22vol(F), and hence Minkowski’s Theorem gives a non-zero
lattice point (z,y) € X N A. (Figure 10.1 illustrates this in the case p = 5, with
u = 2 and (z,y) = (1,2).) We now have a pair of integers r and y satisfying
(10.9), so the proof is complete. m}

We can also use this method to prove Theorem 10.6, the Four Squares
Theorem.

Theorem 10.6

Every non-negative integer is a sum of four squares.

Proof

As in our earlier proof of Theorem 10.6, in Section 4, it is sufficient to prove
that every odd prime p is a sum of four squares. First we show (as before) that
there exist integers u, v satisfying u? + v?2 = —1 mod (p). For such a pair u,v
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let
A={(z,y,2,t) €2Z* | 2 =uz 4+ vy and t = vz — uy mod(p)}.

Exercise 10.23

Show that A is a lattice in R* with basis

v =(1,0,u,v), v2=(0,1,v,-u), w3=(0,0,p,0), wv4=(0,0,0,p).

Continuing the proof, we deduce from Exercise 10.23 that a fundamental
region F for A has volume

1 0 u v
_ 01 v —ul|| o
vol(F) = |det 00 p 0 =p
0 00 »p

Now let X = By(v/2p) = {(z,y,2,t) € R* | 22+y%+22+t2 < 2p}, an open ball
of radius r = 1/2p. This is centrally symmetric and convex, with 4-dimensional

volume
2,4

Tr

vol(X) = = 2m2p?

by Exercise 10.18. Now Exercise 10.19 gives 72 > 8, so vol(X) > 2%vol(F) and
hence Minkowski’s Theorem implies that X contains a non-zero lattice point.
Thus there exist integers z,y, z,t such that 0 < z2? 4+ y2? + 22 + t?2 < 2p and
z=uz + vy, t = vz —uy mod (p). Then

2+ + 22+ = 2?4+ 9% +4%2® + 2uvzy + v%y? 4 v%2? - 2uvzy 4+ uPy?
= (1+u?4+0?%)(z? +4?)
= 0mod(p)
since u% +v% = —1 mod (p), so 22 +y? + 22 +t? = p and the proof is complete.
0

10.7 Supplementary exercises

Exercise 10.24

Show that an odd prime p can be written in the form 2x2 +y? if and only
if —2 € Qp, or equivalently p = 1 or 3 mod (8). (Hint: apply Minkowski’s
Theorem, with X the interior of an ellipse.)
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Exercise 10.25

Show that a prime p can be written in the form z2 + zy + y? if and only
if p=3orp=1mod (3).

Exercise 10.26

Show that the number r(n) of representions of n as a sum of two squares
has average value =, that is,
n

Zr(m)—»ﬂ as n—00.

m=1

1
n

(Hint: representations m = z? + y? of integers m < n correspond to
integer lattice points (z,y) within distance \/n of the origin.) What can
be said about the average number of representations of n as a sum of k
squares?

Exercise 10.27

Show that Yo7 | 7(n)/n® = 4L(s)((s) for all s > 1, where L(s) =17° —
3= 450 ...
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Fermat's Last Theorem

In this final chapter, we will discuss one of the classic problems of number the-
ory, whose solution in 1993 by Andrew Wiles must be considered one of the
greatest achievements of modern mathematics. Although the problem was first
posed in the 17th century, its roots can be traced back, through the Greek math-
ematicians Diophantos and Pythagoras, to the unknown Babylonian mathe-
maticians who recorded their results on clay tablets nearly four thousand years
ago.

11.1 The problem

Pierre de Fermat (1601-1665) was a judge, living in the French city of Toulouse.
Although mathematics was not his profession, and although he published vir-
tually nothing during his life (preferring to communicate his results in letters
to colleagues throughout Europe), he made fundamental contributions in areas
such as calculus, probability theory and number theory, and he is generally
regarded as one of the greatest of all mathematicians. Fermat’s Last Theorem
{which we will abbreviate to FLT) is the following assertion, which he wrote
in the margin of his copy of Bachet’s Latin translation of the Arithmetica of
Diophantos around 1637:

217
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Theorem 11.1

There are no positive integer solutions a, b, ¢ of the equation
a"+b" =c" (11.1)
for integers n > 3.

He gave no proof, claiming that the margin was too small (a phrase which
has since become a classic excuse for failing to justify a mathematical state-
ment). Indeed it is not at all clear whether Fermat had a valid proof (most
experts think not), though for a while he clearly thought so; it might there-
fore be more correct to call FLT a conjecture, rather than a theorem. Fermat
made many similar number-theoretic assertions, and most of them were later
shown to be correct, while a few (such as his conjecture about Fermat primes)
were disproved; this one remained the last to be settled, and hence both its
name (it was far from the last work Fermat did) and also its status as one of
the classic problems of number theory. For over 350 years, some of the great-
est mathematicians worked on FLT, occasionally making significant progress
without ever achieving a complete proof: several times, proofs were claimed,
but none of them survived serious scrutiny. Eventually, in 1993, amid great
publicity, a proof was announced by Andrew Wiles, a British mathematician
working in Princeton, USA. The full details were published two years later, and
although only a handful of mathematicians have had the time and the expertise
to check the very lengthy and difficult proof, the general verdict is that this
great problem has at last been solved.

For the background to FLT, and an explanation of the condition n > 3, we
must first go back several thousand years, and do some geometry.

11.2 Pythagoras’s Theorem

This is one of the most famous results of elementary geometry. It states that
if a right-angled triangle has sides a, b and c (the hypotenuse, or longest side),
then

a?+b2=c?. (11.2)

There are many proofs of this. Perhaps the most attractive (and the simplest)
is shown in Figure 11.1.

On the left we have a square S with sides of length a + b, containing four
copies of the right-angled triangle, one in each corner; the region of S not
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a b a b
b a a a? a
b b b2 b
a
b a a b

Figure 11.1. The proof of Pythagoras’s Theorem.

covered by the triangles is another square, of area c2. On the right, the four tri-
angles have been moved around within S to form two rectangles; the uncovered
region of S now consists of two squares of areas a? and b®. Since moving the
triangles leaves their areas unchanged, the two uncovered regions have equal
areas, so a% + b? = 2.

The converse is also true: if a,b and c are positive real numbers satisfying
(11.2), then there is a right-angled triangle with sides a,b and c.

Although the theorem is usually associated with the Greek philosopher and
mathematician Pythagoras, who lived in the 6th century BC, it is in fact at
least a thousand years older; Pythagoras probably learnt of it in his travels in
Egypt and the Middle East.

11.3 Pythagorean triples

From the point of view of number theory, there is considerable interest in
finding integer solutions of equation (11.2). A Pythagorean triple is a triple
(a,b,c) of positive integers satisfying a? + b? = c?; these triples correspond to
the Pythagorean triangles, right-angled triangles whose sides all have integer
lengths. It is a classic problem, combining geometry and number theory, to find
all such triples. The best-known example is (3,4, 5), arising from the equation

3% +4% =5
Multiplying through by 2,3, ... we obtain further Pythagorean triples (6, 8, 10),
(9,12,15), and so on. Similarly the equation 52 + 122 = 132 gives the triple
(5,12, 13), together with (10,24, 26), (15,36,39), etc.

A Pythagorean triple (a,b,c) and its associated Pythagorean triangle are
said to be primitive if the integers a, b and ¢ are coprime, that is, gcd(a, b, c) = 1.
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Thus (3,4,5) and (5, 12, 13) are primitive, whereas the other triples given above
are not. It follows easily from equation (11.2) that (a,b,c) is primitive if and
only if any two of a,b and ¢ are mutually coprime: a common factor of two of
them would also have to divide the third. It is also clear that every Pythagorean
triple is a multiple (ma, mb, mc) of a primitive triple (a, b, c) for some integer
m > 1, so to classify the Pythagorean triples it is sufficient to find all the
primitive triples.

The importance of the primitive triples seems to have been known to the
Babylonians: clay tablet number 322 in the Plimpton collection at the Univer-
sity of Columbia contains a list of primitive Pythagorean triples, including such
non-obvious examples as (4961, 6480, 8161). This tablet is believed to date from
the period 1900-1600 BC. (Babylonian mathematics at that time was consider-
ably more sophisticated than most people realise: for instance, the Babylonians
had an approximation to v/2 which is correct to six decimal places.)

Exercise 11.1

Verify that (4961, 6480,8161) is a primitive Pythagorean triple.

Exercise 11.2

Show that neither 1 nor 2 can appear in any Pythagorean triple, but
that every integer k > 3 can appear.

Exercise 11.3

Prove that for each integer k there are only finitely many Pythagorean
triples containing k.

Exercise 11.4

Find all the Pythagorean triples containing an integer k < 7.

Exercise 11.5

Show that if (a, b, c) is a primitive Pythagorean triple, then exactly one
of a and b is even, and exactly one of them is divisible by 3; how many
of a,b and c can be divisible by 57
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11.4 Isosceles triangles and irrationality

As a slight digression, let us consider whether there can be an ‘isosceles’
Pythagorean triple (a,b,c), meaning one in which ¢ = b, so that the corre-
sponding Pythagorean triangle is isosceles.

Theorem 11.2
There is no Pythagorean triple (a, b, ¢) with a = b.

Proof

The proof is by contradiction. If such a triple (a,a,c) exists, then ¢ = 2a?,
so c? is even and hence so is c¢. Putting ¢ = 2c; (where c; is an integer) we
get 4c? = 2a?, so a? = 2¢2, showing that a? is even and hence so is a. Putting
a = 2a; we see that c? = 2a?, which gives us another isosceles Pythagorean
triple (a1, a1,c¢1) with strictly smaller terms than the first one. Applying this
process again to our new triple, we can get a third triple (ag,as,c;) with yet
smaller terms, and by repeating the process we get an infinite sequence of such
triples. Their first entries then form a strictly decreasing infinite sequence

a>a;>a3 > ...

of positive integers, which is impossible: any such sequence of integers must
sooner or later contain negative terms. (The corresponding sequence of
Pythagorean triangles is shown in Figure 11.2; clearly they cannot all have
sides of integer lengths.) Thus there can be no isosceles Pythagorean triple. 0O

K
S

—a—
“—a,—»

Figure 11.2. A sequence of Pythagorean triangles.
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This type of argument has become known as Fermat’s method of descent: to
show that a given equation has no positive integer solutions, we show that any
such solution gives rise to a smaller one, and hence (by iteration) to an infinite
decreasing sequence of positive integer solutions, which is impossible. Fermat
used this technique many times, and we shall see another example of it in
Theorem 11.5. In this particular case, the argument also proves that v/2 must be
irrational: if /2 = c/a for integers a and ¢ then ¢? = 2a?, which we have shown
to be impossible. The discovery of irrational numbers was a great shock to the
Pythagoreans, who tried to base their science and philosophy on the properties
of the integers and their ratios (the rational numbers). In several areas, such as
music, this proved very successful; however, the discovery of the irrationality
of one of the most important constants in geometry, the ratio of the diagonal
and the side of a square, was so serious that, according to legend, a follower of
Pythagoras called Hippasus of Metapontum was deliberately drowned in the
Mediterranean either for making the discovery or possibly for publicising the
terrible news. The irrationality of /2 showed that number theory (as it was
then understood) was inadequate to explain geometry, and as a consequence
Greek mathematics subsequently split into two fairly separate areas of geometry
and number theory. It was only in the late 19th century that the relationship
between rational and irrational numbers was satisfactorily explained, when
Weierstrass and Dedekind showed how to construct the real numbers from the
rationals.

Exercise 11.6

Use Fermat’s method of descent to show that there is no Pythagorean
triple (a, b,¢) in which ¢ = 2b, and deduce that /3 is irrational. Draw
the sequence of Pythagorean triangles which play the role of Figure 11.2
in this situation.

Exercise 11.7

Use Fermat’s method of descent to show that there is no Pythagorean
triple (a, b, c) in which a = 2b, and deduce that /5 is irrational.
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11.5 The classification of Pythagorean triples

Let us return to our aim of classifying the primitive Pythagorean triples. The
solution to this problem was given in the 3rd century AD by Diophantos of
Alexandria, in Book II of his Arithmetica, and a more geometric version can
also be found in Book X of Euclid’s Elements.

Theorem 11.3

If u and v are coprime positive integers of opposite parity, with © > v, then

the numbers

a=u?—-v% b=2uw, c=u?+1? (11.3)

form a primitive Pythagorean triple. Conversely, every primitive Pythagorean
triple (a, b, c) is given by (11.3) (possibly with a and b transposed) for such a
pair u,v.

(This may be the way the Babylonians created their list of triples; for ex-
ample, if u = 81 and v = 40 we get the triple (a, b, c) = (4961, 6480, 8161).)

Proof

The numbers a, b and c in (11.3) are positive integers, and one can easily verify
that
(u? — 1?2 + 2uv)? = (u? + v?)?

for all 4 and v, so (a,b,c) is a Pythagorean triple. Suppose that (a, b, c) is not
primitive, so a,b and c are all divisible by some prime p. If p = 2 then a is
even; since a = u? — v? it follows that u and v have the same parity, which is
false. If p is odd then p divides (a +c¢)/2 = 42, and hence divides w; it therefore
divides u? —a = v? and hence divides v, contradicting the fact that u and v are
coprime. In either case we have a contradiction, so (a, b, c) must be primitive.

For the converse, suppose that (a,b,c) is a primitive Pythagorean triple.
Since a? + b? = % we have a2 + b? = c? mod (4). Now z%2 = 0 or 1 mod (4)
as z is even or odd, and the only solutions of the equation [x] + [y] = [2] with
[z], [v], [2] = [0] or (1] in Z4 are [0] + [0] = [0}, [0] + [1] = [1] and [1] + [0] = [1].
Since a and b are not both even, it follows that one is odd and the other is
even. Transposing a and b if necessary, we can assume that a is odd and b is
even, say b = 2d for some integer d. Then

4> =2 = —a? = (c+a)(c—a),
so at least one of the factors ¢ + a is even, and since they differ by 2a they are

both even. Thus 2 (c—|2-a) (c —2- a) ’
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with both factors (¢ + a)/2 integers. These factors are coprime, since any com-
mon factor would also divide their sum (which is ¢) and their difference (which
is a), and would therefore divide ged(a, c), which is 1. Since their product is a
perfect square, both of these factors must be perfect squares by Lemma 2.4,
say
cta —? and c—a — 2
2

for some positive integers u and v. Adding and subtracting these two equations,
we then have ¢ = u? 4+ v? and a = u? — v?, while the equations b = 2d and
d? = u?v? imply that b = 2uv. Thus equations (11.3) are satisfied, and these
show that v and v must be coprime, since any common factor would divide
a,b and c. Since a is odd and positive, 4 and v must have opposite parity with
u>v. o

This gives us a complete description of the primitive Pythagorean triples,
and by taking integer multiples of these we immediately get a description of all
the Pythagorean triples:

Corollary 11.4
The general form for a Pythagorean triple (a, b, c) is given by

a=m(u?-v?), b=2muw, c=mu?+v?)

(or possibly with a and b transposed), where v and v are coprime positive
integers of opposite parity with u > v, and m is a positive integer.

There is an alternative approach, which classifies all rational solutions
(a,b,c) of equation (11.2), including, of course, the Pythagorean triples. To
avoid trivial solutions, let us assume that b # 0. This implies that ¢ # 0, so
dividing (11.2) by c? we get

?+y? =1, (11.4)
where
z=2 and y= b
T =2
are both rational numbers. Now (11.4) is the equation of a circle C of radius 1

in the zy-plane, centred at the origin O = (0,0). If P = (z,y) is any point on
C, other than the point Q = (—1,0), then the line PQ has gradient
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which is a rational number if z and y are both rational. (Note that t = tané,
where @ is the angle PQ makes with the z-axis.) Now y? = 1-22 = (1-z)(1+z),
and so dividing by (1 + z)? we get
1-z
t? = .
1+z

Solving for z we have (1 + z)t2 = 1 — z and hence

12

1412’
and then the equation y = (1 + z)t gives
2t

Vo 1ve

(These are the formulae for cos 28 and sin 26 in terms of ¢t = tan 6, corresponding
to the fact that the radius OP makes an angle 26 with the z-axis.) If ¢ is any
rational number, then this pair of equations defines a rational solution of (11.4),
and conversely every rational solution of (11.4) is obtained in this way from a
unique rational number t. (Strictly speaking, we have to include t = oo here,
to account for the solution x = —1,y = 0; normally, it is dangerous to treat
oo as if it were a number, but in this particular case it can be justified quite
rigorously by taking limits as t — 00.) We have therefore classified the rational
solutions (z,y) of equation (11.4) in terms of a single rational parameter ¢, and
from these we can obtain all rational solutions (a, b, ¢) of equation (11.2) in the
form (cz, cy, ¢) where c is rational.

We can now deduce the representation (11.3) of a primitive Pythagorean
triple (a,b,c), where we assume (as usual) that b is even. Since ¢ is rational
we can put t = v/u where u and v are coprime integers, both positive since
y = b/c > 0 implies that ¢ > 0. Then

c(1-1t?) 2 9 c
a=er=—rw - W) g
and similarly .
b=2uww.———.
Y T

Since u and v are coprime, so are uv and u? + v? (see Exercise 11.8); since
b/2 is an integer, this last equation implies that u? + v? divides c. Then the
positive integer c/(u? + v?) is a common factor of a and b, so it must be 1,
giving a = u? — v?, b = 2uv and ¢ = u? + 0.

Exercise 11.8

Show that if u and v are coprime, then uv and u? +v? are also coprime.
1%
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11.6 Fermat

The Arithmetica contained many problems and solutions similar to this. Dio-
phantos was mainly interested in finding all the rational solutions of a given
equation, though his name is now attached to the subject of Diophantine equa-
tions, where the problem is to find all the integer solutions. Diophantos wrote
in Greek, but in 1621 Claude Gaspard de Bachet published a Latin translation
and commentary on the Arithmetica, thus making it much more accessible.
Fermat, having read how Diophantos solved equation (11.2), was drawn to
consider the analogous equation (11.1), where the exponent 2 is replaced with
a larger integer n. In his copy of Bachet’s book he wrote (in Latin):

“On the other hand, it is impossible to separate a cube into two cubes,
or a biquadrate [fourth power] into two biquadrates, or generally any power
except a square into two powers with the same exponent. I have discovered a
truly marvellous proof of this, which however the margin is not large enough
to contain.”

In modern terminology, this becomes FLT as stated in Theorem 11.1. In his
later correspondence, Fermat stated this result only for the case n = 3, where he
may or may not have had a proof. He certainly had a proof for n = 4 (using his
method of descent), and he may at one stage have felt that his method would
work for all n > 3. It seems likely that he soon realised how difficult such an
extension would be, and consequently did not repeat his general assertion. After
his death, his son Samuel published an edition of Bachet’s translation of the
Arithmetica containing Fermat’s comments, including the famous statement of
FLT.

In proving FLT, it is not in fact necessary to consider all integers n > 3.
Suppose that FLT is true for some exponent m (so that ™ + y™ = z™ has no
positive integer solutions), and that m divides n, say n = Im. If a triple (a, b, ¢)
satisfies (11.1) then

(@)™ + ()™ = ()™,

so that by putting z = a!, y = b’ and z = ¢! we get a positive integer solution
of ™ + y™ = 2™, which is impossible; thus FLT is true for exponent n. By
the Fundamental Theorem of Arithmetic, every integer n > 3 is divisible by
m = 4 or by an odd prime m = p, so this argument shows that it is sufficient to
prove FLT for exponent 4 and for all odd prime exponents. This is still a major
task (partly because there are infinitely many odd primes), but it is somewhat
easier than the original problem.
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11.7 The case n = 4

This is the easiest case of FLT. It is an immediate corollary of the following
result (proved by Fermat):

Theorem 11.5

There are no positive integer solutions z,y and z of

ot +yt =22, (11.5)

Before proving this, we state its more important consequences:

Corollary 11.6

There are no positive integer solutions a, b and c of the equation a* + b* = ¢?.

Proof

If there were a solution, then by putting z = a, y = b and z = ¢* we would get

a positive integer solution of (11.5), which is impossible by Theorem 11.5. O

As shown in the preceding section, this immediately implies FLT for all
exponents divisible by 4:

Corollary 11.7

If n is divisible by 4 then there are no positive integer solutions a,b and ¢ of
the equation a™ + b" = c".

Proof of Theorem 11.5.

We use Fermat’s method of descent, as in the proof of Theorem 11.2. If
there is a positive integer solution of (11.5), then by dividing through by any
common factors we can find a primitive solution (z,y, z), with z,y and z mu-
tually coprime. It follows that (22,2, z) is a primitive Pythagorean triple, so
(transposing z and y if necessary to make y? even) we see from Theorem 11.3
that

22 =u?-v?, Y =2u, z=u?+0?
where u and v are coprime positive integers of opposite parity. The first of these
equations can be written in the form z2 +v? = u2, so (z,v,u) is a Pythagorean
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triple, primitive since u and v are coprime. Since z is odd, Theorem 11.3 there-
fore gives
x=u¥—vf, v = 2u3, u=u¥+v§

for some coprime positive integers u; and v;, so that
y? = duyvy (u? +02).

Now u;, v; and u? + v? are mutually coprime, so by Lemma 2.4 this equation
shows that they must be perfect squares, say

2 2 2 2 __ .2
U =T, v1=Y), Up+U;=21,

and so
i +yi =23,
Thus the triple (z1,y1, 21) is another integer solution of (11.5), and since 2; > 1
we have
n<d=w+¥)?=ul<ul+0v?=2.

By iterating this process, using each solution to create a smaller solution, we get
an infinite sequence of integer solutions (zn, Yn, z») of (11.5), whose third terms
zn, form an infinite decreasing sequence of positive integers. This is impossible,
so no positive integer solutions of (11.5) can exist. o

Exercise 11.9

Prove that there are no positive integer solutions of the Diophantine

equation z* — y* = 22.

Exercise 11.10

Deduce from the previous exercise that the area of a Pythagorean trian-
gle cannot be a perfect square. (These results are both due to Fermat.)

11.8 Odd prime exponents

We have now reduced FLT to the cases where the exponent is an odd prime p,
the problem being to show that the equation
a? + P =c° (11.6)

has no positive integer solutions. Here progress is much more difficult, and we
will merely outline some of the methods used and the main results obtained.
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We saw in Chapter 3 that an effective way of proving that an equation
has no integer solutions is to prove that for some integer n, the corresponding
congruence mod (n) has no solutions. While this method is not powerful enough
to prove FLT on its own, it can at least give us some helpful information about
possible solutions of (11.6).

Perhaps the most obvious choice for n is to take n = p, so that (11.6) implies

a? + b = ¢ mod (p) .

Now we saw in Chapter 4 that 2P = z mod (p) for all integers z, so this
congruence reduces to
a+b=cmod(p),

which has rather too many solutions to be very helpful: for each of the p? pairs
of classes [a] and [b] in Z, there is a unique class [¢] (= [a + b]) satisfying the
congruence. The one useful fact we can obtain is that if any two of a,b and
c are congruent to 0 then so is the third. If we restrict attention to primitive
triples (a, b, c) then there are only two possibilities:

(I) p divides none of a,b and c;

(II) p divides exactly one of a,b and c.

These are traditionally known as cases I and II of FLT. Even this trivial ob-
servation has proved useful, since it transpires that different techniques are
effective in these two cases, with case I proving to be rather easier to deal with.

At this point, it is useful to replace ¢ with —c; since p is odd we have
(—¢)? = —cP, so now the problem is to show that

a? +b¥ +P =0 (a,b,ceZ) implies abc=0. (11.7)

(Note that abc = 0 is simply a quick way of saying that a = 0 or b = 0 or
¢ = 0; the advantage of this reformulation of the problem is that we now have
complete symmetry between a,b and ¢, and this more than compensates for
the slight disadvantage of having to consider negative integers.)

Let us consider a specific example, say p = 3, so we have

ad+b+c2=0.

For simplicity we will restrict attention to case I, so a,b and c are all coprime
to 3. Now

~a® =+ =(b+c)(B® —bc+c?), (11.8)
and we claim that the two factors on the right are mutually coprime. To see
this, suppose that some prime m divides them both. Then ¢ = —b mod (m)

from the first factor, so the second factor gives 35> = 0 mod (m); since m is
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prime, we must have m = 3 or m|b. We cannot have m = 3, since m divides
—a3 whereas a is coprime to 3; if m divides b then it also divides c (since it
divides b + ¢), contradicting the primitivity of (a,b,c). Thus the two factors
in equation (11.8) are coprime, and since their product is a cube Lemma 2.4
implies that they are both cubes, say

b+c=r® and B’ -bc+F=ud, so a=-ru

for some integers r and u. By the symmetry in @, b and ¢, we also have

3 2 3

c+a=s> and ?—-ca+a?=v®, sothat b= —sv,

a+b=t> and a®—ab+b?=w?, sothat c=—tw,
where s,t,v,w € Z.
We now consider congruences mod (7): this may seem a rather arbitrary
choice, and we will justify it more fully later, but a simple explanation is that

the only cubes in Z7 are the classes [0], [1] and [—1], which are easy to add. For
instance, this observation implies that any solution of

d3+b3+c350mod(7)

has at least one of the classes [a], [b] or [c] equal to [0], so 7 must divide at least
one of a,b and c. Without any loss of generality, we can assume that 7 divides
¢. Then

P44+ (1) =rP+s—t3=(b+c)+(c+a)—(a+b) =2c=0mod(7),

so the same observation about cubes in Z; implies that 7 divides at least one of
r,s and t. If 7 divides r then it divides 72 = b+ ¢; but 7 divides ¢ and so it also
divides b, which is impossible since (a, b, ¢) is primitive. Thus 7 cannot divide
r, and a similar argument shows that it cannot divide s, so 7 must divide t.
Thus 7 divides a + b, so a = —b mod (7) and hence

w? = a® — ab+ b% = 3b% mod (7).
Since 7 divides ¢ we also have
u? =b% —bc+c? = b%mod (7).
Now u is coprime to 7 (for otherwise 7 would divide both ¢ and a = —ru,

contradicting primitivity); thus u is a unit mod (7), so ui = 1 mod (7) for some
integer i. Then

(wi)® = w® = 36%° = 3u®® = 3(ui)® = 3 mod (7),

so [3] is a cube in Z7. By inspection, this is not true, so this contradiction has
proved case I of FLT for the prime p = 3.

In this argument, the only special properties of the primes 3 and 7 we have
used are:



11. Fermat's Last Theorem 231

(1) if 23 + 4% + 23 = 0 mod (7) then z,y or z =0 mod (7) ;

(2) the class [3] is not a cube in Z.

It follows that the above argument proves case I of FLT for any odd prime
p, provided we can find a prime g such that p and ¢ satisfy these two condi-

tions. More precisely, the argument establishes the following theorem, proved
by Sophie Germain in the early 19th century:

Theorem 11.8

Let p and ¢ be odd primes such that
(1) if zP + y? + 2P = 0 mod (q) then z,y or 2 =0 mod (q) ;
(2) the class [p] is not a p-th power in Zg;

then case I of FLT is true for exponent p, that is, there are no positive integer
solutions of a? + bP = ¢P with a, b and c all coprime to p.

(Sophie Germain is one of the few women to have made a substantial con-
tribution to number theory. She had to fight strong social prejudice against
women doing mathematics, initially using the masculine pseudonym Antoine
Le Blanc to gain acceptance for her work. She also obtained significant results
in applied mathematics.)

Exercise 11.11

Convert our preceding argument for the primes p = 3 and ¢ = 7 into a
proof of Theorem 11.8. In place of equation (11.8) you will need to show
that

P+cP=b+c) 0P —bP 24P 32— ... 47,

with the two factors on the right mutually coprime.

In order to apply Theorem 11.8 to a particular exponent p, we need to find
a suitable prime g, so that conditions (1) and (2) are satisfied. Our best chance
of doing this will be to choose g so that there are relatively few p-th powers in
Z,. If p does not divide ¢ — 1 then every element of Z, is a p-th power, so in
particular condition (2) must fail; if ¢ = kp + 1, on the other hand, then there
are just k distinct p-th powers in U,, and hence just k£ +1 (including [0]) in Z,.

Exercise 11.12

Prove the statements about p-th powers in the preceding sentence.
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Theorem 2.10 (Dirichlet’s Theorem) guarantees that for each p there are
infinitely many primes of the form ¢ = kp + 1, so by trying some small values
of k we can look for primes ¢ satisfying (1) and (2). Since ¢ is odd, k must be
even, and the best situation is when k = 2, that is, when the integer ¢ = 2p+1
is prime:

Exercise 11.13

Show that if p and ¢ = 2p+1 are both primes, then the only p-th powers
in Z, are the classes [0], [1] and [—1]. Hence show that conditions (1) and
(2) of Theorem 11.8 are satisfied.

This exercise, together with Theorem 11.8, immediately proves case I of
FLT for all odd primes p such that 2p + 1 is prime. Many small primes p, such
as 3,5,11, ..., satisfy this condition, but it is not known whether there are
infinitely many of them.

Exercise 11.14

List all the odd primes p < 100 for which 2p + 1 is prime.

If 2p + 1 is not prime then we can try other values of k in order to find a
suitable prime ¢. By this method, Sophie Germain and Legendre were able to
prove case I of FLT for all primes p < 100.

Exercise 11.15

Show that if p = 7 then the prime ¢ = 29 satisfies the conditions of
Theorem 11.8. Find a suitable prime ¢ when p = 13.

Of course, Theorem 11.8 is relevant only to case I of FLT, and it tells us
nothing about the harder case II, where p divides one of a,b and c¢. Neverthe-
less, complete proofs of FLT were found, initially for small primes p, and then
for larger classes of primes. In 1753 Euler proved FLT for p = 3; his proof
was essentially correct, though it contained a minor gap which was noticed and
corrected much later; Gauss also proved the case p = 3, though as so often with
this prolific genius, his proof was not published until after his death. In 1825
Dirichlet and Legendre proved FLT for p = 5, and in 1839 Lamé proved it for
p = 7, Dirichlet having already dealt with the slightly easier case of exponent
14 in 1832. However, the steadily increasing difficulty of these proofs made it
clear that some new general method was required, which would deal with whole
classes of primes rather than individual cases.
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11.9 Lamé and Kummer

In 1847 Lamé announced what he thought was a proof for all odd primes p,
based on the factorisation

P + b = (a +b)(a + Cb)(a + ¢2b)... (a + (P~ 1b) (11.9)

where ( is a complex number such that (P =1 # (; for instance, we could take
¢ = cos(2n/p) + isin(27/p) where i = v/—1. The factors on the right are all
examples of cyclotomic integers, complex numbers of the form

ao+ail +ax(®+---+a,_1¢P7? (ar € Z).

(The word cyclotomic means circle-dividing: in the usual geometric represen-
tation of complex numbers z = z + iy as points (z,y) in the plane, the points
¢,¢%,...,¢P = 1 divide the unit circle 22 + y% = 1 into p equal segments.) The
set Z[(] of cyclotomic integers is closed under addition, subtraction and multi-
plication, since we can use the equation {? = 1 to express any powers (" (r > p)
in terms of lower powers of ¢. Thus Z[(], like Z and Z[i, is a ring. Lamé argued
that if the left-hand side of equation (11.9) is a p-th power P, then a result
similar to Lemma 2.4 would show that each factor on the right-hand side would
have to be a p-th power in Z[(], and from this he could obtain the required con-
tradiction by Fermat’s method of descent. Unfortunately, Lemma 2.4 depends
on the uniqueness of prime power factorisations (Theorem 2.3), and while this
is valid for ordinary integers, it is not generally valid for cyclotomic integers
(the smallest prime for which it fails is p = 23). Thus Lemma 2.4 cannot be
extended from Z to Z[(], so Lamé’s ‘proof’ is incorrect, as he soon discovered.

Exercise 11.16

Show that the roots of the polynomial 2P +1 are —1, ¢, —¢2,..., (P},
and hence prove equation (11.9).

Exercise 11.17

Show that ( is a root of the cyclotomic polynomial &,(z) = 1+z +z% +
-++42P~1, and deduce that every cyclotomic integer z can be written in
the form

z=by+bi{+ba®+ - +b,2P? (b €Z).

Use the irreducibility of @,(z) (Chapter 2, Example 2.2) to show that
this representation of z is unique.
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In the early 1840s Kummer, investigating generalisations of the law of
quadratic reciprocity to higher powers, had already discovered this difficulty
concerning unique factorisation. In order to overcome it he introduced concepts
such as ideals, which are substitutes for the missing primes in Z[(], and the class
number hy, an integer which measures how badly unique factorisation fails in
Z[(); these concepts played a crucial role in the subsequent development of ring
theory and algebraic number theory. Kummer also devised a general method
which proved FLT for the regular primes p, those which do not divide h, (a
condition which means that unique factorisation either holds in Z[(], or at least
does not fail too badly). He showed that an odd prime p is regular if and only if it
does not divide the numerators of the Bernoulli numbers By, By, Bg, . .., Bp—3.
We recall from Chapter 9, Section 6 that the Bernoulli numbers are a sequence
of rational numbers B, given by expanding t/(e* — 1) as a power series

t =~ By
s D DEr U
n=0

and since they are not difficult to compute (at least, for small n), it is straight-
forward to determine which small primes are regular. All the odd primes
p < 100 except 37,59 and 67 are regular, so they satisfy FLT; 37 is not regular
since it divides the numerator of

37 x 683 x 305065927
510 ’

B3y = —

Kummer conjectured that there are infinitely many regular primes; this is still
an open problem, though it is known that there are infinitely many irregular
primes.

Exercise 11.18

Show that B, is a rational number for all n > 0. Calculate enough
Bernoulli numbers to show that the odd primes p < 13 are all regular.

11.10 Modern developments

We saw in Theorem 4.3 that if a is coprime to p then a?~! =1 mod (p), so
in particular every odd prime p divides 2P~1 _ 1. In many cases the integer
(2p=1 — 1)/p is not divisible by p, that is, 27! # 1 mod (p?), and in 1909
Wieferich proved case I of FLT for all primes p satisfying this condition. With
patience or a computer, this condition is straightforward to check, for instance
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by repeatedly multiplying and reducing mod (p?), and the only primes p <
3 x 10° to fail the condition are 1093 and 3511. Soon afterwards Mirimanoff
proved case I of FLT for all primes p such that 37~! # 1 mod (p?); this includes
the primes 1093 and 3511, so case I was now proved for all p < 3 x 10°. These
results of Wieferich and Mirimanoff also implied case I of FLT for all primes
of the form 2°.3% + 1 or +2° + 3% where a,b > 0, and hence in particular for
all Fermat and Mersenne primes. In recent times, computers have been used
to show that any counterexample to FLT would have to involve huge numbers:
for instance by 1992 FLT was known to be true for all primes p < 4000000.

In parallel with these computational attacks on FLT, mathematicians have
also recently used geometric ideas, in a sense returning us to the roots of the
problem discussed at the beginning of this chapter. If P(z,y) is a polynomial
in two variables, then the real solutions (z, y) of the equation P(z,y) = 0 form
a 1-dimensional geometric structure in the zy-plane, namely the graph of the
equation. If we allow z and y to be complex numbers, then the solutions of
P(z,y) = 0 form a 2-dimensional structure (in a 4-dimensional space), that
is, a surface: this is because the complex numbers themselves form a surface
rather than a line. The surface given by P(z,y) = 0 looks like a sphere with
finitely many handles attached, and we define the genus g of this equation to
be the number of handles; for instance, it can be shown that the equation

Po(z,y) =2" +y" —1=0

has genus
_ (n—1)(n-2)

9—2 .

In 1922 Mordell conjectured that if a polynomial P(z,y) has rational coeffi-
cients, and if g > 2, then the equation P(z,y) = 0 has only finitely many pairs
z,y of rational solutions. This conjecture was proved in 1983 by Faltings. Now
the polynomial P,(z,y) visibly has rational coefficients, and if n > 4 it has
genus g > 2, so by Faltings’s proof of the Mordell Conjecture it follows that
for each n > 4 there are only finitely many rational solutions of z™ + y™ =1
(including the ‘obvious’ solutions where = 0 or y = 0). This is easily seen to
be equivalent to the result that there are only finitely many primitive solutions
a,b,c € Z of a™ 4+ b™ = c" for each n > 4 (FLT asserts that there are none).
When n = 3 we have g = 1, so we cannot use the Mordell Conjecture to prove
this, but in this case the result follows from the solution of FLT for exponent
3. When n = 2, however, we have already seen that there are infinitely many
rational solutions z and y of 22 + y? = 1, corresponding to the infinite number
of primitive Pythagorean triples.

The most important modern development has been to connect FLT with
the theory of elliptic curves; this is a central area of current research in pure
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mathematics, where number theory, algebra, geometry and topology all interact
in a particularly interesting way. An elliptic curve E is the surface corresponding
to a polynomial equation P(z,y) = 0 of genus g = 1; this surface looks like a
sphere with one handle attached, that is, a doughnut (the technical name is a
torus). For example, if Q(z) is a cubic polynomial with distinct roots, then the
equation

P(z,y) = 4> - Q(z) = 0

defines an elliptic curve. (The tradition of calling these surfaces ‘elliptic curves’
is very inappropriate, since they are neither ellipses nor curves: they are ‘el-
liptic’ only in the sense that equations of genus 1 occur when one performs
the integration required to determine the circumference of an ellipse; they are
‘curves’ only in the sense that they are generalisations to complex numbers of
the curves P(z,y) = 0 given by restricting  and y to real numbers.)

In the 1950s, Taniyama and Shimura developed a conjecture that if an ellip-
tic curve E is defined by a polynomial P(z,y) with rational coefficients, then it
must be modular: this is a difficult condition to define precisely, but essentially
it means that E can be constructed in a particular way using hyperbolic geom-
etry, matrices and congruences. In the 1980s Frey, Ribet and Serre showed that
the Taniyama-Shimura Conjecture implies FLT. The argument is as follows. If
FLT is false then there must be a primitive solution (a, b, c) of a? + b? = cP for
some prime p > 3, since we know that FLT is true for p = 3. By permuting
terms and changing signs if necessary, we can assume that b is even and a = —1
mod (4). Now the equation

y? = z(z — aP)(z + b°)

defines an elliptic curve E (called a Frey curve), since the right-hand side is a
cubic polynomial Q(z) with distinct roots. This equation clearly has rational
coefficients, so if the Taniyama—Shimura Conjecture is true then E must be
modular. However, some very difficult work by Frey, Ribet and Serre showed
that the Frey curves E, if they exist, are not modular, so this contradiction
proves FLT. Thus a proof of the Taniyama-Shimura Conjecture would imme-
diately imply FLT.

This argument added enormously to the interest in this conjecture, which
had already achieved considerable importance in its own right. On 23rd June
1993, at a conference at the Isaac Newton Institute in Cambridge, Andrew
Wiles outlined a proof of the conjecture, or rather, enough of the conjecture
to imply FLT. There was considerable excitement, both within and outside
the mathematical community, that one of the classic problems of mathematics
had apparently been solved. There followed an anxious delay of more than a
year while he filled in the details: they were very complicated, and a number
of previous ‘proofs’ of FLT, some from very respectable mathematicians, had
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subsequently turned out to be incorrect. For a while, there was a gap in the
proof which proved very difficult to fill, but eventually Wiles succeeded in
overcoming this obstacle, and the full proof (about 200 pages long, part of it
written jointly with Richard Taylor) was published in 1995 (Taylor and Wiles,
1995; Wiles, 1995). At first sight, this great achievement appears to close a
long chapter in the development of mathematics, since there are few interesting
corollaries one can deduce from FLT. However, the methods developed for the
proof have much wider applications, both in number theory and in related
topics such as Galois theory, so one can expect interest to remain high for
many years. As has happened several times in the history of FLT, it is the
proofs rather than the theorems which have the important consequences.

11.11 Further reading

The exercises in this chapter are quite hard, so instead of setting any supple-
mentary exercises we will close the chapter by suggesting some further reading
on FLT.

Expository papers by Cox (1994) and Gouvéa (1994), and a short note
by Ribet (1993), written soon after Wiles announced his proof, offer concise
summaries of FLT and its background, and a paper by Mazur (1991), written a
little earlier, describes some of the methods subsequently used to prove FLT and
related results. All of these are intended for a general mathematical readership.
Wiles’s proof of FLT appears in Wiles (1995), with some important subsidiary
results in a joint paper with Taylor (Taylor and Wiles, 1995); both of these
papers are written for specialists, and they are very difficult. The best sources
for the history of FLT and related mathematical developments are the books
by Edwards (1977) and Ribenboim (1979). Aczel (1996) and Singh (1997) have
written two very readable and non-technical accounts of FLT and its solution,
with Singh’s book covering rather more ground. At a more technical level, van
der Poorten (1996) presents many of the ideas underlying the proof of FLT in
a very clear and often light-hearted way.



Appendix A

Induction and Well-ordering

Throughout this book, we are mainly interested in the properties of the set
N ={1,2,3,...} of natural numbers (some authors also include 0 in N). There is
one very important principle, or method of proof, which applies to this number
system, but not to any of the other standard number systems, such as the set Z
of all integers, or the sets Q, R or C of rational, real or complex numbers. There
are three versions of this principle, known as the principle of induction, the
principle of strong induction, and the well-ordering principle; they are logically
equivalent, in the sense that each implies the other, but in different contexts
one of them may be more convenient to use than the others.

The Principle of Induction. The most familiar version of this principle concerns
statements P(n) about integers n :

(1) If P(1) is true, and P(n) implies P(n + 1) for all n € N, then P(n) is
true for all n € N.

For an example, see the proof of Corollary 2.2 (with k in place of n). The
justification for this principle is that P(1) is true, and P(1) implies P(2), so
P(2) is true; since P(2) implies P(3), P(3) is also true, and by continuing we
can prove P(n) for each n € N. (In some applications we may need to start
at some other integer ng, such as 0, and prove P(n) for all integers n > np,
but this makes no significant difference.) An equivalent form of this principle
concerns sets of integers, rather than statements about integers:

(1") Suppose that A C N, that 1 € A, and that n € A impliesn+1 € A for
all n € N; then A =N.
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To see that (1) implies (1), assume (1), and suppose that A satisfies the
hypotheses of (1’). Let P(n) be the statement ‘n € A’, so P(1) is true since
1 € A; if P(n) is true then n € A, so n+ 1 € A, and hence P(n + 1) is true;
thus P(n) implies P(n + 1), so P(n) is true for all n € N by (1); thusn € A
for all n € N, so A = N. For the converse (that (1’) implies (1)), given P(n)
take A = {n € N| P(n) is true }; then 1 € A (since P(1) is true), and if n € A
then P(n) is true, so P(n + 1) is true, giving n + 1 € A; hence A = N by (1),
so P(n) is true for all n € N.

The Principle of Strong Induction. This also has two equivalent forms. The
conclusions are the same as those for induction, but the hypotheses are stronger:

(2) If P(1) is true, and P(1), P(2),..., P(n) together imply P(n+ 1), then
P(n) is true for all n € N.

(2') Suppose that B C N, that 1 € B, and that if 1,2,...,n € B then
n+1¢€ B;then B=N.

For an example of (2), see the proof of Theorem 2.3. The proof that (2) and
(2') are equivalent is similar to that for (1) and (1’). This form of induction is
used when the hypothesis P(n) alone is not strong enough to prove P(n +1).

The Well-ordering Principle. This refers to the order relation < on N :
(3) If C C N and C is non-empty, then C has a least element.

By a least element, we mean some c € C such that ¢ < d for all d € C. This
principle is used in the proof of Theorem 1.1. The corresponding statement is
easily seen to be false if we replace N with any of the other standard number
systems: for instance, the set of positive rational numbers has no least element.

To show that these principles are equivalent, we show that (1’) = (2') =
(3) = (1').
(1) = (2'). Suppose that B satisfies the hypotheses of (2). Let A = {n €
N|1,2,...,n€ B}. Then AC N, and 1 € A (since 1 € B). If n € A then
1,2,...,n € B (by definition of A), so n+ 1 € B (by one of the hypotheses
in (2')), s0 1,2,...,n+1 € B and hence n + 1 € A (by definition of A); thus
n € Aimpliessn+1 € 4, so A =N by (1'). This means that for each n € N we
have 1,2,...,n € B, so in particular n € B; thus B = N, as required.
(2') = (3). We show that if C C N, and C has no least element, then C is
empty. Let B = N\ C, the complement of C in N. Then 1 € B, for otherwise
1 € C and so 1 is a least element of C (since it is a least element of N). If
1,2,...,n € B then 1,2,...,n ¢ C; it follows that n + 1 ¢ C (for otherwise
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n + 1 would be a least element of C), so n +1 € B. Thus B satisfies the
hypotheses of (2'), so B = N and C is empty.

(3) = (1"). Suppose that A satisfies the hypotheses of (1’), and let C = N\ A.
If C is non-empty, then it has a least element ¢. Since 1 € A and ¢ € C, we
havec#1,s0c—1€ N. Nowc—-1 < ¢, soc—1 ¢ C (for otherwise ¢ could not
be a least element of C), and hence c—1 € A. But n € A impliesn+1 € A, so
putting n = ¢ — 1 we see that ¢ € A, contradicting the fact that ¢ € C. Thus C
is empty, so A=N.



Appendix B

Groups, Rings and Fields

A group consists of a set G together with a binary operation * satisfying the
following axioms:

e Closure: if g,h € G then g * h € G;

e Associativity: fx (g% h) = (f*g) *x h for all f,g,h € G,

e Identity: there is an element e € G such that gxe = g =exg for all g € G;
e Inverses: for each g € G there is an element h € G such that gxh = e = h*g.

In many cases (such as here), the symbol * is omitted, and we write simply
gh for g x h, and fgh for the product in the associativity axiom. A product
g*g*---*g, with i factors, is written g*. The element e is called the identity
element of G, often denoted by the symbol 1. The element h in the last axiom
is called the inverse of g, often written h = g~!, so this axiom becomes gg~! =
1 = g~ !g. The inverse of g* is written g%, and g° denotes 1. The order |G| of
a group G is the number of elements of the set G; if this is finite, we say that
G is a finite group.

A group G is abelian, or commutative, if it satisfies the additional axiom:

e Commutativity: gh = hg for all g,h € G.

In an abelian group, the binary operation is often denoted by +, the identity by
0 (usually called the zero element), and the inverse of g by —g, so for instance
g+0=g=0+gandg+(—g)=0=(—g) +gforallg.

A subgroup of a group G is a subset H of G which is also a group with
respect to the same binary operation as Gj this is equivalent to the conditions:
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e if g,h € H then gh € H;
e 1€ H;
e ifgc Htheng™'eH.

We write H < G to denote that H is a subgroup of G.

If H < G and g € G then the right coset of H containing g is the subset
Hg = {hg | h € H} of G. Each right coset of H contains |H| elements.
Right cosets Hg; and H g, are either equal or disjoint, so they partition G into
disjoint subsets. The number of distinct right cosets of H in G is called the
index |G : H| of H in G. If G is finite, then |G| = |G : H|.|H|, which proves
Lagrange’s Theorem, that |H| divides |G|. Similar results hold for left cosets
gH = {gh | h € H}.

The order of an element g € G is the least integer n > 0 such that
g™ = 1, provided such an integer exists; if it does not, g has infinite order.
If G is finite, then every element g has finite order n for some n; the powers
9,9%,...,9" 1, ¢g" (= 1) of g then form a subgroup of G, so n divides |G| by
Lagrange’s Theorem.

A group G is cyclic if there exists an element ¢ € G, called a generator
for G, such that every g € G has the form g = c* for some integer i. If ¢ has
finite order n, then |G| = n, and G is denoted by Cy. Such a group G has one
subgroup H of order m for each m dividing n, and no other subgroups; H is a
cyclic group of order m, with generator ¢®™.

A homomorphism between groups G and G’ is a function § : G — G’
such that 6(gh) = 0(9)0(h) for all g,h € Gj if 6 is a bijection, it is called
an isomorphism. If such an isomorphism exists, we say that G and G’ are
isomorphic, written G 2 G’. This means that G and G’ have the same algebraic
structure, and differ only in the notation for their elements.

The direct product Gy x Go of groups G; and G, consists of all ordered
pairs (g1, g2) with g; € G; for 1 = 1,2. This is a group, with binary operation
(91,92)(h1, h2) = (g1h1, g2h2); the identity element is (1;,1;), where 1; is the
identity element in G;, and the inverse of (g1, g2) is (97,95 ). There are sub-
groups G = {(g1,12) | g1 € G1} = Gy and G = {(11,92) | 92 € G2} = Go.
Direct products G; X --- x Gy are defined similarly for k¥ > 2. If m and n are
coprime, then C,, x C, = Chn, since if ¢; and cp generate C,, and C, then
(¢1,¢2), which has order mn, generates Cy,, x Ch,.

By a ring, we mean a commutative ring with identity. This is a set R with
two binary operations (addition r + s and multiplication r.s, usually written
rs), and with distinct elements 0 and 1 such that

e Additive structure: (R, +) is an abelian group, with zero element 0;

o Commutativity: rs = sr for all r, s € R;
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e Associativity: r(st) = (rs)t for all r,s,t € R;
e Distributivity: r(s +t) = rs + rt for all r,s,t € R;
o Identity: 1 =r for all r € R.

The number systems Z (integers), Z,, (integers mod (n)), Q (rational num-
bers), R (real numbers) and C (complex numbers) are all examples of rings.

The direct product R; x --- X Ry of rings Ry,..., Ry is defined in much
the same way as the direct product of groups: its elements are the k-tuples
(r1,...,7%) such that r; € R; for all 4, with componentwise operations. A
homomorphism between rings R and R’ is a function 6 : R — R’ such that
6(r +s) = 6(r)+0(s) and 6(rs) = 6(r)8(s) for all r,s € R, and (1) = 1;if 0 is
a bijection, it is called an isomorphism. If such an isomorphism exists, we say
that R and R’ are isomorphic, written R = R’. If m and n are coprime, then
Loy, X Loy = Loy,

An element r € R is a unit if rs = 1 for some s € R; the units form a
group under multiplication, with-1 as the identity element. A field is a ring R
in which every element r # 0 is a unit. The number systems Q,R and C are
fields, as is Z,, if n is prime.



Appendix C

Convergence

An infinite series Z;”:l a, converges to ! if its partial sums s, = a; +--- + ay,,
have limit [ as n — oo; if there is no such [ then the series diverges. For example,
the geometric series 1+ a + a® + - - converges to 1/(1 — a) if |a] < 1 (since
sn=1+a+---+a" 1 =(1-a")/(1-a) — 1/(1-a)), but it diverges if |a| > 1.
An infinite product H:;l a, converges to l if ajas...a, >l as n — oo.

The Comparison Test states that if a, > b, > 0 for all n, and .. ; an, con-
verges, then Y | b, also converges, with Y o> b, < Y20 | a,; equivalently,
if ap > b, > 0 for all n, and ZZO=1 b, diverges, then Zf;l ar also diverges.

The Integral Test states that if f is a real-valued decreasing function such
that f(z) > 0 for all z > 1 and f(z) — 0 as  — +o00, then the series

oo 1 f(n) and the integral || 1+°° f(z) dz either both converge or both diverge.
For instance, take f(r) = z7° for some constant s > 0; since [z~ *dr =
z!7*/(1-s) for s # 1,and [ 27! dz = In x, we see that the integral f1+°° z™%dr
converges for s > 1 and diverges otherwise; it follows that the series Yoo e
does likewise. In particular, the harmonic series y - ; 1/n diverges.

The Alternating Test states that if the terms a, are real and alternating
in sign, and if a, — 0 as n — oo, then Y 7 a, converges. For instance,
Yoo 1(=1)"/n converges.

An infinite series Y oo | an is absolutely convergent if Y o1 lan| converges;
absolute convergence implies convergence, but the converse is false. A series
which is convergent but not absolutely convergent, such as Y o (=1)"/n, is
called conditionally convergent. The terms of an absolutely convergent series
can be rearranged or bracketed together without altering its sum; this fails for
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conditionally convergent series. If 3 > | a, and Y. ; b, converge absolutely
to ! and m, then their product Y >  (a1b, + a2bn_1 + - -+ + a,b1) converges
absolutely to Im.

A series of functions Y oo, fn(z) converges to f(z) on a set X if, for each
z € X, the partial sums s, (z) = fi(z)+: -+ fo(z) converge to f(x) as n — oo;
thus, for each z € X and each £ > 0, there exists N (which may depend on z
and ¢) such that |s,(z) — f(z)| < € for all n > N. If N depends only on € (and
not on r), we say that the series is uniformly convergent on X. A uniformly
convergent series of integrable functions can be integrated term by term; if the
terms are differentiable, and the series of derivatives is uniformly convergent,
then the series may be differentiated term by term.

If a complex function f(z) is analytic (that is, differentiable) for all z close
to some a € C, then near a it is represented by a Taylor series f(z) =
S an(z — a)® where a, = f(™(a)/n!. If f(z) has a pole of order k at a
(that is, (z — a)¥ f(2) is analytic and non-zero near a), then it is represented
by a Laurent series f(z) = Y ~. _, bn(z — a)™ near a.



Appendix D

Table of primes p < 1000.

2,3,5,7,11,13,17,19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97,

101, 103,107,109, 113,127, 131, 137, 139, 149, 151, 157, 163, 167, 173, 179, 181,
191,193,197,199,

211,223, 227,229, 233, 239, 241, 251, 257, 263, 269, 271, 277, 281, 283, 293,
307,311,313, 317, 331, 337, 347, 349, 353, 359, 367, 373, 379, 383, 389, 397,
401,409, 419, 421, 431, 433, 439, 443, 449, 457, 461, 463, 467, 479, 487, 491, 499,
503,509, 521, 523, 541, 547, 557, 563, 569, 571, 577, 587, 593, 599,

601,607, 613,617, 619, 631,641, 643, 647, 653, 659, 661, 673, 677, 683, 691,
701,709, 719, 727, 733,739, 743, 751, 757, 761, 769, 773, 787, 797,

809, 811, 821, 823, 827, 829, 839, 853, 857, 859, 863, 877, 881, 883, 887,
907,911,919, 929, 937, 941,947, 953, 967, 971, 977, 983, 991, 997.
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Solutions to Exercises

Chapter 1

1.1 Puta = 2g+r withr =0 or 1,s0 n = a? = (2¢+7)? = 4(¢*+qr)+r?
with r2 =0 or 1.

12 0or 1;0,1 or 4; 0,1,3 or 4. (Imitate Example 1.2, with b = 3,5 and
6.)

1.3 (a) If b= ga and c = ¢'b then ¢ = (¢'q)a.

(b) If b= ga and d = ¢'c then bd = (qq’)ac.

(c) b= qa iff mb = q(ma).

(d) If a = qd then |a| = |q|.|d| > |d| since |q] > 1.
1.4 No: 1|1 and 1|2, but 1 + 1 does not divide 1 + 2.

1.5 1745 = 1.1485 + 260, 1485 = 5.260 + 185, 260 = 1.185 + 75, 185 =
2.75+ 35, 75 =235+ 5, 35 = 7.5+ 0, so ged(1485,1745) = 5.

1.6 We could take v’ = u + 1066 = 1061 and v' = v — 1492 = —1485,
so 1492u’' + 1066v" = 1492u + 1492.1066 + 1066v — 1066.1492 =
1492u + 1066v = d.

1.7 The solution of Exercise 1.5 gives gcd(1485,1745) =5 =75-2.35 =
75 — 2.(185 — 2.75) = —2.185 + 5.75 = —2.185 + 5.(260 — 1.185)
5.260 — 7.185 = 5.260 — 7.(1485 — 5.260) = —7.1485 + 40.260
—7.1485 + 40.(1745 — 1.1485) = —47.1485 + 40.1745, so take u
—47,v = 40.

Il

1.8 ged(a, b) divides a and b, and hence so does any factor ¢ of ged(a, b).

251



252

Elementary Number Theory

1.9

1.10

1.11

1.12
1.13

1.14

1.15

1.16

1.17

Conversely ged(a, b) = au + bv by Theorem 1.7, so by Corollary 1.4
any common factor c divides ged(a, b).

By Exercise 1.8, an integer ¢ divides aj,...,ax iff it divides
ged(ay,az), as, -..,ak; the largest such ¢ is both ged(ay,...,ax)
and ged(ged(as,az),as, ..., ax).

1155 = 1.1092 4 63, 1092 = 17.63 + 21, 63 = 3.21 + O, so
ged(1092,1155) = 21; then 2002 = 9521 + 7, 21 = 3.7 + 0,
so d = ged(21,2002) = 7. Similarly, ged(910,780) 130 and
ged(130,286) = 26, so d = ged(26,195) = 13.

Use the solution of Exercise 1.9. Let d; denote ged(ay, . .., a;). The-
orem 1.7 gives d3 = a1u + asv for some u, v, then d3 = dyu’ + a3z’ =
a,uu’ + avu’ + azgv’ for some u',v’, and so on until eventually
d = di has the form aju; + - - + agug. The solution of Exer-
cise 1.10 gives 21 = gcd(1092,1155) = 18.1092 — 17.1155 and
7 = ged(21,2002) = —95.21 + 1.2002 = —95.(18.1092 — 17.1155) +
1.2002 = —1710.1092 + 1615.1155 + 1.2002.

In (a) takea=b=c=2,in (b) takea=b=2and c=1.

lem(1485,1745) = (1485 x 1745)/ gcd(1485,1745) = 518265 by The-
orem 1.12 and Exercise 1.5.

If l|c then since a|! and b|l we have a|c and b|c. Conversely, Theorem
1.1 gives ¢ = gl + r with 0 < 7 < [; since a and b divide ¢ and !,
they divide r, so r is a common multiple; since ! is the least positive
common multiple, 7 = 0 and so l|c.

Exercise 1.5 gives d = 5, which divides ¢ = 15, so solutions exist,
with e = 15/5 = 3; Exercise 1.7 gives u = —47,v = 40, so z9 =
3u = —141,yp = 3v = 120 and the general solution is z = —141 +
349n, y = 120+ 297n (n € Z).

Solutions exist iff d|c, where d = ged(ay, . . ., ax): Exercise 1.11 gives
d = ayuy; + -+ + aguy for some u; € Z, so if ¢ = de then ¢ =
1T+ - -+arxy with ; = u;e € Z; conversely, if c = a1 21+ - - +arzk
then d|c since d|a; for each i.

h(2) = 1 since the only case is b = 1 with 2 = 2.1 4+ 0, giving
ged(2,1) = 1 in one step. If @ > 2 then taking b = a — 1 gives
a =1.b+1,b=b.140, taking two steps, so h(a) > 2. Considering all
b < a individually gives h(3) = h(4) = 2, h(5) = 3,h(6) = 2,h(7) =
3, h(8) = 4 (attained by b = 5).
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1.18

1.19

1.20

1.21

1.22

By induction, 0 < f, < fp41 for all n > 2, so Euclid’s algo-
rithm gives fn+2 = 1-.fn+1 + fm fn+1 = 1-fn + fn—l,---,s =
134+2,3=12+1,2=21+40. Thusr; = fn, fn-1,.--, f3, f2,0 for
i=1,2,...,n, so gcd(fui2, fn+1) = f2 = 1. This takes n steps, so
h(fn+2) = 7.

Among all n-step applications of Euclid’s algorithm, we can minimise
a by taking the least possible values of qy, ..., q, and r,_1, and then
working back through the equations to find r,_5,...,71,b and a.
Now ¢1,...,qn—1 > 1 (since a > b >1r; > 13 > ...), gn > 2 (since
GnTn-1 = Tn—2 > Tn-1), and r,_; > 1 (since r,_; > r, = 0), so
putting ¢ = -+ = ¢p-1 = 1, ¢ = 2 and 7,1 = 1 we find that
the equations (in reverse order) become r,_2 = 2r,_; = 2, 1, =
Tit1 +Tig2 M =3 21 >1), b =71 +712, a =>b+r;. Thus the
sequence Tp—1,Tn—2,--.,71,b,a starts with 1,2,..., and then each
term is the sum of its two predecessors, so it agrees with fa, fs, f4,.. ..
In particular, its n-th and (n+1)-th terms b and a are f,4+1 and fr42.

If Euclid’s algorithm takes m steps to calculate ged(a,b) for some
b<a< fay2, then a > fr4o by Exercise 1.19; thus fr+2 < fat2
and hence m < n for all such a,b, so h(a) < n. Taking a = f,42 we
get A(fntz) < n, so h(fat2) = n by Exercise 1.18; taking a < fry2
we get m < n for all b < a, so h(a) < n.

Exercise 1.19 implies that if a > b > 0 and Euclid’s algorithm com-
putes ged(a,b) in n steps, then a > f, 2. Induction on n shows
that f, = (¢" — ¥")/V/5, where ¢,% = (1 £ 1/5)/2 are the roots
of A2 = XA+ 1. Now f, is an integer, and |¢"/v/5| < 1/2 for
all n, so f, = {¢"/v/5} and hence a > {¢"+?/V/5} =~ ¢"+2/\/5.
Hence n is bounded above by approximately logq,(a\/g) -2 =
log,(a) + 3 log,(5) — 2 = 4.785log;o(a) — 0.328. (Since log;o(a) is
approximately the number of digits in the decimal expansion of a,
this says that Euclid’s algorithm needs at most about 5k steps to
compute the greatest common divisor of two k-digit numbers; in fact,
the average number of steps is less than 2k.)

If ¢, 7 in Corollary 1.2 satisfy r < |b|/2, use these. Otherwise |b|/2 <
r < |b|, so if b > 0 write a = (¢ + 1)b + (r — b) and replace g,r with
q+1,7—b, where —|b|/2 < r—b < 0 < |b|/2; similarly, if b < 0 write
a = (g — 1)b+ (r + b). The proof of uniqueness is similar to that
in Theorem 1.1. Now iterate this, writing a = ¢1b + r1, b = gar; +
T9, T1 = qaT2+T3, ... with —|b|/2 < 7y < |b|/2 and —|r;|/2 < Tit1 <
|ri]/2; as in Euclid’s algorithm, eventually some r, = 0, and then
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1.23

1.24

1.25

ged(a,b) = |rp—1]. (This algorithm is generally faster than Euclid’s
(involving fewer divisions on average), by a factor of log, ¢ ~ 0.694;
it tends to halt sooner because the remainders approach 0 faster.)

1492 = 1.1066 + 426, 1066 = 3.426 — 212, 426 = 2.212 + 2, 212 =
106.2 + 0, so gcd(1066,1492) = 2; this takes four steps, rather
than five for Euclid’s algorithm in Example 1.3. 1745 = 1.1485 +
260, 1485 = 6.260—75, 260 = 3.75+35, 75 = 2.35+5, 35 = 7.5+0,
so gcd(1485,1745) = 5; this takes five steps, compared with six for
Euclid’s algorithm in Exercise 1.5.

If a = foyo and b = fr41, then successive steps are a = 2b —
fn—la b= 3fn—1 - fn—3a fn—l = 3fn—3 - fn—5; etc. Apart from
the first and last steps, each ¢; = 3 and the remainders are alternate
decreasing Fibonacci numbers. For instance, a = fry2 = fa41 +
fn = 2fns1 = fn-1 = 20— fr (Since fn = fat1 — fa-1), with
|fn—1| < ’fn+1|/2' Then b = fn+1 = fn—l + fn = 2fn—l + fn—2 =
3fa-1— fa-3 (since fr = fa1+ fn2 and fr_z = fno1 — fn-3)
with |fn—3| < |fn-1l/2, etc.

The line ax + by = ¢ cuts the 2- and y-axes at ¢/a and c¢/b, so its
length in the first quadrant (z,y > 0) is cv/a=2 + b=2. By Theo-
rem 1.13, successive integer points (z,y) on this line have z- and
y-coordinates differing by b and a, so they are distance va2 + b2
apart. Hence the first quadrant contains such a point provided
va? + b2 < cva=? + b2, that is, ¢ > /(a? + b%)/(a=2 + b~2) = ab.
If ab—a — b = az + by with z,y > 0 then a|b(1 +y), so a|(1 +y) and
hence a < 1+y; similarly b < 1+2z,s0az+by > a(b—1)+b(a—1) =
2ab —a—b > ab—a — b. (It can be shown that every integer
¢ > ab — a — b has the form az + by, with z,y >0.)
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21

2.2

2.3

24

2.5

2.6

2.7

2.8

29

2.10

2.11

2.12

Corollary 2.2, with each a; = a, gives p|a, say a = pg; then a* = pFg*
is divisible by p*. This can fail if p is composite, e.g. 4 divides 2*
but not 2, where k > 2.

132 = 22.3.11, 400 = 24.52, 1995 = 3.5.7.19, so gcd(132,400) = 2% =
4, gcd(132,1995) = 3, gcd(400,1995) = 5 and ged(132,400,1995) =
1.

(a) Yes: a = pg with ged(p, q) = 1, so a? = p?q? and ged(a?, p?) = p?.
(b) No: take a = p and b = p3. (c) Yes: a = pq; and b = pg with
ged(p, ;) = 1, so ab = p?q1q2 and ged(ab,p?) = p?. (d) No: take
a=p=2.

ml/" € Q iff m is the n-th power of an integer: imitate Corollary
2.5, with n replacing 2.

liz and z/Inx have derivatives 1/Inz and (Inz — 1)/(Inx)?; these
have ratio Inz/(Inz — 1) — 1 as £ — +o0, so 'Hopital’s rule gives
the result.

Write p = 3¢+ r where 7 = 0,1 or 2. If r = 0 then 3|p, so p = 3;
hence if p # 3 then 7 = 1 or 2. Now imitate the proof of Theorem
2.9, with m = 3p; ...px — 1 coprime to 3, using (3s + 1)(3t +1) =
3(3st +s+1t)+1.

24,25,26,27,28 are composite. (k+1)!1+2,(k+1)!+3,...,(k+ 1)1+
(k + 1) are divisible by 2,3,...,k + 1 respectively, and are therefore
composite.

232 = 24228 — (641 — 5%).2%8 = 641.228 — (5.27)% = 641.2%8 — (641 —
1)? has the form 641 —1 by the Binomial Theorem, so 641|232 +1 =
Fs.

If a is odd then a™ + 1 is even and greater than 2, and hence com-

posite; thus a is even. Now imitate the proof of Lemma 2.11, putting
z = a rather than z = 2.

Ifa>2thena™—1=(a—1)(a™ ! +a™ 2 +...+1) is composite;
hence a = 2. If m = rs withr,s > 1 thena™ -1 = (a")* -1 =
(@™ = 1)((a")* 1+ (a")*"2 +--- +1) is composite; hence m is prime.
No, since 3 does not divide 8+ 7+---+3 = 50. Yes, since 11 divides
—84+T7—-=T+3=0,

n = 157 and 641 and 1103 are prime (check for prime factors p <
J/n), but 221 = 13.17.
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2.13

2.14

2.15
2.16

2.17

2.18

2.19

2.20

2.21

2.22
2.23
2.24

2,3,5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71,
73, 79, 83, 89, 97.

M3 = 2131 = 8191 is prime, since no prime p < /M3 (i.e. p < 89)
divides it (use a calculator).

247 = 13.19 and 6887 = 71.97.

3992003 = 1997.1999, with both 1997 and 1999 prime: write a pro-
gram to test successive primes p < v/3992003 < 2000 as factors.

Only for p = 3. If p # 3 then p = 3¢ £ 1 for some integer ¢, so
p? + 2 = 9¢% £ 6¢ + 3 is divisible by 3, and is therefore composite.

If a|p then a|(p — 1)! + 1 since p|(p — 1)! + 1; but if a < p then a is
also a factor of (p — 1)}, s0 a = 1.

Allow the exponents e; to be positive or negative integers; the
uniqueness result is the same.

The multiples are ¢,2q,...,iq where ig < n < (i + 1)q, that is,
i <n/q <i+1,so there are i = |n/q] of them. Hence each prime
p divides |n/p] of the factors 1,2,...,n in nl, each contributing a
term p to the prime-power factorisation of n!; also p? divides |n/p?|
factors, each contributing an extra term p, and so on; the total num-
ber of terms p is |n/p| + [n/p?| + - -, a finite sum since |n/p*| = 0
if p* > n.

In decimal notation, the number of Os is the greatest integer m such
that 10™|n, so m = min(e,e’) where 2¢||n and 5¢||n. In base b
notation, where b = p{‘ ...p{" and p{i||n, it is the greatest m for
which b™|n, that is, min{|e1/f1],..., lex/fx]}-

Use induction on n, and F2 = F,; + 2F, — 2.

M7 = 131071 is prime.

If n < p < 2n then p divides (2n)! but not (n!)?, so pl(z:) There are
m(2n) — m(n) such primes, each > n, and (2:) <(1+1)%" =22 by
the Binomial Theorem, so n™(?M=7™ <[], p < (*) < 2%
Taking logarithms, (m(2n) —(n))lgn < 2n, so (1(2n) —7(n))/n <
2/1gn.
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3.1 If m = 10g+ 7 with 0 < r < 10, then m? = 100q? + 20gr + r2 has the
same final digit as r%; but 72> = 0,1,4,...,81 never has final digit
2,3,7or 8 forr=0,1,2,...,9. No, since the remainder on division
by 4 is 3.
3.2 (a) 27, since 34 x 17 =5 x —12 = —60 = 27 with 0 < 27 < 29.

3.3

3.4
3.5
3.6

3.7

3.8
3.9
3.10

3.11
3.12

(b) —10, since 19 x 14 = —4 x —9 = 36 = —10 with | — 10| < 23/2.

(c) 5, since 52 = 25 = 6, so 5% = 6% = 36 = -2, giving 5! =
(54)2.52 = (-2)2.6 =24 = 5.

(d) 3, since 1!+2!+3!+---+10! =1+2+6+24 = 33 = 3 mod (10),
using the fact that 10|n! if n > 4.

Since a and e + 1 are consecutive integers, one of them must be
even, so 2|a(a + 1)(2a + 1). If 3 divides a or a + 1 then it divides
a(a +1)(2a + 1); if 3 does not divide a or a + 1 then a =1 mod (3),
s02a+1=214+1=3=0mod (3) and so 3|a(a +1)(2a +1). In
either case a(a + 1)(2a + 1) is divisible by 2 and by 3, and hence by
2.3=6.

Imitate Example 3.7, using the moduli n = 2,3 and 5 respectively.
z = 2,7 or 12 mod (15), that is, z = 2 mod (5).

6z = 2 mod (4) has general solution z = 1 or 3 mod (4), but if we
divide a = 6 and b = 2 by m = 2, the congruence 3z = 1 mod (4)
has general solution £ = 3 mod (4).

(a) z =4 mod (7).

(b) No solutions.

(¢) = =18 mod (50).

(d) £ =19 or 44 mod (50).
z = 53 mod (60).

z =79 mod (252).

The given congruences are equivalent to £ = 2 mod (4), ¢ = 6
mod (7) and z = 2 mod (5), with solution x = 62 mod (140).

z = 169 mod (440).
z = 2 or 46 mod (55).
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3.13

3.14

3.15

3.16

3.17

3.18

3.19

3.20

3.21

(a) 2* = 16 solutions, since k = 3 primes divide 168 and 168 = 0
mod (8).

(b) 1.2.0 = 0 solutions, using 70 = 2.5.7.
(c) 2.2 = 4 solutions, using 91 = 7.13.
(d) 1.1.3 = 3 solutions, using 140 = 4.5.7.
(a) No solutions, since 5 # 4 mod (7).
(b) z =19 mod (42).

(c) = =1413 mod (2200).

(d) The congruences are equivalent to £ = 3 or 7 mod (10), z = 13
mod (24) and z = 22 mod (45), with solution £ = 157 mod (360).

Imitate Example 3.14: the number is the least positive remainder of
o = —35a; + 21az + 15a3 mod (105), where a3, a2 and a3 are the
remainders mod (3), mod (5) and mod (7). These are small, so you
can calculate zg in your head as fast as your friend can calculate the
remainders, then reduce zp mod (105).

(a) z =53 mod (60).

(b) z = 2 mod (4), z = 6 mod (7), z = 2 mod (5), equivalently
z = 62 mod (140).

(¢) z =3 mod (6) and z = 2 mod (5), equivalently z = —3 mod (30).

= 2 mod (3) and z = 5,8,9 mod (11), equivalently z = 5, 8,20
mod (33).

The general solution of z = 6 mod (7), £ = 2 mod (6), £ = 1 mod (5)
and z = 0 mod (4) is z = 356 mod (420), and the least non-negative
solution is z = 356.

Choose k distinct primes pi,...,px. By Theorem 3.10 there is a
solution x for the simultaneous congruences z = —i mod (p?); then
I + 1 is not square-free for i =1,...,k.

(a) £1,+3, £5,7.

(b) 0, +2, +4, +6.

(c) <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>